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Abstract 



The flavour puzzle is an open problem both in the Standard Model and in its possible 
supersymmetric or grand unified extensions. In this thesis, we discuss possible explana- 
tions of the origin of fermion mass hierarchies and mixings by the use of non-Abelian 
discrete flavour symmetries. We present two realisations in which the flavour symmetry 
contains either the double-valued group T' or the permutation group S±. the spontaneous 
breaking of the flavour symmetry produces realistic fermion mass hierarchies, the lepton 
mixing matrix close to the so-called tribimaximal pattern (sin 2 9 12 = 1/3, sin 2 #23 = 1/2 
and 9 13 = 0) and the quark mixing matrix comparable to the Wolfenstein parametrisation. 

The exact tribimaximal scheme deviates from the experimental best-fit angles for 
values at most of the la level. In the V- and S^-based models, the symmetry breaking 
accounts for such discrepancies, by introducing corrections to the tribimaximal pattern 
of the order of A 2 , being A the Cabibbo angle. On the experimental side, the present 
measurements do not exclude 6*13 ~ A and therefore, if it is found that #13 is close to its 
present upper bound, this could be interpreted as an indication that the agreement with 
the tribimaximal mixing is accidental. Then a scheme where instead the bimaximal mixing 
(sin 2 9 12 = 1/2, sin 2 ^23 — 1/2 and 13 = 0) is the correct first approximation modified 
by terms of O(X) could be relevant. This recalls the well-known empirical quark-lepton 
complementarity, for which 9 12 + A ~ 7r/4. We present a flavour model based on the 
spontaneous breaking of the S4 discrete group which naturally leads to the bimaximal 
mixing at the leading order and, after the introduction of the breaking terms, to 9 13 ~ A 
and 9 12 + O(X) ~ 7r/4, which we call "weak" complementarity relation. 

Masses and mixings are evaluated at a very high energy scale and for a comparison 
with experimental measurements we illustrate a general analysis on the stability under 
the renormalisation group running to evolve these observables to low energies. 

We consider also the constraints on flavour violating processes arising from introduc- 
ing a flavour symmetry: in particular we concentrate on the lepton sector, analysing some 
lepton flavour violating decays and the discrepancy between the theoretical prediction 
and the experimental measurement of the anomalous magnetic moment of the muon. 
We develop the study both in the Standard Model scenario and in its minimal super- 
symmetric extension, using at first an effective operator approach and then a complete 
loop computation. Interesting hints for the scale of New Physics and for the forthcoming 
experimental results from LHC are found. 

Finally we discuss the impact of an underlining flavour symmetry on leptogenesis in 
order to explain the baryon asymmetry of the universe. 



Riassunto della Tesi 



Lo studio del sapore nella fisica particellare e tutt'oggi un problema aperto sia nel 
Modello Standard sia nelle sue estensioni supersimmetriche o grande unificate. In questa 
tesi, affrontiamo la questione dell'origine della gerarchia di massa nei fermioni e dei loro 
angoli di mescolamento, utilizzando simmetrie discrete di sapore non Abeliane. In partico- 
lare, illustriamo due modelli in cui la simmetria di sapore contiene il gruppo T' o il gruppo 
S4: la rottura spontanea della simmetria di sapore produce come effetto delle gerarchie di 
massa realistiche per i fermioni, la matrice di mescolamento leptonica con la cosiddetta 
struttura tribimassimale (sin 2 9 12 = 1/3, sin 2 #23 = 1/2 e #i 3 = 0) con piccole correzioni e 
la matrice di mescolamento per i quark che ben si confronta con la parametrizzazione di 
Wolfenstein. 

La struttura tribimassimale presenta delle deviazioni al massimo ad la dai valori cen- 
trali trovati sperimentalmente. Nei modelli basati sui gruppi T' e S4, la rottura della sim- 
metria compensa a queste piccole deviazioni, introducendo delle correzioni alia struttura 
tribimassimale dell'ordine di A 2 , dove A rappresenta l'angolo di Cabibbo. Sperimental- 
mente, le misure attuali non escludono 13 ~ A e quindi se il valore dell'angolo di reattore 
risultera vicino al suo attuale limite superiore, questo potrebbe essere interpretato come 
un'indicazone che l'accordo con la struttura tribimassimale e solo accidentale. In questo 
caso, la struttura bimassimale (sin 2 6 12 = 1/2, sin 2 #23 = 1/2 and #13 = 0) potrebbe 
essere in prima approssimazione una migliore scelta se poi intervengono delle correzioni 
dell'ordine di A. Questo meccanismo ricorda l'osservazione del tutto empirica per cui 
9 12 + A ~ 7r/4, che va sotto il nome di relazione di complementarieta. Studiamo questa 
alternativa in un modello basato sulla rottura spontanea del gruppo S4 che presenta la 
struttura bimassimale in prima approssimazione e, dopo l'introduzione dei termini di 
rottura, # 13 ~ A e 9 12 + O(X) ~ 7r/4, che chiamiamo complementarieta "debole". 

In questi modelli, le masse e gli angoli di mescolamento sono tipicamente studiati a 
energie molto alte e per il confronto con le misure sperimentali sviluppiamo uno studio 
sulla stabilita di questi osservabili durante l'evoluzione a bassa scala dovuta al gruppo di 
rinormalizzazione. 

Inotre consideriamo i limiti su processi con violazione di sapore che sorgono dall'uso 
di una simmetria di sapore: in particolare analizziamo alcuni decadimenti con violazione 
di sapore leptonico e la discrepanza tra la predizione teorica e la misura sperimentale 
del momento magnetico anomalo del muone. Sviluppiamo l'analisi sia nel Modello Stan- 
dard sia nella sua estensione supersimmetrica minimale, usando prima un approccio di 
Lagrangiana efficace e poi uno studio quantistico a un loop. Troviamo interessanti indi- 
cazioni sulla scala di energia della nuova fisica, specialmente in previsione dei prossimi 
risultati a LHC 

In fine discutiamo l'impatto dell'introduzione di una simmetria di sapore sulla lepto- 
genesi, utilizzata per spiegare l'asimmetria barionica nell'universo. 
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Introduction and Outline 



The Standard Model of the particle physics is not completely successful in describing 
nature and its behaviour and neutrinos are the most outstanding proof of this defeat: 
indeed the solar and atmospheric anomalies find a simple and attractive solution in the 
oscillations of three massive neutrinos. It is then interesting and fundamental to under- 
stand what is the theory which embeds the Standard Model and describes neutrino masses 
and mixings at the same time. 

While global fits on neutrino oscillation experimental data have pointed out a scenario 
with two large angles and an approximately vanishing one, by looking at the theoretical 
developments in the neutrino sector of the last few years, we cannot feel satisfied: there 
is a so large number of existing models, that we can interpret it as the lack of a unique 
and compelling theoretical picture. Furthermore, it has not been given yet an answer to 
several basic questions: why are neutrinos much lighter than charged fermions? which is 
the absolute neutrino mass scale? which is the correct neutrino spectrum? why are lepton 
mixing angles so different from those of the quark sector? which is the most probable 
range for |C/ e 3|? is the lepton atmospheric angle maximal? which is the nature of the 
active neutrinos, Dirac or Majorana? Other similar queries, such those on the number of 
the fermion generations, on the origin of the lepton and quark mass hierarchies and on 
the nature of the CP violation, naturally arise regarding the full flavour sector. The lack 
of a fundamental understanding of all these problems is addressed as the "flavour puzzle" . 

An interesting approach to search for a solution to the flavour problem consists in 
extending the gauge group of the Standard Model with an additional symmetry acting only 
on the fermion generations. In literature there are many attempts in this direction with a 
variegated choice of the symmetry: either continuous or discrete, either Abelian or non- 
Abelian, either global or local. Since the mixing patterns of leptons and quarks manifest 
large differences, it seems reasonable to introduce two different flavour symmetries, one 
for each sector. A common belief among many physicists, however, is that these apparent 
differences should be explained with a unified description and therefore a valuable task 
would be to use a unique symmetry, able to describe at the same time the small quark 
mixings and the (two) large leptonic ones. The closeness of the leptonic atmospheric 
angle #23 to the maximal value [ffj3] gives relevant indications on the symmetry: it is well 
known GlIB] that a maximal #23 is not achievable with an exact realistic symmetry. This 
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forces to study models based on the breaking of the flavour symmetry and a promising 
choice is based on the non-Abelian discrete group A4, the group of even permutations 
of four objects. The basic idea of the model is to get, in first approximation and in 
the basis of diagonal charged lepton mass matrix, the neutrino mixing matrix of the so- 
called tribimaximal (TB) pattern g (sin 2 6f 2 B = 1/3, sin 2 ^ 5 = 1/2 and sm6j.^ = 0); 
as a result also the observable lepton mixing matrix develops the tribimaximal structure 
and it represents a very good approximation of the experimental measurements; then the 
corrections from the next-to-leading order terms provide perturbations to the angles and 
in particular a deviation from zero for the reactor angle, in agreement with the recent 
indication of a positive value for #13 (2j. In a series of papers [7[j9] on the A 4 group, it is 
shown how to get a spontaneous breaking scheme responsible for the tribimaximal mixing, 
by the use of a convenient assignment of the quantum numbers to the Standard Model 
particles and the introduction of a suitable set of scalar fields, the "flavons" , which, getting 
non-zero vacuum expectation values (VEVs), are responsible for the symmetry breaking. 
A central aspect of the model building is the symmetry breaking chain: A± is broken 
down to two distinct subgroups, which correspond to the low-energy flavour symmetries 
of the charged leptons and of neutrinos. 

When extending such A 4 -based model to quarks to get a unified description for both 
the sectors, we find that A 4 is not suitable for quarks as it is for leptons: adopting for 
quarks the same representations as for leptons, the CKM mixing is the unity matrix, 
but the sub-leading contributions do not provide the right corrections in order to get 
a realistic quark mixing matrix. Furthermore it is necessary to keep separated leptons 
and quarks at least at the leading order, this to prevent mutual (possibly dangerous) 
corrections between the two sectors. A possibility to overcome this problem is to enlarge 



the symmetry group. We find a promising candidate in T' 10 , the double covering of 
A4. this group has three two-dimensional representations more than v4 4 and the idea is 
to adopt for leptons the same representations as in |7[j9] and to use the doublet ones 
to describe quarks. As a result we manage in keeping under control the interferences 
between the two sectors, preserving the results of the A 4 -based model, and, in addition, 
we get interesting features in the quark sector: the top Yukawa coupling arises from a 
renormalisable operator, while the other Yukawas come from sub- leading order terms; 
the vacuum misalignment of the flavons, which justify the symmetry breaking chain, is a 
natural solution of the minimisation of the scalar potential; two predictions hold between 
quark masses and the entries of the CKM matrix, 
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where the first expression is the well-known Gatto-Sartori-Tonin relation 11 



There is an alternative successful realisation to describe simultaneously leptons and 



quarks: in 12 , 13 , we study a model based on the permutation discrete group S4 which 
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contains A4 as a subgroup and has the same number of elements as T', but different 
representations. This enables the possibility to describe neutrinos with a different mass 
matrix, still diagonalised by the tribimaximal mixing, with respect to the A4 model. This 
leads to a completely new neutrino phenomenology: considering only the leading order 
contributions, it is in principle possible, even if difficult, to distinguish among the different 
realisations; unfortunately, the introduction of the higher-order corrections makes the 
predictions overlap in all the parameter space, apart from very small areas, which will be 
hard to test in the near future. 

All these models indicate a value for the reactor angle very close to zero. However, 
if the next future neutrino-appearance experiments will find a value for 6*13 close to its 
present upper bound, about the Cabibbo angle A, the tribimaximal mixing should be 
considered as an accidental symmetry. In this case a new leading principle would be 



necessary. In [14] we use the old idea of the quark-lepton complementary relation 15 
612 + X ~ 7r/4, in order to recover a neutrino mixing in agreement with the data, but 
with a reactor angle close to its present upper bound. We develop a model based on 
the 64 discrete group in which the PMNS matrix coincides with the bimaximal (BM) 
mixing 16 (sin 2 0f 2 M = 1/2, sin 2 ^ M = 1/2 and sin9f 3 M = 0) in first approximation, in 
the basis of diagonal charged lepton mass matrix; since the BM value of the solar angle 
exceeds the 3a error, large corrections are needed to make the model agree with the data; 
we naturally constrain the perturbations to get the "weak" complementarity relation, 
#12 + O(X) ~ 7r/4, and sin# 13 ~ A in most of the parameter space. In this model we 
only deal with the lepton sector and in order to include a realistic description of quarks 



we investigate on a Pati-Salam grand unified model 17 in which we recover the weak 
complementary relations and a value for the reactor angle close to A. Furthermore we 
analyse the Higgs scalar potential, providing a natural description for the gauge symmetry 
breaking steps. 

In all of the flavour models listed above, mass matrices and mixings are evaluated at 
a very high energy scale. On the other hand, for a comparison with the experimental re- 
sults, it is important to evolve the observables to low energies through the renormalisation 
group running. In general, deviations from high energy values due to this running consist 
in minor corrections, but the future improvements of neutrino experiments could hope- 



fully bring the precision down to these small quantities. For this reason we discuss 18 
the effects of the renormalisation group running on the lepton sector when masses and 
mixings are the result of an underlying flavour symmetry. 

Once we consider the predictions of the models based on A4, T' and S4, they all can fit 
the experimental data. However, comparing the phenomenological results of the various 
models, we cannot see a clear distinction. In order to find new ways to characterise 
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each model, it would be highly desirable to investigate on other types of observables, not 



directly related to neutrino properties. In 19 we use an effective operator approach to 



discuss the Lagrangian of the model: it is a very useful tool because it is not necessary 
to know the particle spectrum above the electroweak energy scale. The simplest scenario 
consists in the presence of two thresholds: a first very large, Mgut, where can live right- 
handed neutrinos, superheavy gauge bosons, superheavy scalar fields, and where grand 
unified theories (GUTs) and flavour symmetries find their natural settlement; a second 
very low, the electroweak scale, at which particle masses and mixing angles have the 
measured values. While neutrino masses and mixing angles can be interpreted as a result 
at low-energy of a larger and more complete theory at Mgut, it is very difficult from them 
to get information about the fundamental theory. We need to find some new observables 
which are not directly related to neutrino properties. A possibility is to introduce an 
intermediate energy scale, M, at about 1 — 10 TeV: this corresponds to the presence of 
some kind of new physics, which we do not specify, at this scale. Other indications, which 
enforce this choice, come for example from the discrepancy in the anomalous magnetic 
moment of the muon, the presence of Dark Matter, the convergence to a unique value of 
the gauge coupling constants and the solution to the hierarchy problem, which all would 
benefit by the presence of new physics at 1 — 10 TeV. 

Studying the effective Lagrangian of the model, we can point out the presence of a 
unique five-dimensional operator, which is responsible for the neutrino masses, and many 
six-dimensional operators, that represent those new observables we are interesting in: 
electric dipole moments di, magnetic dipole moments a» and lepton flavour violating tran- 
sitions such as jjj y erf, r — >■ /ry and r — > ej. A first distinctive feature of the model 
is to predict the branching ratios of all the previous decays equal and, as a first result 
considering the present MEGA bound, the r decays are below the future expected sensi- 
tivities. Afterwards, constraining the operators with the experimental values or bounds 
of the corresponding observables, we get interesting bounds on the value of the scale M: 
while the discrepancy in a M indicates a value of about 3 TeV, very interesting for LHC, d e 
and the BR(fi — > ej) push it up to 10 TeV in the best case. Other very stringent bounds 
come from the 4-fermion operators which fix the lower value for M at about 15 TeV. For 
this reason we conclude that these values are probably above the region of interest to 
explain the discrepancy in and for LHC. 

In a subsequent moment, we specify the kind of new physics that could be at the 
scale M and we study a supersymmetric version of the effective model. The results seem 
to be very attractive due to a cancellation in the right-left block of the charged slepton 
mass matrix: the indication from the discrepancy in a M remains the same (in a low tan (3 
regime), but the bound from BR(fi — > ej) is softened and the final results indicate values 
for M at a few TeV, which let us explain the discrepancy in a M and a possible positive 
signal for fi — > ey at MEG. Finally the model indicates an upper bound for #13 of few 
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degrees, which is close to the future expected sensitivity. 



In 20 21 , we move from the effective approach to a full supersymmetric scenario. In 
this way we have a stricter control on the contributions of the observables discussed above 
and we can investigate in the supersymmetric particle spectrum. Through a detailed cal- 
culation of the slepton mass matrices in the physical basis and evaluating the branching 
ratios for the mentioned lepton flavour violating decays in the mass insertion approxi- 
mation, we find that their behaviour, expected from the supersymmetric variant of the 
effective Lagrangian approach, is violated by a single, flavour independent contribution 
to the right-left block of the slepton mass matrix, associated to the sector necessary to 
maintain the correct breaking of the flavour symmetry. We also enumerate the conditions 
under which such a contribution is absent and the original behavior is recovered, though 
we could not find a dynamical explanation to justify the realisation of these conditions in 
our model. 

Concerning the agreement of our results with the experimental measurements and 
bounds, assuming a supergravity framework with a common mass scale msusY for soft 
sfermion and Higgs masses and a common mass m\ji for gauginos at high energies, we 
numerically study the normalised branching ratios of i{ — > ijj using full one-loop expres- 
sions and explore the parameter space of the model. We find that the branching ratios for 
ji — > ej, t — y fi^y and r — > are all of the same order of magnitude. Therefore, applying 
the present MEGA bound on BR{ji — > ej), this implies that r — > ^7 and r — > e'j have 
rates much smaller than the present (and near future) sensitivity. Moreover, still consid- 
ering the MEGA limit, we find that small values of the symmetry breaking terms and 
tan (3 are favoured for m S usY and m 1 / 2 below 1000 GeV, i.e. in the range of a possible 
detection of sparticles at LHC. Furthermore, it turns out to be rather unnatural to recon- 
cile the values of superparticle masses necessary to account for the measured deviation in 
the muon anomalous magnetic moment from the Standard Model value with the present 
bound on the branching ration of [i — > ej. In our model values of such deviation smaller 
than 100 x 10~ n are favoured. 



In the last few years there have been a great interest in studying the link between 
leptogenesis, as an explanation of the baryon asymmetry of the universe, and flavour 
symmetries: the See-Saw mechanisms explain the smallness of the light neutrino masses, 
but we need a flavour symmetry in order to predict the mixing angles; the type I is the best 
known mechanism and in this case the symmetry fixes the spectrum of the heavy right- 
handed neutrinos and the flavour structure of the Dirac and the Majorana mass matrices. 
While in a general context there is no relationship between low-energy parameters and e, 
the CP asymmetry from the heavy right-handed neutrino decays entering the definition of 
the baryon asymmetry, adding a flavour symmetry there could be a possibility to recover 
such a connection. 
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In [22] we provide a strict link among the nature of the PMNS mixing matrix and 
e: we find a model independent argument for which when the neutrino mixing matrix is 
mass-independent (it is independent from any mass parameter) then e vanishes. This fact 
can be used in all the flavour models which present, in the limit of the exact symmetry, 
the tribimaximal pattern as well as the bimaximal and the golden-ratio schemes and some 
cases of the trimaximal one. 

When the symmetry is broken, some corrections are introduced and in some special 
cases, when the number of the new parameters is sufficiently small, it is possible to express 
e as a function of some low-energy observables. 

The thesis is structured as follows. In chapter [T] we first fix the notation and briefly 
review the main explanations for the light neutrino masses, and after we discuss about 
fermion masses and mixings in the physical basis, reporting their experimental determina- 
tions. Chapter [2] is devoted to the flavour problem and we summarise some well-known ap- 
proaches to explain the observed data, such as M(L)FV, texture zeros, mass-independent 
textures and flavour symmetries, focussing on discrete non-Abelian symmetry groups. In 
chapter [3] we deal with three different flavour models in which the lepton mixing matrix 
presents the tribimaximal structure in first approximaion: the first one, which accounts 
only with the lepton sector, is the well-known Altarelli-Feruglio model based on the A4 
group, whose will be recalled the main features; the other two, based on the groups T' 
and S4, represent possible alternatives to the Altarelli-Feruglio model in which also the 
quark sector is studied. In chapter [4] we illustrate a flavour model based on the group 
S4, in which the PMNS matrix corresponds to the bimaximal pattern in first approxima- 
tions; considering the symmetry breaking corrections, we find the weak complementarity 
relation and a reactor angle close to the present upper bound. Chapter [5] deals with the 
stability of masses and mixings for leptons under the evolution from high to low energies 
through the renormalisation group running. In the last two chapters, [6] and [7j we study 
the impact of an underlying flavour symmetry on flavour violating processes and on lep- 
togenesis, respectively. In particular in chapter [6] we focus on flavour models based on 
the group A±, analysing their predictions for some rare decays, such as /i — > ej, r — > 
and r — > fi'j, and the possibility to explain the discrepancy between the Standard Model 
prediction and the experimental measurement of the anomalous magnetic moment of the 
muon, through the presence of new physics at 1 4- 10 TeV. Furthermore we investigate 
on the particle spectrum in the case of supersymmetric new physics. In chapter [7] we 
present an argument for which e, the CP-violating parameter relevant for leptogenesis, is 
vanishing when the leptonic mixing matrix corresponds to a mass-independent texture in 
the exact symmetry phase. Finally in chapter [8] we conclude and in the appendices we 
report details and useful tools. 
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Chapter 1 

The Standard Model and Beyond 



1.1 The Standard Model and the Neutrino Masses 

The fundamental particles and their interactions are described by the Standard Model 
(SM), a quantum field theory in a 4-dimensional relativistic framework based on the gauge 



group SU(3) C x SU(2)l x U(1)y 23 . The first term, SU(3) C , refers to the quantum 
chromodynamics, the theory of strong interactions of coloured particles, such as gluons 
and quarks. The SU(2)i x U(l)y term is the group of the electroweak force, which 
describes the behaviour of the weak gauge bosons, W + , W~ and Z°, as well as the 
electromagnetic one, the photon 7, in their mutual interactions and in the presence of 
fermions. 

The constituents of matter are leptons and quarks, which transform as spinors under 
the Lorenz group. For each spinor, it is possible to define a left-handed (LH) and a right- 
handed (RH) part, which behave differently under the Standard Model gauge group. 
For this reason it is usually more convenient to adopt a two-component Weyl spinor 
representation instead of a four-component Dirac one: they are equivalent indeed a Dirac 
spinor \1/ is composed of a left-handed Weyl spinor and a right-handed Weyl spinor 

* = ( t L V (i-i) 



R 



If a Dirac spinor have the left- and right-handed Weyl spinors which satisfy to = 
ia 2 *^/* R , it is called Majorana spinor and in this case the two parts are equivalent. 

It is also convenient to adopt an other notation: we consider a basis in which all 
the fields are left-handed and therefore ^ refers to the true left-handed component and 
\I/ C to the charge conjugate of the right-handed part. Using this convention, we clarify 
the equivalence between the two- and the four-component notations. For example e 
(e c ) denotes the left-handed (right-handed) component of the electron field. In terms 
of the four-component spinor ip^ = (e, e c ), the bilinears ea u e and e c a u e c correspond to 
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ipeY Phipe and ipe^Pn^e (where Pl,r = |(l+7 5 )) respectively. We take = (1, a), 
(1, 



-o , cr 



a a 



crV') and g^j, = diag(+l, —1, —1, 



where a 



(a 1 , cr 2 , a 3 ) are the 2x2 Pauli matrices: 



a 



1 

1 



a 



-i 

1 



1 



1.2) 



Here the four-component matrix 7^ is in the chiral basis, where the 2x2 blocks along the 
diagonal vanish, the upper-right block is given by cr M and the lower-left block is equal to 



Leptons and quarks are present in three generations or families and each of them 
accounts for four left-handed S , f/(2)i-doublets, one in the lepton sector, £ = (z/, e), and 
three in the quark sector, q = (u, d), and seven right-handed S'?7(2)i-singlets, the charged 
lepton e c and the up- and down-quarks u c and d c . The symmetry charge assignments of 



one such family under the Standard Model gauge group are displayed in table along 
with the symmetry assignments of the Higgs boson H = (H + , H°). The electric charge 
is given by Q em = T 3 l + Y, where T 3 l is the weak isospin and Y the hypercharge. 





£ e c 


q u c d c 


H 


SU(3) C 
SU(2) L 

U(l)y 


1 1 

2 1 

-1/2 +1 


3 3 3 
2 11 

+1/6 -2/3 +1/3 


1 
2 

+1/2 



Table 1.1: Charge assignments of leptons, quarks and the Higgs field under the Standard Model gauge 
group. 

The most general SU(3) C x SU(2)l x U(l)y gauge invariant renormalisable Lagrangian 
density can be written as follows: 



SM 



Sf K + S?Y + V 



;i.3) 



where S£k contains the kinetic terms and the gauge interactions for fermions and bosons, 
while Jzfy referees to the fermion Yukawa terms and V is the scalar potential. The Yukawa 
Lagrangian can be written as 



% Y = {Y e ) i3 e c i HH j + (Y^ dtH^j + (y«)ii u^ qj + h.c. 



;i-4) 



where H = ia 2 H*. The Standard Model gauge group prevents direct fermion mass terms 
in the Lagrangian. However, when the neutral component of the Higgs field acquires a 
non-vanishine; vacuum expectation value (VEV), (H°) = v/y/2 with v ~ 246 GeV, the 
electroweak symmetry is spontaneously broken, 



SU(2) L x U{1) 



Y 



;i.5) 
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and as a result all the fermions, apart from neutrinos, acquire non-vanishing masses: 

S£y = (M u ) u\Uj + (M d )ij d'dj + (M e )ij efa where M { = Y~ . (1.6) 

a/2 

Observations of massive neutrinos require an extension of the Standard Model. The 
minimal variation consists in the introduction of a set of right-handed neutrinos, u c , which 
transform under the gauge group of the Standard Model as (1, 1, 0), i.e. they do not have 
any interactions with the vector bosons. In this way, it is possible to construct a Yukawa 
term for neutrinos similar to the up-quark Yukawa: 

(Y^j^HUj + h.c. (1.7) 

which in the electroweak symmetry broken phase becomes a neutrino Dirac mass term 

v 

{m u )ij v^Vj where m u = Y l/ —=. (1.8) 

V2 

According to the observations, m v ~ 0.1 eV and as a consequence it requires that Y v ~ 
10~ 12 , which does not find any natural explanation. 

An alternative minimal extension of the Standard Model consists in assuming the 
explicit violation of the accidental global symmetry L, the lepton number, at a very high 
energy scale, A^. It is then possible to write the Weinberg operator [24], a five-dimensional 
non-renormalisable term suppressed by A^: 



1 (£ t H*) {HH 3j 
2 { v)ij A, 



Ob = -z(Y»)v r 3> ■ (1-9) 



When the Higgs field develops the VEV, this produces a neutrino Majorana mass term 

v 2 

{m v )ijViVj where m u = Y u —— . (1-10) 

Considering again an average value for the neutrino masses of the order of 0.1 eV, it 
implies that A L can reach 10 14 ^ 15 GeV, for {Yj)%j = Oil). Once we accept explicit lepton 
number violation, we gain an elegant explanation for the lightness of neutrinos as they 
turn out to be inversely proportional to the large scale where lepton number is violated. 



1.1.1 The See- Saw Mechanisms 

It is then interesting to investigate on the kind of new physics which accounts for 
the lepton number violation and generates the Weinberg operator in a renormalisable 
extension of the Standard Model. Tree-level exchange of three different types of new par- 
ticles makes the job: right-handed neutrinos, fermion 5*?7(2) £ -triplets and scalar SU(2) L - 
triplets. We summarise in the following these proposals which are known with the name 
of "See-Saw" mechanisms. 
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Figure 1.1: The Weinberg operators can be produced by tree-level exchange of fermion 
singlets (type I), scalar triplets (type II) and fermion triplets (type III). 



Type I See-saw Mechanism 

The presence of new fermions with no gauge interactions, which play the role of right- 
handed neutrinos, is quite plausible because any grand unified theory (GUT) group larger 
than SU(5) requires them: for example, v c complete the representation 16 of SO (10). 
As already anticipated they have a Dirac Yukawa interaction Y u with the left-handed 
neutrinos. Assuming explicit lepton number violation a second term appears, a Majorana 
mass Mr: the Lagrangian can then be written as 

^t y pc i = (Y u hvfHkj + ^(M R ) l3 vlv] + h.c. . (1.11) 

Y v and Mr are 3x3 matrices in the flavour space: Mr is symmetric, while Y v is in 
general non hermitian and non symmetric. The Dirac mass term originates through 



the Higgs mechanism as in eq. (1.8). On the other hand, the Majorana mass term is 
SU(3) x SU(2)l x £/(l) y invariant and therefore the Majorana masses are unprotected 
and naturally of the order of the cutoff of the low-energy theory. The full neutrino mass 
matrix is a 6 x 6 mass matrix in the flavour space and can be written as 

v v c 

M„=" c (° (1.12) 
v c \m D M R J 

where mo = Y v v/y/2. By block-diagonalising M v , the light neutrino mass matrix is 
obtained as 

m v = —mJyM^mf) . (1-13) 

This is the well known type I See-Saw Mechanism [25]: the light neutrino masses are 
quadratic in the Dirac masses and inversely proportional to the large Majorana ones, 
justifying the lightness of the left-handed neutrinos. 

The same result can be derived integrating out the heavy neutrinos which gives a non- 
renormalisable effective Lagrangian that only contains the observable low-energy fields. 
Figure [lT] shows the tree-level exchange of v c and the 0§ operator of eq. (1.9) is easily 



derived, where corresponds to the Majorana masses of the right-handed neutrinos. 



1.1 The Standard Model and the Neutrino Masses 



5 



This construction holds true for any number of heavy v c coupled to the three known 
light neutrinos. In the case of only two z/ c , one light neutrino remains massless, which is 
a possibility not excluded by the present data. 

Type II See-saw Mechanism 



The type II See-Saw mechanism 26 refers to the general scenario in which neutrinos 
get a mass thanks to the coupling of the lepton SU (2) ^-doublet £ with a scalar SU(2) L - 
triplet A = (Si, 5 2 , S 3 ) transforming as (1, 3, +1) under the Standard Model. It is useful 
to express the triplet scalar by three complex (electric charge neutral A , singly charged 
A + and doubly charged A ++ ) scalars: 

where a 1 are the Pauli matrices and A = (^i+zt^) / V%, A + = <5 3 and A ++ = (Si— iS?) / y/2. 
The relevant Lagrangian for the type II See-Saw can then be written as 



= --(Y^ijViA ^ + -J=(y A )^A + ej + ^{Y A ) ljei A ++ ej + h.c. 



;i.l5) 



The neutrino masses are generated when the neutral component of the scalar triplet 
develops a VEV, (A ) = v A /V2: 

m u = Y A ^. (1.16) 
v2 



The same result is achieved integrating out the Higgs triplet: in figure 1.1 the relevant 



tree-level diagram is shown. In this case we get an effective five-dimensional operator 



similar to 0$ of eq. (1.9), where corresponds to M A , the mass of the Higgs triplet. 
The two pictures are phenomenologically identical since the minimisation of the potential 
leads to v A oc v 2 /M A , as shown below. 

The VEV of the Higgs triplet is usually induced by the VEV of the Higgs doublet H: 
indeed in the Lagrangian it is possible to write these two terms 

Mitr[A f A] + - (\ A M A H ] ^H + h.c.) (1.17) 

and when the Higgs doublet develops a non-zero VEV, it induces a tadpole term for A 
through the last term in the previous equation and as a consequence a VEV for the Higgs 
triplet is generated, 

<A)~A A] ^. (1.18) 

Note that v A contributes to the weak boson masses and introduces a deviation of 
the p-parameter from the Standard Model prediction, p ~ 1 at tree-level. The current 
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precision measurements constrain this deviation and consequently the ratio v&/v [27]: 



Ap = p — 1 ~ va/v < 0.01. From eq. (1.18) we see that this implies Ma. > (25Aa) TeV. 



The type II See-Saw involves lepton number violation because the co-existence of Ya 
and Aa does not allow a consistent way of assigning a lepton charge to A. 

Type III See-saw Mechanism 



In the type III See-Saw mechanism 28 , three fermion S , f/(2)/ / -triplets £ a are added 
to the Standard Model content]^] These new particles should be color-singlets and carry 
hypercharge 0. Each E has three components defined as £ = (ft, $j> ft) an d can be 
written in the fundamental representation of SU(2)l as 



A, = | E "^ 2 J + /V - 2 ) , (1.19) 



where £° = <^ and £ ± = (ft =F ^^2) / a/2 are electric charge neutral and positive or negative 
singly charged. The relevant Lagrangian terms have a form that is similar to the singlet- 
fermion case, but the contractions of the SU(2) L indices are different: 

^, n, = Pi) - \(M s)a MW] + h.c. . (1.20) 

Here Ye is a 3 x 3 matrix of dimensionless, complex Yukawa couplings. When the elec- 
troweak symmetry is broken, both charged leptons and neutrinos mix with the £ compo- 
nents. In the basis (z/, E), the following mass term can be written 

v £ 

V*= V J° (1-21) 



E \rriD M% 

where tud = Ye v/y/2 and Ms is a 3 x 3 real mass matrix. As in the case of Mg, the mass 
of the right-handed neutrinos in the type I See-Saw mechanism, M s is unprotected by 
any symmetry and it could reach values close to the cutoff of the low-energy theory. The 
exchange of fermion triplets, as shown in figure 1.1[ generates an effective five-dimensional 



operator similar to O5 of eq. (1.9), where corresponds to Ms, which leads to the 
neutrino masses: 

m u = -m T D M^ l m D . (1.22) 



The same result can be achieved simply diagonalising the matrix in eq. (1.21). 

It is clear that for what concerns the phenomenology of the light neutrinos, the type 
I and the type III See-Saw mechanisms cannot be distinguished. The two descriptions 



§ It is also possible to introduce only two such fermion triplets: indeed it is the minimal number of E 
in order to fit the data with a massless neutrino. With three E, however, it is possible to describe three 
distinct non- vanishing neutrino masses. 
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however may be discriminated by taking into account phenomenological processes involv- 
ing for example the charged lepton sector that presents a small mixing with the charged 
components of E. In the basis (e, E), the following mass term can be written 

where M e is the usual charged lepton mass matrix. The perturbations induced by E to 



M e have the same form and order of magnitude of the neutrino masses in eq. (1.22) and 
therefore they are negligible. However, the presence of the triplets induces some lepton 
flavour violating decays which could have interesting experimental hints [29] . 

The type III See-Saw involves lepton number violation because the co-existence of Y% 
and M s does not allow a consistent way of assigning a lepton charge to E a . 



1.1.2 The Physical Basis and the Mixing Matrices 

If we simply assume that the lepton number is explicitly violated by the introduction 
of the Weinberg operator in the Lagrangian of the Standard Model, when the electroweak 
symmetry is broken, all the fermions develop a mass term: 

^fmass = (M u ) u\Uj + (M d ) fj + (M e )y efo + -{m^v^ , (1.24) 

where M, and m v are 3x3 mass matrices in the flavour space. Counting the number of 
free parameters, there are 9 complex entries for each mass matrix, apart for m v which is 
symmetric and owns only 6. To reduce this amount, we can move to the physical basis in 
which the kinetic terms are canonical and all the mass matrices are diagonal. In this basis 
also the Yukawa coupling matrices are diagonal and therefore there is no tree-level flavour 
changing currents mediated by the neutral Higgs boson. This feature is in general lost 
extending the Standard Model by introducing multiple Higgs doublets or extra fermions. 

We make unitary transformations on the fermions in the family space in order to move 
to the physical basis. Unitarity of these matrices ensures that the kinetic terms remain 
canonical. Specifically, we define V u ^,d,d c and C/ e ,e c ,v such that the transformations 
produce the following diagonal matrices: 

V^M U V U = diag(m u , m c , m t ) , V d { M d V d = diag(m d , m s , m b ) , 

(1.25) 

U ] e cM e U e = diag(m e , m M , m T ) , Uj m u U u = diag(m x , m 2 , m 3 ) . 

Experiments showed that quarks and charged leptons have strongly hierarchical masses: 
the mass of the first families are smaller than those of the second families and the third 
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families are the heaviest. The quark masses are given by 30[ 



m, 



1.5 4 3.3 MeV , m c = 1.27±g:?J GeV , m t = 171.2 ± 2.1 GeV 



m d = 3.5 4- 6 MeV , m s = 104^ MeV , m b = 4.20^ GeV . 

(1.26) 



The charged lepton masses are very precisely known and they read 30 

m e = 0.510998910 ± 0.000000013 MeV , 

= 105.658367 ± 0.000004 MeV , (1.27) 

m T = 1776.84 ±0.17 MeV . 

In the neutrino sector the mass hierarchy is much milder and only two mass squared 
differences have been measured in oscillation experiments]]] The mass squared differences 
are defined as 

Am 2 21 = m 2 2 -m\ = Am 2 sol , Am 2 31 = m\-m\ = ±Am 2 atm (1.28) 



and in table 1.2 we can read the results of two independent global fits on neutrino oscilla- 
tion data from [2] and [3] . It is interesting to report also the ratio between the two mass 
squared differences (3): 



Am 2 



so1 = 0.032ig:Sjjj . (1.29) 

b atm 

Due to the ambiguity in the sign of the atmospheric mass squared difference, neutrinos 
can have two mass hierarchies: they can be normally hierarchical (NH) if m\ < m 2 < m% 
or inversely hierarchical (IH) if m% < m\ < m 2 . Furthermore, if the absolute mass scale 
is much larger than the mass squared differences then we cannot speak about hierarchy: 
in this case the neutrino spectrum is quasi degenerate (QD) and we speak about mass 



Am 



2 



ordering. In figure 1.2 we display the two possible hierarchical spectra. It is common to 
redefine the atmospheric mass squared difference to account for the type of the hierarchy: 
indeed Am 2 tm is taken to be the mass squared difference between the heaviest and the 
lightest mass eigenstates and therefore 

\m 2 -m 2 (m 2 )\=Am 2 atm (1.30) 

for the normal (inverse) hierarchy. 

There are some weak indications in favour of normal mass hierarchy from supernova 
SN1987A data [33]. However in view of small statistics and uncertainties in the original 
fluxes it is not possible to make a firm statement. 



§The u-, d-, and s-quark masses are estimates of so-called "current-quark masses", in a mass- 
independent subtraction scheme such as MS at a scale \x « 2 GeV. The c- and b-quark masses are 
the "running" masses, m(/i = m), in the MS scheme. Only the mass of the t-quark is a result of direct 
observation of top events. 

^Thcrc is an indication for the existence of a third independent mass squared difference from the 
LSND experiment [3TJ, which could be explained only if an additional (sterile) neutrino is considered. 



However, the MiniBooNE collaboration 32 have not recently confirmed the LSND result. 
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parameter 


Ref. g 
best fit (la) 3cr-interval 


Ref. (3) 
best fit (la) 3<r-interval 


Am 2 sol [xlO 5 eV 2 ] 

AmLJxlO^eV 2 ] 
sin 2 9 12 

sin 2 9 23 

sin 2 6»i3 


7 -67_ai9 7.14-8.19 
2.39+°;^ 2.06 - 2.81 
0.312lg;Si8 0.26 - 0.37 
0.4661^1 0.331 - 0.644 
0.016lg;gig < 0.046 


7 -65_o;2o 7.05 - 8.34 
2.40+°;i 2 2.07- 2.75 

0.304+°;° 22 0.25 - 0.37 
0.50ig;8£ 0.36 - 0.67 

0.010±g;gi? < 0.056 



Table 1.2: Neutrino oscillation parameters from two independent global fits 




V 2 
Vi 



V 3 



Figure 1.2: Neutrino mass and flavour spectra for the normal (left) and inverse (right) 
mass hierarchies. The distribution of the flavours in the mass eigenstates corresponds to 
the best-fit values of mixing parameters and sin 2 9 13 = 0.05. 



Regarding the absolute neutrino mass scale there are several sources of information 
from non-oscillation experiments and from cosmological analysis. They are: 

• /3-decay experiments which measure the endpoint of the tritium decay and to good 
approximation probe m 2 e = ^ \U% i \m 2 . The most recent experiment is Mainz 



34 



and it puts an upper bound at 99% of CL of < 2.1 eV. The Katrin experiment 



will improve the sensitivity to m Ue by one order of magnitude down to ~ 0.2 eV 35 



the neutrinoless-double-beta (Oz/2/3) decay is a viable decay for a little class of nuclei 
and only in the hypothesis of Majorana nature for neutrinos. Dedicated experiments 
could probe the ee element of the neutrino Majorana mass: 



^Ulrrii = cos9 2 13 (m lC os9 2 12 e iipl + m 2 sm9 2 2 e i(fi2 ) + m 3 sin# 2 3 , (1.31) 



where <pi are the Majorana phases, which will be defined in the following. Nowadays 
only an upper bound of 0.35 eV on this quantity has been put by the Heidelberg- 
Moscow collaboration 36 , but the future experiments are expected to reach better 
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sensitivities: 90 meV [37] (GERDA), 20 meV p) (Majorana), 50 meV (39) (Su- 



per NEMO), 15 meV gO] (CUORE) and 24 meV |4T] (EXO). In figure |L3| we show 
the 0i/2/3-decay effective mass as a function of the lightest neutrino mass for both 
the hierarchies together with the future experimental sensitivities. 

cosmology can set an upper bound on the sum of the neutrino masses: there are 
typically five representative combinations of the cosmological data, which lead to 
increasingly stronger bounds and as a result [42] < 0.19 -j- 2.6 eV. 



present 0v2/3 bounds 



10 - ! 



Ami. < 



Anij, > 



' Majorana/ 
GERDA III 



10 



m v (eV) 



Figure 1.3: \m ee \ as a function of the lightest neutrino mass for the normal (Am^ > 0) 
and inverse (Am^ < 0) mass hierarchies. The coloured regions show the allowed range 
for the best-fit values of the parameters from [21. The dashed lines refer to the allowed 
region when the 3a errors are considered. The black continuous lines represent future 
experimental sensitivities as described in the text. 



The CKM and PMNS Mixing Matrices 

Moving to the physical basis, the unitary matrices Vi and C/j should enter into all the 
fermion interactions. As already noted, the associated transformations bring the Yukawa 
couplings of fermions with the Higgs boson in the diagonal form. The coupling of the 
Z° boson and the photon have the original diagonal form even after these rotations. It 
follows that there is no tree-level flavour changing neutral current mediated by the Z° 
boson or by the photon in the Standard Model. Most significantly, these transformations 
bring the charged current interactions in a non diagonal form: considering for simplicity 
only the negative charged current J~ we see that 

J/4 = vj^e + uj^d — ► uj^UlUee + u^^V d d . (1.32) 

The products of the diagonalising unitary matrices are defined as the mixing matrices for 



leptons, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix 43 , and for quarks, the 
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Cabibbo-Kobayashi-Maskawa (CKM) matrix 44,45 , respectively: 

U = U\U U and V = V^V d . 



;i.33) 



Each one of these matrices is also unitary and has nine parameters, but only some of them 
are physical. It is possible to absorb the non-physical parameters through further unitary 
transformations on the fields and finally V is described by 3 angles and 1 phase and U 
by 3 angles and 3 phases. This difference is due to the Majorana nature of the neutrino 
mass term. However the meaning of the parameters are equivalent in both sectors: the 
angles rule the mixing between the flavour eigenstates and the phases are responsible for 
CP violation. If we now assume the conservation of the lepton number, neutrinos de- 
velop masses only due to the introduction of the right-handed neutrinos. In this case, as 
already discussed, the mass term is of the Dirac form (m u )ijU^i/j and going through the 
same passages as before, we note one main difference: the physical parameters of U can 
be reduce to only 3 angles and 1 phase. 



There are several parametrisations of the CKM matrix. We recall now the standard 
one, by the use of the angles 9\2, #13 and 823 and of the phase 5: 



V 



1 

C23 S23 
— S23 C23 



Cl3 



•si 3 e i 




1 




si 3 e 


Cl3 



C12C13 



-C23S12 
•S12S23 ~ 



- c 12 s 13 S2 3 e'- u 

iS 

Cl2C23-Sl3e 



C13S12 
C12C23 - Si2Si 3 S23 e 
— C12S23 — C23<Si2Si3e 



S 
id 



C12 


S12 


-S12 


C12 








si 3 e- iS 




C13S23 


) 


C13C23 





;i.34) 



where and Sy stand for cos#y and sin#y (with < 9ij < 7r/2), respectively, and 
the Dirac CP-violating phase lies in the range < 5 < 2tt. This notation has various 
advantages: the rotation angles are defined and labelled in a way which is related to the 
mixing of two specific generations; as a result if one of these angles vanishes, so does the 
mixing between the two respective generations. Moreover in the limit #23 = #13 = the 
third generation decouples and the situation reduces to the usual Cabibbo mixing of the 
first two generations with sin # 12 identified to the Cabibbo angle 44 . 

Experimentally, the mixing matrix has well defined entries 
considering the unitary conditions, gives the following results, 



30 : a fit on the data, 



\V\ 



v ud 


V us 


v ub 


v cd 


Vcs 


v cb 


v td 


Vts 


v tb 



( 0.97419 ± 0.00022 

0.2256 ±0.0010 
V (8.74j£») x 10- 3 



0.2257 ±0.0010 
0.97334 ± 0.00023 
(40.7 ± 1.0) x 10~ 3 



(3.59 ±0.16) x IO- 3 \ 
(41.5™?) x 10- 3 



;i.35) 



0.999133 



+0.000044 
-0.000043 



/ 
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Making use of the standard parametrisation, it is possible to extract the values of the 
quark mixing angles: in terms of sin 9ij we naively have 

sin 6u ~ 0.2243 , sin 23 ~ 0.0413 , sin 13 ~ 0.0037 . (1.36) 

In the same way it is possible to recover the value of the Dirac CP-violating phase: 

5 = (77l|°) . (1.37) 



It is also useful to report the value of the Jarlskog invariant [46] , which measures the 
amount of the CP violation: it is defined as 



Jt 



CP 



\im(V: d V us V cd V*] 



\lm(V c * s V cb V ts V t 



ib) 



\im(V: d V ub V td V t l)\ 

C12 Ci 3 C23 sin 5 S12 Sis s 23 



and the result of the data fit is 



J, 



CP 



(3.051 



+0 ofo) x 10- 



1.38) 



1.39) 



From eq. (1.36, 1.37), it is obvious the presence of a hierarchy between the size of the 



angles, sin #12 ^> sin #23 3> sin #13, and an approximation to the standard parametrisation 



has been proposed by Wolfenstein 47 which emphasises this feature. It is possible to use 



only four parameters to describe the CKM matrix: they are A, A, p and 77 defined as 



A 



IK 



ud 



2 + \V I 2 



A 



V, 



cb 



p + irj 



AX 3 



1.40) 



In terms of powers of A, up to C(A 4 ) we have 

1 - A 2 /2 A A\ 3 (p-ir]) \ 

-A 1 - A 2 /2 AX 2 + 0(\ 4 ) 

A\ 3 (l- p-i V ) -AX 2 1 / 

These four parameters are experimentally determined as follows: 



V 



1.41) 



A = 0.2257 



X 1 



-0.0009 
-0.0010 J 



p 1- 



n iqc;+o.031 

u - iod -0.016 5 



A = 0.814; 

A 2 / 
2 



-0.021 
-0.022 j 



V 1 



u -°^ y -0.017 



1.42) 



Due to the closeness of the Cabibbo angle, sin #12, to the parameter A, it is common to 
identify the two quantities and the error, which is potentially introduced, is of 0(X 4 ). 



The standard parametrisation of the lepton mixing is similar to eq. (1.34): we can 
write the PMNS matrix as the product of four parts 

U= R 23 (ez 3 )- i2 13 (0 13 , 5) ■ R 12 (6 12 ) ■ P 



C12C13 
-C23S12 - C12.s13.s23e 4 ' 5 
S12S23 - ci 2 C2 3 si 3 e l5 



Cl 3 Si2 Si3e 
C12C23 - S 12 Si 3 S 2 3e tS C13S23 
-C12S23 - C23Si2S 1S e l5 C13C23 



1.43) 



• P 
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where P is the matrix of the Majorana phases P = diag(e 



iipi/2 piipi/2 



1) 



represent cos 6 \j and sin respectively, and 5 is the dirac CP-violating phase. Angles 

7T 

and phases have well defined ranges: < 6 , 12 , 623, #13 < — and < 5, (pi, (p 2 < 27r. It is 
interesting to note that the Dirac CP- violating phase is always present in the combination 
Si3e ±l6 : this means that when the reactor angle is vanishing, not excluded from the 



experimental data in table 1.2, S is undetermined and does not appear in the mixing 



matrix. A further consideration is that the Majorana phases are not present in eq. (1.43 ) if 
lepton number is assumed to be conserved and the right-handed neutrinos are responsible 
for the neutrino mass term. 



A convenient summary of the neutrino oscillation data is given in table 1.2 The pat- 
tern of the mixings is characterised by two large angles and a small one: 623 is compatible 
with a maximal value, but the accuracy admits relatively large deviations; 812 is large, 
but about 5<r far from the maximal value; #13 has only an upper bound. According to 
the type of the experiments which measured them, the mixing angle 823 is called atmo- 
spheric, 8yi solar and #13 reactor. We underline that there is a tension among the two 
global fits presented in table 1.2 on the central value of the reactor angle: in |2] we can 
read a suggestion for a positive value of sin 2 813 ~ 0.016 ± 0.010 [1.6c], while in (3j a 
best fit value consistent with zero within less than la is found. Therefore we need for 



a direct measurement 48 by experiments like DOUBLE CHOOZ 49 , Daya Bay 50 



MINOS (51], RENO [52], T2K p] and NOvA (54 



It is interesting to note that the large lepton mixing angles contrast with the small 



angles of the CKM matrix. Furthermore, to compare with eq. (1.35), we display the 



allowed ranges of the entries of the PMNS matrix 55 



\U\ 





u e2 


U e3 




U^ 2 


U, 3 




U r2 


U T 3 



0.79 - 0.88 
0.19-0.52 
0.20-0.53 



0.47 
0.42 
0.44 



0.61 
0.73 
0.74 



< 0.20 
0.58-0.82 
0.56-0.81 



;i.44) 



In analytical and numerical analysis, quark and lepton mixing matrices are not in the 



standard form as in eqs. (1.34, 1.43) but it is possible to recover the mixing angles 6L- and 



the phases 5, <fi and <p 2 through the following procedure. Note that, when considering 
the CKM matrix, the Majorana phases are absent. Denoting the generic mixing matrix 
as W, the mixing angles are given by 



sin 8 



13 



|W 



13 1 



tan^ 



12 



W 



12 



Wu 



tan 8- 



23 



\W- 



23 1 



33 1 



;i.45) 



if I Wii| (IW33I) is non-vanishing, otherwise 6*12 (6*23) is equal to ir/2. For the Dirac CP- 
violating phase we use the relation 



Cl2 C13 C 23 S13 (e l& S12 S 2 3 - C12 C 2 3 Sis) 



;i.46) 



14 



Chapter 1. The Standard Model and Beyond 



which holds for i,j e {1, 2, 3} and % ^ j. Then the phase S is given by 



' + C12 C 23 Sis * 



arg 



Cl2 Cf 3 C 23 Sl3 



Sl2 $23 



\ 



1.47) 



/ 



where i, j G {1, 2, 3} and z 7^ j. Similarly, we can write the Jarlskog invariant in terms of 
mixing angles and the phase 5: 



\im(W^W 13 W 31 W : 



33 1 



C12C13C23 sin5si2 s 13 s 23 \ 



J CP = ^\im(W 1 \W l2 W 2l W; 2 )\ = 
= ^\im(W* 2 W 23 W 32 W* 3 )\ = 
To conclude the Majorana phases are given by 

cp! = 2 axg(e*« , <^ 2 = 2 arg(e l(5e W* 2 ) , 



:i.48) 



1.49) 



where S e = arg(e lS Wi 3 ) 



1.2 Supersymmetry 

In the Standard Model two Higgs parameters appear in the scalar potential: m# and 
Xh, which are the mass and the quartic coupling of the Higgs boson, respectively. The 
Higgs VEV is linked to these parameter as 



v 1 m H 



<^7rV-^' (L50) 

Since is bounded from above by various consistency conditions (such as perturbative 
unitarity), it follows that it should be roughly — m 2 H ~ (100 GeV) 2 . However the mass 
parameter m# is expected to receive large radiative corrections, indeed it depends on the 
cutoff scale at which new physics is introduced: this leads to the well known "hierarchy 
problem" of particle physics. If the cutoff scale is taken to be close to the Planck scale 
Mp w 10 19 GeV, the corrections due to the fermion loops are much larger than the weak 
scale. 

An elegant solution to the hierarchy problem is the low-energy supersymmetric theory. 
Supersymmetry (SUSY) can be considered an extension of the usual 4-dimensional space- 
time Poincare symmetry, in which new fermionic transformations, that change the spin 
of fields, are introduced. We consider only N = 1 Supersymmetry, which is the simplest 
supersymmetric theory, in which a single set of supersymmetric generators is introduced. 

It is not difficult to generalise the Standard Model description of section |1.1| to the 
supersymmetric context: each Standard Model field is considered to be a part of a super- 
field, z, and the Lagrangian of the model can be written as a sum of different terms in 
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the following way 
jgf = f d 2 6d 2 61C(z, e 2V z) + 



d 2 9w(z) +h.c. 



+ 



4 



d 2 9f(z)WW + h.c. 



(1.51) 



where /C(z, z) is the Kahler potential, a real gauge-invariant function of the chiral super- 
fields z and their conjugates, of dimensionality (mass) 2 ; w(z) is the superpotential, an 
analytic gauge-invariant function of the chiral superfields, of dimensionality (mass) 3 ; f(z) 
is the gauge kinetic function, a dimensionless analytic gauge-invariant function; V is the 
Lie-algebra valued vector supermultiplet, describing the gauge fields and their superpart- 
ners. Finally W is the chiral superfield describing, together with the function f(z), the 
kinetic terms of gauge bosons and their superpartners. 

In the minimal supersymmetric Standard Model (MSSM) the field content of the 
Standard Model is increased by an extra Higgs S77(2)£-doublet: the usual Standard 
Model Higgs H, defined in table |1.1 is renamed to Hd and it is responsible for giving 
mass to the down quarks, to the charged leptons and to their superpartners. The extra 
Higgs, H u , is required to generate the Dirac mass of the up quarks (and of neutrinos 
if v c are included) and of their superpartners, as the holomorphicity requirement of the 
superpotential prevents the charge conjugate of Hd from playing that role (in contrast to 
what happens with H in the Standard Model). 

The usual Standard Model fermions are contained in chiral superfields with their 
respective superpartners, bosons with spin usually denoted as sfermions (squarks and 
sleptons). Analogously, the vector superfields contain the usual Standard Model gauge 
bosons and their own superpartners, spin 1/2 fermions usually called gauginos (gluinos, 
photino, bino and winos). Finally, the two Higgs belong to chiral superfields with their 
superpartners, spin 1/2 fermions denoted as Higgsinos. It is common to indicate with 
a "~" the component of a superfield which represents the superpartner of a Standard 
Model field. 

The scalar potential V = V(z, z') is composed of two contributions. One is usually 
called the F-term, obtained from the superpotential as = dw(z)/dzi, where i is an 
index labelling the components of whatever representation the field has under the gauge 
group (for example, two components if the chiral superfield containing z\ is a doublet 
of SU(2)). The other contribution is usually called the D-term, and is associated with 
the gauge group: D a = g a (Mpj) 2 — g a z [ T a z, where a labels the generators T a of the 
group and (M^ 7 ) 2 denotes the contribution of the Fayet-Iliopoulos (FI) term, which may 
be non-zero only for Abelian U(l) factors of the group. Assuming a canonical Kahler 
potential, K, = ZiZi and summarising the two contributions we have 



V 



F^F+-D 2 
2 



dw(z) 



dzi 



+ 



^(daiM^f-g^T-z) 2 



(1.52) 



In terms of the hierarchy problem, mu receives new contributions from the Standard 
Model superpartners in such a way that the loop diagrams with superparticles in the loop 
have exactly the same value as those ones with Standard Model particles in the loop, but 
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with opposite sign (due to the minus sign coming from the fermion loop): Supersymmetry 
enables the exact cancellation of the quadratic divergence, leaving only milder logarithmic 
divergences. 

If from one side in supersymmetric theories there is a natural explanation of the 
hierarchy problem, dangerous gauge- invariant, renormalisable operators appear: the most 
general superpotential would include also terms which violate either the baryon number 
(B) or the total lepton number (L). The existence of these terms corresponds to B- and 
L-violating processes, which however have not been observed: a strong constraint comes 
from the non-observation of the proton decay. A possible way out to this problem is 
represented by the introduction of a new symmetry in MSSM, which allows the Yukawa 
terms, but suppresses B- and L- violating terms in the renormalisable superpotential. This 
new symmetry is called "matter parity" or equivalently "i?-parity" . The matter parity is 
a multiplicative conserved quantum number defined as 

P M = (-l) 3 ^) (1.53) 

for each particle in the theory. It is easy to check that quark and lepton supermultiplets 
have Pm — — 1, while Higgs supermultiplets, gauge bosons and gauginos have Pm — +1. 
In the superpotential only terms for which Pm = +1 are allowed. The advantage of 
such a solution is that B and L are violated only due to non-renormalisable terms in the 
Lagrangian and therefore in tiny amounts. 

It is common to use also a second definition of this symmetry: the .R-parity refers to 

P R = (_l)3(B-L)+2. ) (L54) 

where s is the spin of the particle. The two definitions are precisely equivalent, since 
the product of (— l) 2s is always equal to +1 for the particles in a vertex that conserves 
angular moment. Under this symmetry all the Standard Model particles and the Higgs 
bosons have even .R-parity (Pr = +1), while all their superpartners have odd i?-parity 

(Pr = -i)- 

The phenomenological consequences of an .R-parity conservation in a theory are ex- 
tremely important: the lightest sparticle with odd -R-parity is called lightest supersym- 
metric particle (LSP) and is absolutely stable; each sparticle, other then the LSP, must 
eventually decay in a state with an odd number of LSPs; sparticles can only be produced 
in even numbers, at colliders. 



Since any superparticle has not been observed yet, Supersymmetry must be broken 
at some scale higher than the electroweak scale. However, in order to solve the hierar- 
chy problem, the breaking scale msusY has to be relatively low, not much higher than 1 
TeV. The superparticle mass spectrum depends strongly on the Supersymmetry breaking 
mechanism. In figure 1.4| it is given an example of the evolution of superparticle masses 
with the energy scale Q, driven by radiative corrections of gauge (positive) and Yukawa 
(negative) contributions. Supergravity inspired boundary conditions have been imple- 
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mented in the plot: common masses tuq for the scalar partners and m.1/2 for the gauginos, 
imposed approximately at a unification scale M GUT of about 10 16 GeV 56 . 




4 6 8 10 12 14 16 1£ 
Log 10 (Q/1 GeV) 




2 4 6 8 10 12 14 16 1£ 

Log 10 (Q/1 GeV) 



Figure 1.4: On the left, running of the superpartner masses (from [561). On the right, 
running coupling constants (from [56]). The strong coupling represented by a^rriz) is 
varied from 0.113 to 0.123 and the mass thresholds are varied between 250 and 1000 GeV. 



In figure |L4| jj, represents the so-called //-term, the coupling of the two Higgs fiH u H d . 
M 3 , M 2 and Mi are the gaugino masses, corresponding to the SU(3) C , SU(2)l and U(l)y 
gauge groups respectively, running from the common fermion mass mi/2- The dashed 
lines refer to the third generation sfermions, and the solid lines to the other sfermions, 
all running from the common scalar mass m . It is interesting to note that radiative 
corrections due to the strong interactions dominate, driving the gluinos and the squarks 
considerably heavier than the other gauginos and sleptons. Furthermore the third gener- 
ation sfermions are respectively lighter (particularly the stop and the sbottom) than the 
other two, receiving stronger Yukawa negative contributions. 



From figure L4 we find another interesting feature of supersymmetric models: in the 
Standard Model there is no reason to have a negative m 2 H , but in figure 1.4 



we can see 



that the mass of H u can be driven negative at low Q, due to the negative Yukawa con- 
tributions (largely due to the coupling to the top quark) which dominates over the gauge 
contributions. As a result in the supersymmetric context there is a natural explanation 
of the electroweak symmetry breaking. 

The unification of the gauge coupling constants is strictly connected to the radiative 
corrections of the supersymmetric spectrum: there is no apriori reason to require this 
feature in a model, but in the Standard Model the gauge couplings seem to converge to a 



common value (dashed lines in figure 1.4) and this suggests that the introduction of new 



physics could improve the unification. This is the case of the superparticles: considering 
again the supersymmetric breaking scale msusY at about 1 TeV, the evolution is changed 



and the three couplings run together, as shown by the solid lines of figure 1.4 Clearly, if 



m susY had been of a different order of magnitude, the unification would be lost. as, a 2 
and «i are the hyperfine constants defined as a a = g 2 /^ and associated with SU(3) C , 
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SU(2)l and U(1)y, in the GUT normalisation, such that g 2 = g and g\ = a/5/3(/. 

1.3 Grand Unified Theories 

Grand unified theories (GUTs) are the result of a common belief among many physi- 
cists that the apparent variety of interactions in Nature should eventually find a unified 
description, i.e. a theory with only one gauge coupling constant which is spontaneously 
broken at a very high energy scale. The idea is to have, at energies up to Mqut 3> fnz, a 
simple gauge group G which is spontaneously broken down to the Standard Model gauge 
group: 

^ SU(3) C x U(l) em . (1.55) 



G SU(3) C x SU(2) L x U{l) Y 



To have complete unification (a single gauge coupling constant) and to have the Standard 
Model as the low-energy effective representative (Standard Model as a subgroup), the 
group G must be simple and of rank r > 4. Furthermore, G must allow for complex but 
anomaly-free representations in order to correctly embed the Standard Model fermions. 
There are only few groups which fulfill all these requirements and the simplest solutions 
are SU(5) and 50(10) of rank 4 and 5, respectively. It is relevant to note that the min- 
imal versions of GUTs are not realistic: they suffer from serious problems such as the 
explanation of the correct symmetry breaking scheme, the prediction of a sufficiently long 
proton lifetime and the correct description of fermion masses and mixings. 



The simplest GUT is the minimal SU(5) model by Georgi and Glashow [57]. The 
gauge bosons of this model belong to the adjoint 24-dimensional representation of SU(5), 
which decomposes under the Standard Model gauge group as: 



24 = (8, 1, 0) + (1, 3, 0) + (1, 1, 0) + (3, 2, -5/6) + (3, 2, 5/6) 



1.56) 



where the first three terms are the usual Standard Model gauge bosons and the others 
are 12 new bosons with both colour and weak isospin. Each fermion generation must be 
arranged in a representation of SU(5) which decomposes under SU(3) C x SU(2)l as 



2x (3,1) + (3, 2) + (1,2) + (1,1) 
and this property is present in the reducible 5 + 10 representation of SU(5): 



(3,1) + (1,2) 



{d$, d c 2 , d c 3 , e, -i/) 
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(1.57) 



:i.58i 



1.59) 
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The scalar content of the model contains two fields, 024 and 0g which transform as 24 
and 5 of 577(5), respectively. When these fields get VEVs then, (024) ~ M GUT breaks 
SU(5) down to SU(3) C x SU(2) L x U(1) Y and after (0 F ) « m z down to SU(3) C x U(l) em . 
The two breakings occur at two very distinct energy scales: the first at Mqvt ~ io 15 ^ 16 
GeV and the second at mz- As a result there is a large ratio between the two VEVs: this 
is the well-known hierarchy problem and corresponds to a fine-tuning on the parameters 
of about 14 order of magnitude. Many attempts have been proposed to solve this problem, 
but all of them require a non-minimal extension of the model. 



In order to go further, it is possible to extend the symmetry to 50(10) [58], where 
there is not only gauge coupling unification, but also every fermion of one generation, 
including right-handed neutrinos, fits in one single fundamental representation, the 16 of 
SO (10): it decomposes under SU(3) C x SU(2)l as 

16 = (3, 2) + 2 x (3, 1) + (1, 2) + (1, 1) + (1, 1) 

(1.60) 

= (u, Wi, u 2 , «3, e, dt, d 2 , d 3 , | - d c 3 , d\, d{, -e c , u c 3 , -u\, -u\, v c ) . 

The gauge bosons belong to the 45 representation of 5*0(10): it contains the same gauge 
bosons of SU(5) and additional 21 new states. 

In order to break 5*0(10) down to the Standard Model gauge group it is necessary 
to use the spinorial representation 16 and the representation 126, which is contained in 
the symmetric part of the 16 x 16 product (the VEV of an adjoint representation does 
not lower the rank of the group). In this minimal 5O(10) model, the VEVs of these 
scalar fields contain three free parameters which determine the type of the breaking: it is 
possible to have a superstrong breaking (directly down to SU(3) C x SU(2)l x U(1)y) at 
M GUT « 10 15 - 16 GeV as well two-fold breaking; 

5O(10) G' SU(3) C x SU(2) L x U(1) Y , (1.61) 

with Mx > Mqut- There are two inequivalent maximal breaking patterns: 
5O(10) — > SU(5) x U(l) x or 5O(10) — > SU(A) C x SU(2) L x SU(2) R . The first pos- 
sibility corresponds to the case discussed above, where the Standard Model gauge group 
is achieved through the subsequent breaking of SU(5). What is relevant is that the 
additional U(l)x can remain unbroken up to a scale close to mz-, thus giving rise to 
modifications of the usual neutral current phenomenology. On the other hand the second 



possibility corresponds to the well-known Pati-Salam (PS) GUT 59 . 



The Pati-Salam group is one example of a partial GUT which ties quarks and leptons 
together: the leptons are seen as the extra "colour" of 5£/(4) c . Furthermore the SU(2) R 
factor makes the model left-right symmetric. Although with Pati-Salam there was fermion 
unification at some extent, the gauge couplings remain independent parameters and for 
this reason it is only a partial GUT. 
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Each of the three families has one left-handed multiplet including left-handed quark 
and lepton doublets F = (Q,£), and one right-handed multiplet F c = (Q c ,£ c ) including 
the charge conjugates of the right-handed states that now belong to their own doublets 
(Q c and £ c ). The explicit matrix representation of the two multiplets is given by 

F~ (4, 2, 7 7"), *" ~ ft 1, 2) = f 1 1 1 e ! 

\ d\ a 2 a 3 e / \ u\ uS, v 

(1.62) 

From eq. (1.62), we can see that the right-handed neutrinos are now naturally introduced 
together with the charge conjugates of the right-handed charged leptons, e c . 

The breaking to the Standard Model gauge group originates by the introduction of 
three different scalar fields: A L ~ (10, 2, 1), A R ~ (10, 1, 2) and <p ~ (1, 2, 1), being 
the 10 the symmetric part of the 4x4 product, which under SU(3) C decomposes as 
10 = 6 + 3 + 1. The VEV of the SU(3) C singlet part of A R does not break SU(3) C , 
SU(2)l and C/(l) em , but since A R is charged under S77(4) c and SU(2) R , these two groups 
are spontaneously broken. As a result, when A R develops a VEV, the first breaking step 
occurs: 

SU(A) C x SU{2) L x SU(2) R SU(3) C x SU(2) L x U(1) Y . (1.63) 
The last step of the electroweak symmetry breaking is accomplished to the VEV of <p. 

A common interesting feature of GUTs is the presence of new interactions, which 
could have a strong phenomenological impact: among the others the proton decay is a 
strong test for any GUT. Considering for example the minimal SU(5) model, proton decay 
arises from four fermion operators with a prediction for the proton lifetime smaller that 
the present lower bound. This represents a failure of the minimal SU(5) model, which 
however can be overcome considering non-minimal extension of this model. 

Before concluding the section, we briefly comment on the possibility of supersymmetric 
GUTs. In this kind of models, we can see the possibility to solve both the hierarchy 
problem and the proliferation of many free parameters. Taking as an example the minimal 



supersymmetric SU (5) model 60 , the simplest supersymmetric GUT realisation, gauge 
bosons and fermions are given to the same representations of the non-supersymmetric 
minimal SU(5), but are promoted to corresponding supermultiplets. The Higgs sector 
is enlarged by the introduction of an additional 05 which transforms as a 5 under the 
gauge group. Also in the supersymmetric variant of the model it is necessary a parameter 
fine-tuning in order to keep small the mass of the Higgs doublets. 

In this minimal supersymmetric SU(5) model the hierarchy problem finds a natural 
solution, the gauge coupling constant unification is improved with respect to the MSSM 
and a solution to the proton decay can be implemented by the introduction of the _R-parity. 
On the other hand the Supersymmetry breaking mechanism (whatever it is) introduces a 
lot of new parameters. 

We have commented on different possibilities for a GUT scenario, including the in- 
terplay with Supersymmetry, but in any of these models the existence of three families 
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and the explanation of their mass hierarchies and mixings remain an open problem which 
could only be solved by the extension of these theories to a non-minimal treatment. In 
the following chapter we directly face the problem of the flavour. 



Chapter 2 

The Flavour Puzzle 



In this chapter we focus on the flavour sector of the Standard Model, which is the 
origin of the majority of the free parameters. Including the neutrino masses, the complete 
list accounts for 26 or 28 low-energy free parameters, depending on the lepton number 
conservation or violation (or alternatively on the Dirac or Majorana nature of neutrinos). 
Five of these are flavour universal: the three gauge coupling constants g, g f , g$, one Higgs 
quartic coupling \h and one Higgs mass squared m 2 H . The rest are parameters associated 
to the fermion masses and mixings: the masses for the six quarks, the three charged 
leptons and three neutrinos; three angles and one Dirac phase in the quark sector; three 
angles, one Dirac phase and possibly two Majorana phases in the lepton sector. The last 
parameter is the strong CP- violating parameter 9cp, which is intimately related to the 
quark masses. 

While from the experimental point of view there is abundant information on the nu- 
merical values of (almost all) these parameters, from the theoretical side there are several 
fundamental open questions: why are there three generations of fermions? why are quarks 
and charged leptons strongly hierarchical? why do neutrinos not show the same hierarchy? 
why is the neutrino absolute mass scale much smaller than the charged fermion masses? 
why are the quark mixing angles much smaller than (at least two of) the lepton mixing 
ones? are the masses and the mixings free parameters? are the mixing parameters related 
to the masses? why is 6 C p < 1CT 9 ? what is the origin of the CP violation? The lack 
of a fundamental understanding of all these problems is addressed as the "flavour puzzle" . 

Moving to more general considerations, the flavour problem is one of the key aspects 
in all the extensions of the Standard Model. Grand unified theories (GUTs) can help 
in (partially) improving the situation: besides their aesthetic appeal, GUTs reduce the 
number of free parameters. Apart the unification of the gauge coupling constants, several 
relations among fermion masses have been found: in the minimal SU(5) model, at the 
GUT scale, this relation holds 

M d = M T e , (2.1) 
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which leads to the following expressions for the mass eigenvalues 

m b = m T , m s = m ll , m d = m e . (2.2) 

It is easy, however, to see that this result is not in agreement with the experimental 
measurements. In order to test the validity of these predictions we should extrapolate 
the masses from the GUT threshold to the low-energy scale. We can see, however, that 



the last two relations of eq. (2.2) turn out to be not acceptable even without going 
through the renormalisation group (RG) evolution: eq. (2.2) implies m s /md = m^/m e 



which is independent from the running. We can directly compare these mass ratios with 
the observations and we find that m s /md ~ 20 and m^/m e ~ 200, concluding that this 
relation is off by an order of magnitude. 

With this simple example, we understand that a non-minimal extension of the model 
should be considered and, usually, this introduces new parameters which reduce the ad- 
vantages of using a GUT to explain the origin of fermion masses and mixings. 

When we consider (broken) supersymmetric theories, mainly motivated to solve the hi- 
erarchy problem, the flavour sector suffers for the introduction of many new mass and mix- 
ing parameters. Furthermore, while in the Standard Model, not including right-handed 
neutrinos, the flavour symmetry [f/(3)] 5 is strongly violated only by the CKM matrix, 
so that there is a natural suppression of all flavour-changing and CP-violating effects, 
in a general supersymmetric theory, once non-universal soft breaking terms are added, 
new sources of flavour and CP violation are introduced and the theory is subject to very 
stringent constraints from the experimental measurements. A dangerous source of these 
effects are the off-diagonal entries of the sfermion masses in the generation space: strong 
constraints come from \l — > cy and b — > 57 decays, the K° — K and B° — B systems, 
electric and magnetic dipole moments, etc . . . 

It is interesting to note, however, that the minimal supersymmetric Standard Model 
(MSSM) respects all these constraints, when universal boundary conditions on the soft 
terms are assigned: indeed the sfermion masses are universal at the unification scale and 
the only non-universality is the one induced by the renormalisation group running down 
to the electroweak energy scale. However, this result is not a proper feature of MSSM, but 
it characterises a larger class of models in which the flavour sector is determined by the 
universality conditions. In the next section we briefly discuss about this general approach 
to soften the flavour problem. 



In section 2.2 we illustrate a second interesting approach which consists in studying 
the presence of vanishing entries in the fermion mass or mixing matrices: people usually 
refers to this kind of studies with the name of texture zeros and are useful to understand 
from a theoretical point of view which flavour pattern might be a good approximation 
of the experimental measurements. Among these, we focus on the bimaximal and the 
tribimaximal mixing patterns, which received particularly attention in the last years. 



In section 2.3 we give a brief overview on the flavour symmetries which have been in- 



troduced to recover particular flavour structures, able to reproduce the measured fermion 
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masses and mixings: in particular, we comment on the advantages and disadvantages 
of using symmetries which can be either Abelian or non-Abelian, either local or global, 
either continuous or discrete. We focus only on flavour symmetries which commute with 
the underlying gauge symmetry group. In this section we also comment on the necessary 
requirement to implement a (spontaneous) breaking mechanism of the flavour symmetry 
in order to correctly describe fermion masses and mixings. 



2.1 The Minimal (Lepton) Flavour Violation 



The Minimal Flavour Violation (MFV) models 61 are the simplest class of extensions 
of the Standard Model attempting to solve the flavour problem. They are based on the 
introduction of the symmetry Gf = [U(3)] 5 , acting only among the fermion generations, 
which corresponds to the largest group of unitary field transformations that commutes 
with the Standard Model gauge group, not including right-handed neutrinos. Gf can be 
decomposed as 

Gf = SU(3) 3 Q x SU(3) 2 L x U(1) B x U(1) l x U(1) y x U(1) pq x U(l) e c (2.3) 

where 

SU(3) 3 Q = SU(3) q x SU(3) u c x SU(3) d c (2.4) 
SU (3)1 = SU(3) t x SU(3) e c . (2.5) 

The U(l) factors can be identified with the baryon number U(1)b, the lepton number 
U(l)i, the hypercharge U(l)y, the Peccei-Quinn symmetry U{1)pq of two-Higgs-doublet 

3 v QTT(1\2 



models 62 and with a rotation which affects e c only, U(l) e c Under SU(3)q x S77(3)| 



the fermions transform as 

q ~ (3, 1, 1; 1, 1) , u c ~ (1, 3, 1; 1, 1) , d c ~ (1, 1, 3; 1, 1) 



~(1, 1, 1;3, 1), e c ~(l, 1, 1;1, 3). 



In the Standard Model the Yukawa interactions break the symmetry group SU(3)q x 
SU(3) 2 L x U(1)pq x U(l) e c, but preserve B, L and Y. We can recover flavour invariance 
by introducing dimensionless auxiliary fields Y e , Y d and Y u transforming under SU(3)q x 
SU (3)1 as 

Y e ~ (1, 1, 1; 3, 3) , Y d ~ (3, 1, 3; 1, 1) , Y u ~ (3, 3, 1; 1, 1) . (2.6) 
This allows to write the Lagrangian with the same appearance of the Yukawa interactions 
^ MFV = e c Y e HU + d c Y d H^q + u c Y u H^q + h.c. . (2.7) 



This expression describes the most general coupling of the fields Yj, to the renormalisable 
Standard Model operators. 
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The fermion masses and the quark mixing are then recovered allowing the auxiliary 
fields to develop a VEV. Using the flavour symmetry, it is possible to write these VEVs 
as 

(Y e ) = — diag(m e , m M , m T ) , 
V2 

(Y d ) = — diag(m d , m s , m h ) , (2.8) 
v 

(Y u ) = — diag(m u , m c , m t )V , 
v 

where are the fermion masses, v/y2 is the VEV of the neutral component of the Higgs 
field and V is the CKM matrix. 

We can now rewrite the MFV leading principle in different terms: an effective low- 
energy theory satisfies the criterion of MFV if all higher-dimensional operators, con- 
structed from the Standard Model fields and the Vj auxiliary fields, are invariant under 
CP and under the flavour group Gf. In this way any flavour and CP violation contribu- 
tion is completely determined by the CKM matrix. 

In order to account for the neutrino masses it is necessary to extend such a treatment 



to the Minimal Lepton Flavour Violation (MLFV) context 63 , 64 . Similarly to the 



discussion in section 1.1, we should distinguish the case in which the source of neutrino 



masses is the Weinberg operator or the introduction of new fields: 

Minimal field content. In this case the MLFV respects two hypothesis: the breaking 
of the lepton number occurs at a very high energy scale which is unrelated to the 
flavour symmetry Gf] with respect to the MFV scenario, there is only an additional 
source of flavour violation in the lepton sector, which is Y u ~ (1, 1, 1; 6, 1) defined 

as 

^MLFV = ^MFV + ^-{HU) T Y V (HH) + h.C. . (2.9) 

The neutrino masses originate when Y v develops a VEV and, using the invariance 



under Gf to rotate the fields in the basis of eq. (2.8), we can express (Y u ) in terms 
of neutrino masses and lepton mixings: 

(Y u ) = ^CTdiag(mi, m 2 , m z )U ] , (2.10) 

where mj are the neutrino masses and U is the PMNS mixing matrix. 

Extended field content. In this scenario three right-handed neutrinos are considered 
and the flavour group enlarges to account for an additional SU(3) term: Gf x 
SU(3) u c. Only the right-handed neutrinos transform under the additional symme- 
try term, v c ~ (1, 1, 1; 1, 1, 3). There is a large freedom in the way of breaking 
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this group to generate the observed masses and mixings: it is possible to intro- 
duce neutrino mass terms transforming as (1, 1, 1; 6, 1, 1), (1, 1, 1; 1, 1, 6) and 
(1, 1, 1; 3, 1, 3). All these possibilities correspond to a Majorana mass term for 
the left-handed neutrinos, for the right-handed neutrinos and to a Dirac mass term, 



respectively. In 63 a discussion of these cases is presented and some differences 



with respect to the previous scenario are found. 



In 61 63 64 a general classification of six-dimensional effective operators is presented, 
allowing the study of several flavour violating transitions. The conclusions are that MFV 
respects the strong constraints coming from LFV and FCNC processes, such as fi — > e~y, 
b — > sj, etc .... However, while such a choice has the advantage that it can accommodate 
any pattern of fermion masses and mixing angles, it does not provide any explanation for 
the origin of the particular structure for the VEV of the auxiliary fields which break the 
flavour symmetry or, in other words, any explanation for the fermion mass hierarchies 
and for the specific patterns of the mixing matrices. This defect suggests to search for 
other flavour symmetries which, leading to correct fermion masses and mixings without 
introducing unwanted flavour changing phenomena, explain the origin of the observed 
flavour phenomenology. 



2.2 Flavour Structure Approach 

In this section we review some ideas to go further with respect to the MFV approach. 
Instead of starting from a universality principle, the idea is to study particular flavour 
patterns for the fermion mass matrices which deal to realistic mixing angles and fermion 
hierarchies. A very simple strategy is to require that certain elements of the fermion mass 
matrices are negligible and, as a result, some matrix entries can be set to zero. People 
usually refer to these constructions as texture zeros: they are not motivated by any specific 
principle, but only to increase the predictivity of the model, indeed this approach allows 
to reduce the number of free parameters. 

five and six [66] texture zeros have been extensively 



In the quark sector, four 65 



studied and some of them are able to correlate the quark masses with some elements of 



the CKM matrix, getting relations as the following 11,67 



V ts 



m d 



m. 



V, 



ub 



V, 



cb 



(2.H) 



In the lepton sector, mass matrices with different number of zeros and with zeros in 
various places have been considered [68]. In particular, the charged lepton mass matrix 
is usually assumed to be diagonal and all the flavour information are encoded in the 
neutrino sector: if neutrinos are of Majorana type the mass matrix must be symmetric 
and, as a result, there are several textures with only two independent zeros, while schemes 
with a larger number of zeros appear to be excluded by experiments; on the contrary, if 
neutrinos are of Dirac nature textures with more than two zeros are allowed. A common 
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problem of these studies is the stability of the textures zeros under corrections due to the 
renormalisation group running from the cutoff, at which the zeros are imposed, down to 
the electroweak scale: this effect is particularly relevant when the neutrino spectrum is 
quasi degenerated or inversely hierarchical, as discussed more in details in section [5j 

The approach of the textures zeros should be taken with some caution: for instance, 
it is not clear the origin of the zeros which appear in the mass matrices; furthermore the 
zeros could not be exactly zeros, partially reducing the predictivity of the model. In any 
case, these flavour patterns could help in understanding the correct approach to explain 
fermion mass hierarchies and mixings. 



Following the philosophy of the textures zeros, which can be seen as particular flavour 
patterns of the mass matrices, a similar approach has been used to discuss interesting 
flavour structures for the mixing matrices, with particular attention to the lepton sector. 



As already discussed in section [1. 1.2[ the pattern of the lepton mixings is characterised 
by two large angles and a small one: the atmospheric angle is compatible with a maximal 
value; the solar angle is large, but not maximal; the reactor angle only has an upper 
bound and it is well compatible with a vanishing value. Looking at this scenario, for long 
time people tried to reproduce models with a lepton mixing matrix characterised by a 
maximal angle and a vanishing one, #23 = tt/4 and #13 = 0: apart from sign convention 
redefinition, 

/ C12 S12 



u„ 



(2.12) 



V 



-S12/V2 c 12 /y/2 -1/V2 
-s 12 /V2 c 12 /V2 +1/V2 

in the basis where charged leptons are diagonal. The most general neutrino mass matrix 
which can be diagonalised by £/„_ T is fi — r symmetric, for which 



m 



v)2,2 



[m 



v)3,3 



and 



[m 



and is given by 69 




(2.13) 



Since the reactor angle is vanishing, there is no CP violation and the only phases are of 
Majorana type. Collecting apart the Majorana phases, the mass matrix depends on four 
real parameters: the three masses and the remaining angle, the solar one, which can be 
written in terms of mass parameters as 



sin 2 29 12 



nr 



(x — y — z) 2 + 8y 2 



(2.14) 



Many models have been constructed introducing a flavour symmetry in addition to the 
gauge group of the Standard Model in order to provide the \i — r symmetric pattern for 
the neutrino mass matrix, but in all of these the solar angle remains undetermined. It 
is therefore necessary some new ingredients other than the /i — r symmetry to describe 
correctly the neutrino mixings from the theoretical point of view. In what follows we 
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review two relevant flavour structures, which can be considered an upgrade of the fi — r 
symmetry: the bimaximal (BM) and the tribimaximal (TB) patterns. 



2.2.1 The Bimaximal Mixing Pattern 



In the so-called bimaximal pattern 16 while #13 = 0, #23 and 9 12 are assumed to be 
maximal. A maximal solar angle can be alternatively written as sin 2 9 12 = 1/2, which, 
comparing with eq. (2.14), corresponds to a well defined relation between the mass 
parameters: w = x — z. The most general mass matrix of the BM-type can be written as 




(2.15) 



and satisfies to the \i — t symmetry and to an additional symmetry for which (m„)y = 
( m u)2,2 + ( r n>u)2,3- The fi—T symmetry is responsible for 13 = and, as discussed in section 



1.1.2, the CP-violating phase does not contribute. Apart from the Majorana phases, eq. 



(2.15) depends on only three real parameters, the masses, which can be written in terms 



of the mass parameters x, y and z: 
mi = x + V%y , 



m 2 



x 



V2y 



1713 = 2z 



x 



(2.16) 



These masses are the eigenvalues of eq. (2.15), while the eigenstates define the uni- 
tary transformation which diagonalises the mass matrix in such a way that m^ iag = 



U^ M m v UBMi where the unitary matrix is given by 



U 



BM 



l/y/2 -l/y/2 
1/2 1/2 -1/V2 
1/2 1/2 +l/y/2 



(2.17) 



Notice that Ubm does not depend on the mass parameters x, y, z, or on the mass eigen- 
values, in contrast with the quark sector, where the entries of the CKM matrix can be 
written in terms of the ratio of the quark masses. This feature puts the bimaximal pattern 
in the class of the mass- independent textures El. 



It is useful to express eq. (2.15) in terms of m» instead of x, y and z: 



m. 



U BM diag(mi, m 2 , m 3 ) U% M 




■m 2 





(2.18) 

Clearly, all type of hierarchies among neutrino masses can be accommodated. The small- 



ness of the ratio r 



^ m Ln/^ m atm requires either \xy\ \z 2 \ (normal hierarchy) or 
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\x\ ~ \z\ <C \y\ (inverse hierarchy) or \y\ <C \x\ ~ \z\ (approximate degeneracy except for 
x ~ 2z). 

A final comment on the agreement of this scheme with the experimental data is worth. 
In the bimaximal pattern the solar angle is assumed maximal, sin 2 6\2 = 1/2, to be com- 
pared with the latest experimental determination: at 3a error level, sin 2 9\2 = 0.26 — 0.37 
from [2] or sin 2 # 12 = 0.25 — 0.37 from [3], and the bimaximal pattern can be considered 
at most as a zeroth order approximation that needs large corrections. 



2.2.2 The Tribimaximal Mixing Pattern 

In the so-called tribimaximal or Harrison- Perkins-Scott pattern [6] a vanishing reactor 
angle, a maximal atmospheric angle and sin 2 6 12 = 1/3 are assumed. From eq. (2.14) it 
results w = x + y — z and therefore the most generic mass matrix of the TB-type is given 
by 

/ x y y \ 

m v = y z x + y — z\. (2.19) 
\ y x + y - z z / 

This matrix satisfies the n — r symmetry and the so-called magic symmetry, for which 
{m>v)i,i = («v)2,2 + (?7ii/)2,3 — (77ii/)i,3- The (/, — r symmetry assures that the reactor angle 
is vanishing and as a result the CP phase disappears. Disregarding the Majorana phases, 
the mass matrix depends on only three real parameters, the masses, which can be written 
in terms of the parameters x, y and z: 



mi 



x 



V 



m 2 



x 



2y 



= 2z 



x 



y 



(2.20) 



These eigenvalues come from the diagonalisation of eq. (2.19) by the use of a unitary 
transformation in such a way that m^ iag = U^ B m u llTB, where the unitary matrix is given 
by 

/ ij2/3 l/y/3 \ 

Utb = -1/V6 l/y/3 -1/V2 . (2.21) 

V -i/Vg 1/V3 +1/V2 J 

Notice that Utb does not depend on the mass eigenvalues, in complete analogy to the 



bimaximal pattern of eq. (2.17), and therefore it belongs to the class of mass-independent 
textures. 



It is useful to write eq. (2.19) in terms of rrii instead of x, y and z: 
U TB diag(m x , m 2 , m 3 ) U^ B 




m u 








1 




















1 




















1 






(2.22) 



All the type of neutrino spectra can be accommodated: 777.3 >> m 2 » mi defines 
a normal hierarchy; a degenerate model is given by choosing 7773 f» —7772 ~ mi; for 
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mi ~ -f«2 and fa the inverse hierarchy case is achieved. However, stability under 
renormalisation group running strongly prefers opposite signs for the first and the second 
eigenvalue which are related to solar oscillations and have the smallest mass squared 
splitting (see section [5] for details). 

Finally we underline that this mixing pattern is a very good approximation of the 
experimental data: the tribimaximal values for the atmospheric and the reactor angles 
are inside the la error level, while that one for the solar angle is very close to the upper 
la value. 

The study of promising patterns for the mass matrices or for the mixing matrices are 
useful and predictive tools to describe the experimental data, but they suffer for the lack 
of an explanation of their origin and their stability under corrections. In order to improve 
the situation, it is necessary to search for an intimate reason of their appearance. In 
the next section we will examine the use of flavour symmetries in order to recover such 
patterns. 



2.3 Flavour Symmetry Overview 



In section |2.1 we discussed the maximal size for a flavour symmetry in the Standard 



Model: [f/(3)] 5 without right-handed neutrinos or otherwise [£/(3)] 6 . If we deal with a 
GUT model, however, the maximal size is reduced (for example in 50(10) GUT, it is 
a single U(3)). Furthermore, in the current literature, there is a tendency of adopting 
a flavour symmetry which can be embedded into SU(3) or 5*0(3), to give the reason 
of some kind of rotation among the families. In any case, as we will see in a while, the 
symmetry which is introduced has to be broken: it is a general requirement of the Yukawa 
interactions and it is a necessary condition in order to be consistent with the observed 
fermion masses and mixings. 

There is large variety of symmetries which can be used: they can be either Abelian 
or non-Abelian, either local or global (or even a combination of them) and finally either 
discrete or continuous. Historically, flavour symmetries were first used to describe the 
quark sector and the Abelian U(l) symmetry has been shown to be able to explain the 
observed quark mass hierarchies and mixings. In this approach developed by Froggatt 



and Nielsen in 1979 70 , there is a flavon field S, a gauge-invariant scalar, which acquires 
a vacuum expectation value (VEV) and breaks the U (1) symmetry. It is possible to define 
a small parameter e = (S)/Af, where the cutoff Af is the scale of flavour dynamics usually 
associated with some heavy fermions which are integrated out. This symmetry breaking 
is then communicated to fermions with a non-universal mechanism, in such a way that 
different fermions receive different powers of e. The advantage of this mechanism is that 
the Yukawas can be of 0(1) and the fermion masses and mixings are explained as powers 
of the expansion parameter e. On the other hand, the main disadvantage consists in 
the lack of well-defined predictions: masses and mixings angles are only predicted up to 
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unknown 0(1) coefficients. Furthermore, certain mixing patterns such as the bimaximal 
and the tribimaximal schemes cannot be achieved with an Abelian symmetry. Therefore 
we can conclude that the predictive power of a non- Abelian symmetry is in general larger 
than that of an Abelian one. 

Concerning the local or the global attribute of a flavour symmetry, we have to re- 
member that the requirement of anomaly freedom for a local symmetry can put strong 
constraints on the charge assignment of the fermions. Furthermore, locality preserves the 
symmetry from being broken by quantum gravity effects at the Planck scale. 

We now discuss the advantages and disadvantages of using a continuous or a discrete 
group. In the case of a spontaneously broken symmetry a continuous one leads to the 
appearance of Goldstone or gauge bosons. On the other hand, the breaking of a discrete 
group is safe from such a consequence but could be affected by the problem of domain 
walls [7l] (solvable by inflation). Furthermore, using the continuous groups such as SO (3) 
or SU(3), we have only a single non-trivial possibility to describe the three fermion fam- 
ilies and the type of contractions is also strongly limited. On the contrary, adopting a 
discrete symmetry, there are several small representations which can be fairly used. Even 
if these disadvantages in treating continuous symmetries, they have been extensively stud- 
ied in literature. A first attempt has been proposed in 72 where the investigated flavour 
symmetry is the group U(2), under which the three families transform as a 2 + 1. This 
reflects the fact that the third families are the heaviest ones: in this way it is possible 
to explain a relatively large mixing between the first two families, while those with the 
third generation are smaller. It fits well the quark sector, where the Cabibbo angle is the 
largest, but it does not work with the lepton sector, where two of the angles are large. 

An upgraded approach has been pursued with the use of the SO (3) (73, 74 and 
577(3) (75] symmetries, which account for all the three generations. In the models, realis- 
tic fermion mass spectra and mixings are achieved, but with the introduction of additional 
heavy degrees of freedom and auxiliary symmetries, which suppress unwanted operators. 
It is worth to note that in all of these models it is not-trivial to explicitly realise an em- 
bedding of the flavour symmetry with an underlying GUT. 



After this brief summary, we restrict to the context of non- Abelian discrete flavour 
symmetries which are in general more predictive than Abelian ones and that are safe from 
dangerous effects such as the appearance of Goldstone or gauge bosons. Furthermore, the 
particular mixing pattern in the lepton sector can be very well explained by the use of 
certain discrete symmetries, which are all subgroups of SU(3). In rest of this section we 
do not enter in the details of each group, referring to [76] for the general group theory 
and to the following chapters where some of these group are treated in detail. 



2.3.1 Discrete Flavour Symmetries 

Here we give a brief overview of the main discrete flavour symmetries which has been 
(recently) adopted in order to describe quarks and leptons. 
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Of particular relevance is the flavour group 7 9, 22 , 77 104 . has been widely 



used as a flavour symmetry since it is the smallest group with an irreducible three- 
dimensional representation. In this way, it is possible to collect all the three families 
in a unique representation, such as with SO (3) or SU(3), but with more freedom in the 
type of couplings. The introduction of A4 as the flavour symmetry in the lepton sector 
can produce the tribimaximal pattern as the lepton mixing matrix and a great effort has 
been done in order to study the related neutrino phenomenology. However, when the 
quark sector is considered, it results a highly non-trivial task to get a (even non grand) 
unified description of leptons and quarks. We will illustrate this point in more details in 
section [3j We only report here that a possible strategy to overcome the problem is to 
enlarge the symmetry. 

Two groups have been used in order to mimic the behavior of A\ in the lepton sector, 
but pursuing a correct description also of the quark mass hierarchy and mixings: the 
group T" 10, 105, 106 , whose features will be illustrated in section 3.2, and the group 
S4 12 , 13, 107 109 , which will be discussed in section 3.3 It is worth to report that the 



group S4 has been already studied in literature but with different aims in 110 and it 
has also been recently used for a revival of the bimaximal pattern in the context of the 
MSSM 14 , which will be the subject of section |4l and for the construction of a realistic 



Pati-Salam GUT 117 , discussed in section 4.4 



The groups T' and S4 are the smallest groups which well fit the lepton and the quark 
sectors at the same time, but several other studies based on different flavour symmetries 



show interesting results: in particular the recently analysed symmetry group A (27) [111 
is worth to be mentioned. 



Before concluding this section, it is relevant to underline a general feature of models 
based on (discrete) groups: it turns out that the symmetry alone is not sufficient to fully 
account for the fermion mass hierarchies and mixings in the majority of the cases. A first 
problem concerns the differences between leptons and quarks: two (of three) large lepton 
mixing angles with respect to three small and hierarchical quark ones; neutrinos with 
a much milder mass hierarchy with respect to the charged fermions. A viable solution 
consists in avoiding interferences among the two sectors, at least in first approximation, 
and to keep them separated additional groups, such as the Abelian factors Z n , are im- 
plemented in the complete flavour symmetry group. A second problem refers to the use 
of the three-dimensional representation, which is usually adopted to describe leptons: 
the components of a triplet show degenerate masses, unless some breaking parameter is 
introduced. From this the problem of how to describe the charged lepton mass hierar- 
chy follows and two kind of solutions have been proposed: the Froggatt-Nielsen (FN) 
mechanism, which consists in introducing an additional (global or local) U(1)fn factor 
under which right-handed fermions transform, is the most used; otherwise it is possible 
to introduce additional symmetry groups, usually very small, such as Z 3 or S3. In the 
following chapters we will focus only on models where the Froggatt-Nielsen mechanism is 
responsible of the charged lepton mass hierarchy. 
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2.3.2 The Flavour Symmetry Breaking 

In this section we comment on the necessary requirement of a flavour symmetry break- 
ing mechanism, which can occur explicitly or spontaneously. Since the explicit breaking 
generally introduces several additional parameters, we focus only on the mechanism of 
the spontaneous symmetry breaking. 

The gauge group of the Standard Model prevents direct fermion mass terms and the 
Higgs mechanism is addressed to be responsible for them. When a flavour symmetry is 
implemented in a model, some new fields are needed: the simplest example is the M(L)FV 
which we have discussed in section |2~T , where the Yukawa couplings are promoted to gauge 



singlet scalars. Even in this simple approach, it is necessary that the Yukawa fields de- 
velop a VEV in order to generate mass terms for fermions. A similar requirement holds 
also when the flavour symmetries, which we have presented in the previous section, are 
introduced. We have already seen this aspect discussing the FN symmetry: a new scalar 
field S is introduced and its VEV, communicated to the fermions, accounts for masses 
and mixings. People usually refer to this kind of new degrees of freedom with the name 
of "flavons": they usually are invariant under the gauge group of the underlying theory, 
either Standard Model or GUT, and transform only under the flavour symmetry; their 
masses are typically much larger then the electroweak scale and this means that they 
introduce a further energy scale in the model; they develop a VEV which defines the 
energy scale at which the flavour symmetry is broken. In order not to introduce further 
scales into the theory, an alternative approach has been pursued: the flavour and the 
electroweak symmetries are broken together due to the introduction of several copies of 
the Standard Model Higgs doublet which transform non-trivially under the flavour group. 
It is well-known that such multi-Higgs models find strong constraints by direct searches 
for Higgs bosons and by indirect bounds from flavour changing neutral current and lepton 
flavour violating processes. For this reason we confine ourselves to models in which the 
flavour symmetry is broken at an higher energy scale with respect to the electroweak one 
by the VEV of some flavon fields. 



The requirement of a broken flavour symmetry is also the result of a well-known no- 
go theorem j4|[5], which deals with the lepton mixing angles and in particular with the 
atmospheric angle. We report here the main reasoning, for which, under quite general 
conditions, it can never be #23 = tt/4 as a result of an exact flavour symmetry. 

A general condition is that the flavour symmetry (either global or local, either contin- 
uous or discrete), is only broken by small effects. Furthermore, in the basis of canonical 
kinetic terms, the symmetry acts on the field content of the Standard Model, potentially 
considering also the right-handed neutrinos, through unitary transformations. Finally, the 
proof is restricted only to the limit of exact symmetry and then it is possible to neglect 
the symmetry breaking sector. 

The lepton mass matrices can be written as the sum of two terms: the first, denoted 
as M° and m°, respectively, are the dominant contributions and are the mass matrices in 
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the exact symmetry phase; the second parts contain the subleading symmetry breaking 
effects. Confronting with the measured value for the charged lepton masses, it is a natural 
requirement that M e ° should be of rank less or equal to 1, otherwise the differences between 
the two or three non-vanishing masses (of the same order in the exact symmetry limit) 
should be explained by large breaking effects or by fine-tunings of the parameters, which 
both we have excluded. On the other hand a vanishing rank is also a bad starting point 
since in this case the charged mixing angles are undetermined and, as we will see in a 
while, also 9 2 3 is completely undetermined. The only remaining possibility is that the 
rank is equal to 1. 

By a unitary transformations it is always possible to go in the basis where 

/ 

M e ° = J . (2.23) 
\ m° T 

Considering U v and U e the unitary matrices that diagonalise and M®^M®, it will be 



possible to adopt the parametrisation in eq. (1.43) for U v , putting a suffix u on angles 
and phases, and 

U e = Ri2{e e 12 ) , (2.24) 

where the angle 9\ 2 ls completely undetermined. 

The physical mixing matrix is defined as the product U = U\U V and it follows that 



I tan 9- 



2.3 1 



cos 9% tan 6" + sin 9% t -^k „-« 
12 23 cos ^3 



(2.25) 



Therefore, in general, the atmospheric mixing angle is always undetermined in the limit 
of the exact symmetry. Only when small breaking parameters are considered in the mass 
matrices, it is possible to recover # 23 = 7r/4. This goal is provided if these breaking 
terms have suitable orientations in the flavour space and this is connected to the VEV 
(mis) alignment of the flavons: if the breaking terms are produced by a spontaneous 
symmetry breaking, in general two independent sectors of flavons are needed, indeed one 
of them communicates the breaking to charged fermions and the other one to neutrinos. 
It is worth to underline that the VEV (mis) alignment of the flavons is an highly non- 
trivial problem to solve, which could put severe constraints on the choice of the group 
representations and on the minimal number of new degrees of freedom. In the following 
chapters, we will face this problem providing for each model a suitable explanation of the 
specific VEV (mis) alignment of all the flavons. 



Chapter 3 



Flavour Models with the 
Tribimaximal Mixing 

In this chapter we enter in the details of three flavour models which have the common 
prediction of the lepton mixing matrix of the tribimaximal (TB) form. As already pointed 
out in the previous sections, the tribimaximal pattern is a very good approximation of the 
measured mixings and for this reason it represents an attractive starting point to describe 
leptons. 

There is a model based on the symmetry group A± [7[j9] which is extremely appealing, 
thanks to its simplicity and predictivity. A 4 is the group of the even permutations of 
four objects and has twelve elements and four irreducible representations, which are three 
singlets, 1, V and 1", and one triplet 3. This model manages in deriving the tribimaximal 
mixing and presents a prediction for the neutrinoless-double-beta decay parameter \m ee \ 
as a function of the lightest neutrino mass: considering the Weinberg operator as the 
origin of the neutrino masses only the normally hierarchical spectrum is admitted and the 
prediction reads as 

Ke| 2 = I (9ml + 5Am 2 sol - Am 2 atm ) . (3.1) 

These results come from the assumption that the A 4 symmetry is realised at a very high 
energy scale Af and that leptons transform in a non trivial way under v4 4 . Afterward 
the symmetry is spontaneously broken by a set of scalar multiplets $, the flavons, whose 
vacuum expectation values (VEVs) receive a specific alignment. As a consequence the 
tribimaximal mixing is corrected by the higher-order terms by quantities of the order of 
($)/A < 1 and the reactor angle is no longer vanishing and becomes proportional to 
<*)/A. 

The drawback of this model is the difficulty to describe correctly the quark sector. 
First of all the quark mixing matrix is completely different from its lepton counterpart: 
the first shows little angles and, on the contrary, the second presents two large angles. 
As a result, while the lepton mixing matrix can be fairly achieved through the flavour 
symmetry, the quark mixings seem to be better described by some continuous symme- 
tries, like £7(2) [72]. Indeed, according to the left- and right-handed quark representation 
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assignments, the flavour symmetry tends to predict no mixing at all in the quark 
sector, Vckm = 1, or too large mixing angles. On the other hand, the results obtained 
by the U (2)-based models suggest that the use of the doublet representation in the quark 
sector should help in describing the quark mixing. However, this possibility is prevented 
in the ^U-based models, since there are no doublet representations. The solutions which 



have been proposed consist in the possibility of add several Z n symmetries 86 , in order 



to suppress the unwanted terms, or in adopting a larger group, which manages in repro- 
ducing the lepton sector similarly as in the v4 4 -based model and possesses some doublet 
representations useful to describe quarks. We followed this second strategy studying two 



discrete symmetries: T" 10 the double-valued group of the tetrahedral symmetry and 
S4 12 , 13 the group of permutation of four objects. Both of these groups have 24 ele- 



ments, but they differ in the type of the representations: X" contains exactly the same 
representations of A4, i.e. three singlets, 1, 1' and 1", and one triplet 3, and additional 
three doublets, 2, 2' and 2"; 5*4 has only five representations, i.e. two singlets, 1, 1', one 
doublet 2 and two triplets, 3 and 3'. 

As we will see in the next sections, the lepton sector of T' is described exactly in 
the same way as in the A A model, using the doublets to account for quark masses and 
mixings: to recover a realistic description, in particular the correct order of magnitude of 
the ratio m u /m c , it is however necessary a moderate fine-tuning of order A. Apart from 
the predictions in the lepton sector, two relations are present in the quark sector: 



771= 



|K s | + 0(A 2 ) 




+ 0(A 2 ) 



(3.2) 



30 



we have \fm^fm & 



These relations can be verified by the experimental data: from 
0.213^0.243, \V US \ = 0.2257±0.0010 and \V U /V ts \ = 0.209±0.001±0.006. Unfortunately, 
the theoretical errors affecting the predictions, dominated respectively by the unknown 
0(A 2 ) term in V us and by the unknown 0(A 4 ) term in V^, are of order 20%. For this 
reason, and for the large uncertainty on the ratio md/m s , it is not possible to turn these 
predictions into precise tests of the model. 

The presence of the doublet representations of S4 introduce new features in the lepton 
sector: it is possible to describe the same neutrino mass matrix as in the A4 model 
or alternatively a phenomenologically distinct mass texture. We investigate this second 
possibility and we find small, but non-negligible, parts of the parameter space in which 
the models are different. Apart from the lepton mixing angles, a prediction for \m ee \ is 
present also in this model: 



NH 
IH 



1 



\m e 



A/3m 2 + 2Am 



atm 



lV 3m 3 + Am ltm 



(3.3) 



2Am 2 0/ . 



In the quark sector the model well explains the observed mass hierarchies, but it is nec- 
essary a moderate fine-tuning to recover the Cabibbo angle: the (12) entry of the CKM 
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matrix is the difference of two complex terms with absolute values of order A 2 and there- 
fore we ask a definite relation between the phases of the two terms in order to have an 
accidental enhancement of order 1/A. 

Discussing all these models we do not consider the renormalisation group (RG) run- 
ning, postponing a detailed analysis in section [5] we only anticipate that RG corrections 
have a minor impact on the predictions and on the observables of the models, a part when 
the spectrum is inverse hierarchical and only for particular relations among the Majorana 
phases. 



3.1 A 4 -Based Model 

We recall here the main features of the Altarelli-Feruglio (AF) model [7]-[9], which is 
based on the flavour group Gf = x Z 3 x U(1)fn- the spontaneous breaking of A 4 is 
responsible for the tribimaximal mixing; the cyclic symmetry Z 3 prevents the appearance 
of dangerous couplings and helps keeping separated the charged lepton sector and the 
neutrino one; the U(1)fn provides a natural hierarchy among the charged lepton masses. 

A A is the group of the even permutations of 4 objects, isomorphic to the group of 
discrete rotations in the three-dimensional space that leave invariant a regular tetrahedron. 



It is generated by two elements S and T obeying the relations 76 



S 2 = (ST) 3 = T 3 = 1 . (3.4) 

It has three independent one-dimensional representations, 1, 1' and 1" and one three- 
dimensional representation 3. We present a set of generators S and T for the various 



representations, and the relevant multiplication rules in appendix A.l The group A 4 
has two obvious subgroups: G$, which is a reflection subgroup generated by S, and Gt, 
which is the group generated by T, isomorphic to Z 3 . These subgroups are of interest for 
us because Gs and Gt are the relevant low-energy symmetries of the neutrino and the 
charged-lepton sectors at the leading order, respectively. The tribimaximal mixing is then 
a direct consequence of this special symmetry breaking pattern, which is achieved via the 
vacuum misalignment of triplet scalar fields. If $ = ($!, $ 2 , $3) denotes the generic scalar 
triplet, the VEV 

($)oc (1,1,1) (3.5) 

breaks A4 down to Gs, while 

($)oc (1,0,0) (3.6) 
breaks A4 down to Gt- The flavour symmetry breaking sector of the model includes the 



scalar fields ipx, <ps, £ an d 6. In table 3.1 we can see the fermion and the scalar content 
of the model and their transformation properties under Gf. 

As anticipated above, the specific breaking patter of the symmetry which leads to the 
tribimaximal scheme and to hierarchical masses for leptons requires that £ and 9 develop 
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i e c fi c t c 


H 9 (fx Lfs £ 


z 3 

U{1) FN 


3 1 1" V 

UJ J 2 u 2 u 2 
2 10 


113 3 1 

1 1 1 L) CO 

0-10 



Table 3.1: The transformation properties of the fields under A±, Z% and U{1)fn- 



a non vanishing VEV and that the following specific vacuum misalignment for the triplets 
occurs: 

(<p T ) = (v T , 0, 0) , (<p s ) = (y s , v s , v s ) ■ (3.7) 



In [7j[8] it has been shown a natural explanation of this misalignment. These VEVs can 
be very large, much larger than the electroweak scale. From the analysis in [7j[8], it is 
reasonable to choose: 

^ « * , (3.8) 

where VEV stands for the generic non- vanishing VEV of the flavons, Af the cutoff of 
the theory and A the Cabibbo angle. Since the ratio in eq. (3.8) represents the typical 
expansion parameter when including higher dimensional operators, it keeps all the leading 
order results stable, up to correction of relative order A 2 . A very useful parametrisation 
of VEV/ 'Af is the following: 

<M = („, 0, 0) , ^ = c(u, u, u) , f = c a u, { {t=t, (3.9) 
A f Af A f Af 

where c a b are complex numbers with absolute value of order one, while u and t are the 
small symmetry breaking parameters of the theory (they can be taken real through field 
redefinitions) . 

Once defined the transformations of all the fields under Gf, it is possible to write down 
the Yukawa interactions: at the leading order they read 

^ e = ^e 2 e c H^{ipTe) + ^efi c H^{ip T e)' + ^T c H^{ip T £)'' + h.c. (3.10) 

A f A f A f 

Sf v = -^i{H ] lH ] l) + -^-^ s HhHh) + h.c. 1 (3.11) 

where yi and Xi are complex numbers with absolute value of order one. The contrac- 
tions under SU(2) L are understood and the notation (. . .), (. . .)' and (. . .)" refers to the 
contractions in 1, 1' and 1", respectively. We distinguish two different energy scales: Af 
refers to the energy scale of the flavour dynamics while to the scale at which the lepton 
number is violated. We assume here that A/ ~ A^. 
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When the flavons develop VEVs in agreement with eq. (3.9) and after the electroweak 
symmetry breaking, the leading order mass matrix of charged leptons takes the following 
form: in the basis of canonical kinetic terms 




M e = [ yj -= . (3.12) 



Once in the physical basis, the entries on the diagonal are identified to the masses of the 
charged leptons and the relative hierarchy among them is given by the parameter t: when 

t^0.05 (3.13) 

then the mass hierarchy is in agreement with the experimental measurements. As we will 
see in the following sections, the model admits a well defined range for the parameter u 
which can approximatively be set to 

0-003 < u < 0.05 . (3.14) 

In the neutrino sector, the leading order Majorana mass matrix is given by 



a + 26/3 -6/3 -6/3 



v 2 



m v =\ -6/3 26/3 a - 6/3 — , (3.15) 
-6/3 a - 6/3 26/3 ' ' 

where a = x a c a u and 6 = x& Cf, u. At this order the mass matrix is diagonalised by 

v 2 

U^m u U v = — diag(|a + b\, |a|, | — a + 6|) , (3.16) 



where U u = UtbP- The matrix Utb is the tribimaximal transformation of eq. (2.21), 
while P is the matrix of the Majorana phases, 

P = diag(e iai/2 , e ia2/2 , e ia *' 2 ) , (3.17) 

with «i = — arg(a + 6), «2 = — arg(a) and as = — arg(— a + 6). 

It is possible to generalise this description also to the supersymmetric context. In this 
case Gf accounts for an additional term, a continuous i?-symmetry U(1)r, that contains 
the usual i?-parity as a subgroup and simplifies the constructions of the scalar potential: 
under this symmetry, the matter superfields transform as U(1)r = 1, while the scalar 
ones are neutral. 

It is easy to extend eqs. (3.10, 3.11) in the supersymmetric case: two Higgs doublets 
H^,u)i invariant under A 4 , substitute H and H, respectively; the Lagrangian ££ e is iden- 
tified to the leading order charge lepton superpotential w e and ££ v is identified to the 

§ It has been shown in a series of papers |l!2 that the corrections, from the transformations needed 
to move in the basis of canonical kinetic terms, appear at most as NLO deviations. 
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leading order neutrino superpotential w„. Moreover, it is necessary to introduce a further 
flavon £, which exactly transforms as £ but does not acquire any VEV. As a result it does 
not have any impact on the previous discussion and its relevance is only linked to the way 
in which the VEV misalignment is recovered (see [8] for further details). 

While t is still equal to 0.05 in order to have a correct charged lepton mass hierarchy, 
the range for u slightly changes: 

0.007 < m < 0.05 . (3.18) 



3.1.1 The Neutrino Mass Spectrum 

We now summarise the results for the neutrino mass spectrum. Notice that the fol- 
lowing analysis is valid in the Standard Model as well as in its supersymmetric extension, 
by substituting v with v u when necessary. The neutrino masses are given by 

v 2 v 2 v 2 

nil = \ a + ) m 2 = \ a \~r~ > m 3 = \ — a + b\^r~ ■ (3.19) 

They can be expressed in terms of only three independent parameters: a possible choice 
that simplifies the analysis consists in taking \a\, p and A, where p and A are defined as 

-=pe* A , (3.20) 
a 

with A in the range [0, 2ir], From the experimental side only the squared mass differences 
have been measured and as a result the spectrum is not fully determined and indeed A 
is still a free parameter: we can, however, bound A requiring that |cosA| < 1. Before 
proceeding it is useful to express p and cos A as functions of some physical observables. 
To this purpose we calculate the following mass ratios: for both the hierarchies we have 

2 

= 1 ±2pcosA + p 2 . (3.21) 

mi. 

It is then easy to express p and cos A as a function of the neutrino masses: 



m? — 2m, + m\ . m? — m\ 

—± 1 3 , cos A = — 1 3 = . 3.22 

2ml 2 v ^m 2V / m? -2ml + m§ 

Using now the definitions of the mass squared differences, 

Am 2 sol = m 2 2 - ml , Am 2 atm = \m 2 3 - ml(m 2 2 )\ , (3.23) 

it is possible to express cos A as a function of only the lightest neutrino mass. Imposing 
the constraint | cos A| < 1, it results that only the normal hierarchy is allowed and taking 
the most conservative case (the 3a upper value for Am s 2 ] and the 3a lower value for 
Am^ tm as in [2|) we have 

mi > 14.1 meV . (3.24) 
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This value corresponds to cos A = — 1 and it is the value for which the spectrum presents 
the strongest hierarchy: the values of the masses of the other two neutrinos are given by 



ui2 = 16.7 meV 



and 



m3 = 47.5 meV 



(3.25) 



Furthermore the sum of the neutrino masses in this case is about 78.3 meV. When cos A 
approached the zero, the neutrino spectrum becomes quasi degenerate. 

Not only the neutrino masses can be written as a function of the lightest neutrino mass, 
but also the phases: since in the tribimaximal mixing the reactor angle is vanishing, the 
Dirac CP phase is undetermined at the leading order; on the contrary the Majorana phases 
are well defined and they can be expressed through p and A. Since we are interested in 
physical observables, we report only phase differences, = (ctj — Oj)/2: in terms of p 
and A in order to keep compact the expressions, 



sin(2a; 



13 J 



2p sin A 



vV-l) 2 + 4p 2 sin 2 A ' 
It will be useful to report also sin(2ai2): 



sin(2a 



sin(2a 23 ) 



psin A 



psin A 



a/1 - 2p cos A + p 2 



(3.26) 



12, 



1 + 2p cos A + p 2 



(3.27) 



These results are valid only at the leading order and some deviations are expected 
with the introduction of the higher-order terms, that is illustrated in the following section. 
The corrections are expected to be of relative order u, whose allowed range is defined in 



eqs. (3.14, 3.18). However, close to cosA = —1, where the bounds are saturated, the 



corrections to both the numerator and the denominator of eq. (3.22) remain of relative 



order u and as a result the lower bound on m 1 of eq. (3.24) is not significantly affected. 
Major effects could appear when the spectrum is quasi degenerate, cos A m 0. 



Neutrinoless-Double-Beta Decay 

Still working in the leading order approximation, we can study the value of \m ee \, the 
parameter which characterises the violation of the total lepton number in the Oi/2/3-decay 
By using eqs. (3.22, 3.23), \m ee \ can be written in terms of the mass squared differences 



and of the lightest neutrino mass: 



9 



(9m 2 



5Am 2 oZ 



Am ltm) ■ 



(3.28) 



This expression constitutes a prediction of the model. We display the dependence of \m ee \ 
as a function of the lightest neutrino mass, but similar relation can be constructed with 
m 2 or also m 3 [7l[8l. 



For cos A = —1 and taking the best-fit values for Am 2 ol and Am 2 tm , it results \m ee \ = 
3.8 meV, which is at the lower edge of the range allowed for the NH considering the 



best-fit values, as shown in figure 1.3 This value is close, but unfortunately just below, 
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Figure 3.1: \m ee \ as a function of the lightest neutrino mass mi for the NH. The light 
coloured regions show the allowed range for the best-fit values of the parameters from 
The dashed lines refer to the allowed region when the 3a errors are considered for the 
mixing angles as well as for the mass squared differences. The dark red area refers to 
the model in consideration when the 3a-error ranges have been implement for Am^ and 
Am^ tm . The black continuous lines represent future experimental sensitivities as described 
in the text. 



to the sensitivities of the future experiments, such as CUORE (15 meV) and Majorana 
(20 meV). In figure 3.1, we show | function of the lightest neutrino mi, the 

present upper bound from the Heidelberg-Moscow collaboration and future experimental 
sensitivities from GERDA, Majorana and CUORE. In the plot, the 3<r-error ranges have 
been implemented for Am^, and Am 2 atm . From the figure we can conclude that the model 
at the leading order is in agreement with the experimental data inside the la level for 
all the allowed range for mi, apart when mi is close to its minimum in which the model 
slightly pass the la edge. 

When considering the introduction of the NLO terms, we expect that the dark red 
area in figure 3.1 will enlarge, but the deviations are still expected to be at most of 0(u) 
level. 



3.1.2 The Next-To-Leading Order Contributions 

Another important implication of the spontaneously broken flavour symmetry is that 
the leading order predictions are always subjected to corrections due to higher-dimensional 
operators. The latter are suppressed by additional powers of the cutoff Aj and can be 
organised in a suitable double power expansion in u and t. 

At the NLO there are may additional terms which can be added to the Lagrangian. 
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Since (fx is the only scalar field which is neutral under the Abelian part of the flavour 
symmetry, all the NLO terms contain the terms already present in the leading order 
Lagrangian with an additional insertion of ifx/Af. In addition to these terms, there are 



also corrections to the leading vacuum alignment in eq. (3.9): 



A/ 

(<Ps) 
A/ 

(A 

A/ 



(«,0,0) + (CiM 2 , C 2 M 2 , C 3 M 2 ) 



Cb(u,U,u) + (.C4U 2 , C5U 2 , CqU 2 ) 



C a U + C-jU 1 



(3.29) 



where q are complex numbers with absolute value of order one. Note that in the su- 
persymmetric version, the model predicts c 2 = C3. Here we will not perform a detailed 



analysis for NLO operators and the origin of eq. (3.29) (see [7j[8] for a detailed study). 
As a result of these NLO contributions, the quantities generally deviate from their initial 
values for terms of relative order u: 



Ye + SY e 



(3.30) 



These corrections affect also the mixing angles and it is not difficult to see that deviations 
from tribimaximal are also of relative order u with respect to their leading order values 

m 

sm 2 9 23 = - + 0(ii), sin 2 9 12 = - + 0(u), 8in0 13 = O(ti). (3.31) 

Since the solar mixing angle is, at present, the most precisely known, we require that its 
value remains inside the 3<r range [I]. This requirement results in an upper bound on u 



of about 0.05. On the other hand, from eq. (3.12), we have the following relations: 

1 V2m T „ _ 1 



u 



u 



\Vt\ v 

tan (3 \/2m T 

\Vr\ v 



0.01, 



0.01 



tan f3 



in the SM 
in the MSSM 



(3.32) 



where for the r lepton we have used its pole mass m T = (1776.84 ± 0.17) MeV 30 



Requesting \y T \ < 3 we find a lower limit for u of about 0.003 in the Standard Model case; 
in the supersymmetric context, the same requirements provides a lower bound close to 
the upper bound 0.05 for tan/3 = 15, whereas for tan/3 = 2 it is u > 0.007. From now 
on, we will choose the maximal range of u as 



0-003 < u < 0.05 

for the Standard Model context, while for the supersymmetric case we take 

0.007 < u < 0.05 , 



(3.33) 



(3.34) 
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which shrinks when tan/3 is increased from 2 to 15. 

The NLO terms affect also the previous results for the neutrino phases. All the 
new parameters which perturb the leading order results are complex and therefore they 
introduce corrections to the phases of the PMNS matrix. Due to the large amount of such 
a parameters, we expect non-negligible deviations from the leading order values. 



3.1.3 Type I See-Saw Realisation 



It is possible to easily modify the previous model to accommodate the (type I) See- 
Saw mechanism. In this part we do such an extension and analyse the differences with 
the effective model. Notice that this part is written considering an underlying Standard 
Model context, but the extension to the supersymmetric one is trivial, following the same 
strategy as in the effective model. 

We introduce conjugate right-handed neutrino fields v c transforming as a triplet of A 4 



and we modify the transformation properties of some other fields according to table 3.2 
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Table 3.2: The transformation properties of v c , tps, £ and £ under x Z% x U(1)fn- 
The rest of the fields still transform as in table 
supersymmetric context. 



3.1 



Notice that £ is present only in the 



The Lagrangian changes only in the neutrino sector and it is given by 

= y{v c EH) + x a i{v c v c ) + x h {ip s v c v c ) + h.c. + . . . , (3.35) 
where dots stand for higher-order contributions. 



The vacuum alignment of the flavons is exactly the one described in eqs. (3.9, 3.29) 



When the flavons develop VEVs in agreement with eq. (3.9) and after the electroweak 



symmetry breaking, the Dirac and the Majorana mass matrices, at the leading order, are 
given by 




a + 26/3 -6/3 -6/3 
.1 t n = | -6/3 26/3 a - 6/3 
-6/3 a - 6/3 26/3 



(3.36) 



where a = 2x a c a u and 6 = 2xbCbU. The complex symmetric matrix Mr is diagonalised by 
the transformation 



Mr = UlM R U R 



(3.37) 
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where Mr is a diagonal matrix with real and positive entries, given by 

M R = diag(Mi, M 2 , M 3 ) = diag(|a + b\, |a|, | - a + b\) , (3.38) 
while the unitary matrix Ur can be written as Ur = UtbP, where P is the diagonal matrix 



of the Majorana phases already defined in eq. (3.17). After the electroweak symmetry 
breaking, the mass matrix for the light neutrinos is recovered from the well known type 
I See-Saw formula 

m v = -m T D M R l m D = - V -^-M R x (3.39) 



where the last passage is possible considering that M R lr m D = mpM^ 1 . From eq. (3.37), 
U R M R X U* R = diag(Mf 1 , Mf\ M^ 1 ) and result the light neutrino mass matrix can 
be diagonalised by 

m v = Ujm u U» , (3.40) 

where U v = ilf R = iUtbP* ■ The diagonal matrix rh v has real and positive entries written 
as 

v 2 v 2 

rm = — f- , (3.41) 
2 Mi ' v 7 

which explicitly give the following values 

v 2 y 2 v 2 y 2 v 2 y 2 

2 |o + o| 2 |a| 2 | — a + o| 

In these expressions we have absorbed the possible phase of y inside the matrix P: this 
phase however is not observable and thus we could have assumed a positive y from the 



beginning without loss of generality. We can repeat the analysis presented in section 3.1.1 
to study the light neutrino spectrum in this case. Taking \a\ = Mi = v 2 y 2 /(2rri2), we find 
that both the orderings can be described and that the lightest neutrino masses span the 
following ranges: for the most conservative case, 

normal hierarchy: 4.3 meV < mi < 6.2 meV 

(3.43) 

inverse hierarchy: 7713 > 15.8 meV . 

For the normal hierarchy, mi spans a narrow range of values, which corresponds to 
values of A close to zero. This completely determines the neutrino masses inside a very 
small range and represents a prediction of the model. On the other hand, for the inverse 
hierarchy, m 3 is bounded only from below and the minimum is achieved when A is close 



to ±7r. In figure 3.2 we can read off the light neutrino spectrum and its dependence with 



the lightest neutrino mass. 



From eq. (3.41) it is possible to describe the leading order spectrum of the right- 
handed neutrinos as a function of a unique parameter, which is the lightest left-handed 
neutrino mass. In all the allowed range for mi 3 , the order of magnitude of the right- 



handed neutrino masses falls between 10 14 GeV and 10 15 GeV. In fig. (3.2) we show 



explicitly the right-handed neutrino masses for normal hierarchy and inverse hierarchy, 
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Figure 3.2: Plots of the light (above) and heavy (below) neutrino masses, as a function 
of the lightest left-handed neutrino mass. On the left the normal hierarchy and on the 
right the inverse hierarchy. The yellow areas refer to the allowed range for m 1 ( 3 ) as 
in eq. (3.45). The vertical black lines correspond to the future sensitivity of KATRIN 
experiment. 



on the left and on the right respectively. The ratios among the masses are well defined 
for the NH, thanks to the narrow allowed range for m\\ M1/M3 ~ 11 and M2/M3 ~ 5. 
In the case of the IH, the ratio M\jMi is fixed at 1 while M3/M2 varies from about 3 to 
1, going from the lower bound of 7713 up to the KATRIN sensitivity. 



The analysis done for the Majorana phases in eqs. (3.26, 3.27) is still valid here. 



It is interesting to comment also in this context about the results for the neutrinoless- 
double-beta decay. The parameter \m ee \ can be written as 



NH : 
IH : 



\m. 



1 ^ /9m? + 2Am 2 atm Am 2 sol + m 2 (10Am 2 atm + Am 2 sol ) 
1 



3m 3 



'9mj| + ml{%Am 2 atm - Ami 



L sol> 



^■ m atm( 



Hi) 
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In figure 3.3, we show the behaviour of I function of the lightest neutrino 



mass for both the mass hierarchies: in red the NH and in blue the IH. The red profile 
for the NH case is restricted to a really narrow range of values and we can conclude that 
\m ee \ remains just below the future experiment sensitivity. On the contrary, the blue line 
which represents the IH case remains well above the future experiment sensitivity, except 
in the most pessimistic situation when the lower bound is saturated. As a concluding 
comment we can say that the Altarelli-Feruglio predicts that if the neutrino masses are 
explained by the type I See-Saw and the neutrino ordering is inverse, then a Oz/2/3-decay 
signal will be observed in the next future with very high probability. 
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Figure 3.3: \m ee \ as a function of the lightest neutrino mass muty for the NH (IH). See 



figure 3A_ for the details of the plots. 



These results are valid only at the leading order and some deviations are expected with 
the introduction of the higher-order terms. The result of a direct computation shows that 



for the NH spectrum the corrections leave approximatively unaffected eqs. (3.43); this is 



true for the IH case too, apart when the neutrino masses reach values at about 0.1 eV for 
which the deviations become significant. 



3.1.4 Extension to Quarks 

In this section we address the question of looking for a realistic description of quarks 
through the flavour group At x Z 3 x U(1)fn(xU(1)r) in the context of the Standard 
Model (MSSM). An attractive possibility is to adopt for quarks the same representations 
under v4 4 that have been used for leptons: the left-handed quark doublets q transform as 
a triplet 3, while the right-handed quarks (u c , d c ), (c c , s c ) and (t c , b c ) transform as 1, 1" 
and 1', respectively. We can similarly extend to quarks the transformations of Z% (and 
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U(1)r) given for leptons. As a result the Lagrangian for the quark sector reads: 
j? q = V± d * E \ {cpTq ) + VL frf faq)' + T~~ b c H^ (cp T q)" + 

(3 44) 

+ u c H^ (<p T q) + c c H^ {ip T q)' + t c H^ {<p T q)" + h.c. + . . . 
A f A f A f 

where dots stand for higher-order terms. When the flavour and the electroweak symmetry 

breakings occur this Lagrangian provide the mass matrices for quarks: it is straightforward 

to verify that the mass matrices are diagonal, leading to a diagonal CKM mixing matrix, 

that represents a good first order approximation. In order to explain the mass hierarchies, 

a suitable charge assignment under U(1)fn can be implemented. 

Looking at the Lagrangian we find a disadvantage of adopting for quarks the same 
representations used for lepton: the top Yukawa does not arise at the renormalisable 
level. Furthermore, we expect that the NLO corrections introduce additional terms in 
the CKM in order to switch on the mixing angles and in particular the Cabibbo angle. 
However, we have already seen that the NLO corrections are of relative order u ~ A 2 with 
respect to the starting values and therefore they are too small to describe the Cabibbo 
angle. To a closer sight, the NLO corrections do not come from higher-order operators 
in the Lagrangian, but from the new vacuum as described in eq. (3.29). As a results 
the corrections are the same in the up and down sectors, apart negligible differences, and 
therefore they almost exactly cancel in the CKM matrix. 

The conclusion is that new symmetry breaking sources are needed in order to describe 
quarks adopting a similar description used for leptons. Alternatively, we can try to enlarge 
the flavour symmetry group in such a way to reproduce similar results in the lepton sector 
as in the Altarelli-Feruglio model and to find a new method to correctly describe quarks. 
In the next two sections we follow this second approach, adopting as flavour symmetry 
the T' and the £ 4 discrete groups. 



3.2 T'-Based Model 



In this section we recall the main features of the flavour model based on T 10 , the 
double- valued group of the tetrahedral symmetry, which is isomorphic to A4. Further 
synonyms of T' are Type 24/13 and £1/2 (i^) [106 . The key role in our construction is 



played by the fact that T' is the double covering of the tetrahedral group A4. The relation 
between T' and can be understood by thinking of A4, the group of proper rotation 
in the three-dimensional space leaving a regular tetrahedron invariant, as a subgroup of 
SO(3). Thus the 12 elements of A4 are in a one-to-one correspondence with 12 sets of 
Euler angles. Now consider SU(2), the double covering of SO (3), possessing "twice" as 
many elements as SO(3). There is a correspondence from £77(2) to £0(3) that maps two 
distinct elements of £77(2) into the same set of Euler angles of £0(3). The group T" can 
be defined as the inverse image under this map of the group A4. 

The group T' has 24 elements and has two kinds of representations. It contains the 
representations of A^. one triplet 3 and three singlets 1, 1' and 1". When working 
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with these representations there is no way to distinguish the group X' from the group 
A4. In particular, in these representations, the elements of X' coincide two by two and 
can be described by the same matrices that represent the elements in A4. The other 
representations are three doublets 2, 2' and 2". Note that A 4 is not a subgroup of X', 
since the two-dimensional representations cannot be decomposed into representations of 
A 4 . 

It is generated by two elements S and X fulfilling the relations: 

S 2 = R , T 3 = 1 , (ST) 3 = 1 , R 2 = 1 , (3.45) 

where IR = 1 in case of the odd- dimensional representation and IR = — 1 for 2, 2' and 2" 
such that IR commutes with all elements of the group. Beyond the center of the group, 
generated by the elements 1 and IR, there are other Abelian subgroups: Z 3 , Z 4 and Z 6 . In 
particular, there is a Z 4 subgroup here denoted by Gs, generated by the element TST 2 
and a Z 3 subgroup here called Gt, generated by the element X. As we will see Gs and 
Gt are of great importance for the structure of our model. Realisations of S and X for 



all the representations can be found in the appendix |A.2 



The multiplication rules of the representations are as follows: 

1° x v b = r b x l a = r a+b for r = 1, 2 

l fl x3 = 3 + r = 3 

2 a x 2 b = 3 + l a+b (3.46) 
2"x3 = 3x2 a = 2 + 2' + 2" 
3x3 = 3 + 3 + 1 + 1' + 1" 

where a, b = 0, ±1 and we have denoted 1° = 1, l 1 = 1', 1 1 = 1" and similarly for 
the doublet representations. On the right-hand side the sum a + b is modulo 3. The 
Clebsch-Gordan coefficients for the decomposition of product representations are shown 



in the appendix A. 2 



3.2.1 Outline of the Model 

In this section we introduce our model and we illustrate its main features. We choose 
the model to be super symmetric, which help us when discussing the vacuum selection 
and the symmetry breaking pattern of T'. The model is required to be invariant under 
a flavour symmetry group Gj = X" x Z 3 x U(1)fn x U(1)r. The group factor X" is the 
one responsible for the tribimaximal lepton mixing. The group X' is unable to produce 
the necessary mass suppressions for all the fermions. These suppressions originate in 
part from a spontaneously broken U(1)fn, according to the original Froggatt-Nielsen 
mechanism. The Z% factor helps in keeping separate the contributions to neutrino masses 
and to charged fermion masses, and it is an important ingredient in the vacuum alignment 
analysis. Finally, the U(1)r contains the usual i?-parity as a subgroup and simplifies 
the constructions of the scalar potential. The fields of the model, together with their 



transformation properties under the flavour group, are listed in table 3.3 
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Table 3.3: The transformation rules of the fields under the symmetries associated to 
the groups T' , Z%, U{\)fn and U(1)r. We denote D q = (^1,^2)* where qi = (u,dY and 
q2 = (c, s) 1 are the electroweak SU (2) l- doublets of the first two generations, D c u = {u c 1 c c ) t 
and D c d = (d c ,s c y. D q , D c u and D c d are doublets of T' . g 3 = is the electroweak 

SU (2) l- doublet of the third generation. q 3 , t c and b c are all singlets under T' . 



The most important feature of our model is the pattern of symmetry breaking of 
the flavour group T' . We will see that, at the leading order, T' is broken down to the 
subgroup Gs, generated by the element TST 2 , in the neutrino sector and to the subgroup 
Gt, generated by T, in the charged fermion sector. This pattern of symmetry breaking is 
achieved dynamically and corresponds to a local minimum of the scalar potential of the 
model. This result is already sufficient to understand the predicted pattern of fermion 



mixing angles. Indeed, given the T 1 assignment of the matter fields displayed in table 3.3 



and the explicit expressions of the generators S and T for the various representations (see 



appendix A.2), specific mass textures are obtained from the requirement of invariance 
under TST 2 or T. For instance, neutrinos are in a triplet of X" and the element TST 2 in 
the triplet representations is given by: 



TST 2 = - 2 -1 2 . (3.47) 




The most general mass matrix for neutrinos invariant under Gs, in arbitrary units, is 
given by: 

/ a + c -b/3-c + d -6/3 \ 
m v = -6/3 - c + d c a - 6/3 ) (3.48) 

\ -6/3 a -6/3 d ) 

where a, 6, c and d are arbitrary parameters. Similarly, the most general mass matrices 
for charged fermions invariant under Gt have the following structure: 



M e = x , M U)d = x x (3.49) 





where a cross denotes a non- vanishing entry. 
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The lepton mixing originates completely from m v and, with an additional requirement, 
reproduces the tribimaximal scheme. This additional requirement is the condition c = d, 
which is not generically implied by the invariance under Gs- In our model the fields that 
break T" along the Gs direction are a triplet ps and an invariant singlet £. There are no 
further scalar singlets, transforming as V or 1" that couple to the neutrino sector. We will 
see in a moment that due to this restriction our model gives rise to a particular version 



of the neutrino mass matrix in eq (3.48), where c = d = 26/3, which implies directly a 
tribimaximal mixing. This feature holds also in the Altarelli-Feruglio model and it works 
exactly in the same way. 

It is interesting to note that, while the requirement of Gt invariance implies a diagonal 
mass matrix in the charged lepton sector, this is not the case for the quark sector, due to 
the different X" assignment. At the leading order, in both up and down sectors, we get 



mass matrices with vanishing first row and column, eq. (3.49). Moreover, the element 
(33) of both mass matrices is larger than the other elements, since it is invariant under 
the full T' group, not only the Gt subgroup. The other non-vanishing elements carry a 
suppression factor originating from the breaking of T' down to Gt- This pattern of quark 
mass matrices, while not yet fully realistic, is however encouraging, since it reproduces 
correctly masses and mixing angle of the second and third generations. As we will see, 



the textures in eqs. (3.48, 3.49, 3.49) are modified by subleading effects. These effects are 
sufficiently small to keep the good features of the leading order approximation, and large 
enough to provide a realistic description of the quark sector. 
Fermion masses are generated by the superpotential w: 

W = W£ + W q + Wd (3.50) 

where wt is the term responsible for the Yukawa interactions in the lepton sector, w q is the 
analogous term for quarks and Wd is the term responsible for the vacuum alignment. We 
will consider the expansion of w in inverse powers of the cutoff scale A f and we will write 
down only the first non-trivial terms of this expansion. This will provide a leading order 
approximation, here analysed in detail. Corrections to this approximation are produced 



by higher dimensional operators contributing to w. As described in section |B.1[ at the 
leading order, the scalar components of the supermultiplets <pt, Vs-i £> £> V an d £" develop 
VEVs according to 

((p s ) = (v s , v s , v s ) , (0 = ^ , (0 = , (3.51) 

(<p T ) = (v T , 0, 0) , ( V ) = («x, 0) , (O = . (3.52) 

Notice that the VEVs of pt, Ps-, £ an d £ correspond to those in the Altarelli-Feruglio 
model and, as in that realisation, it is reasonable to choose: 

!^*A». (3.53) 

Furthermore, there is a neat misalignment in flavour space between (pt), (v) an d {<Ps) : 
(Pt) = (fT,0,0), (rj) = (vi,0) and (£") = break T' down to the subgroup Gt, while 
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(ips) = (vs,vs,vs) breaks T' down to the subgroup Gs- It is precisely this misalignment 



the origin of the mass textures in eqs. (3.48, 3.49, 3.49). 



A certain freedom is present in our formalism and this can lead to models that are 
physically equivalent though different at a superficial level, when comparing VEVs or mass 
matrices. One source of freedom is related to the possibility of working with different basis 
for the generators S and T. Another source of freedom is related to the fact that vacua 
that break T' are degenerate and lie in orbits of the flavour group. For instance, when 



we say that the set of VEVs in eq. (3.52) breaks T' leaving invariant the Z% subgroup 



generated by T, VEVs obtained from this set by acting with elements of T' are degenerate 
and they preserve other Z 3 subgroups of T' . Both these sources of freedom can lead to 



mass matrices different from those explicitly shown in eqs. (3.48, 3.49, 3.49). It is however 



easy to show that the different "pictures" are related by field redefinitions and the physical 
properties of the system, such as the mass eigenvalues and the physical mixing angles, are 
always the same. Thus it is not restrictive to work in a particular basis and to choose a 
single representative VEV configuration, as we will do in the following. 



3.2.2 Fermion Masses and Mixings at the Leading Order 

Lepton masses are described by We, given by: 



A} 



A 2 



A, 



! -^-£(e£)H u H u + -^-{y s tt)H u H u + . . . , 



(3.54) 



AfA 



f L 



A f A 



where dots here and in the following formulae stand for higher dimensional operators. 
The contractions under SU(2)i are understood and the notation (. . .), (. . .)' and (. . .)" 
refers to the contractions in 1, 1' and 1", respectively. This superpotential corresponds 



to the Lagrangian in eq. (3.10, 3.11) when the supersymmetric context is considered and 



therefore all the results listed in the Altarelli-Feruglio model exactly hold in this model 
based on T' . Just for simplicity, we recall here the mass matrices for the charged leptons 
and for neutrinos: here and in the following we make the notation more compact indicating 
with t the ratio of the VEV of the flavon 9 over the cutoff of the theory, similarly as in 
the Altarelli-Feruglio model, and we get 



M P 



Vet 2 








o 

Vr 



Vd vt 
V2A f 



m,, 




where a = x a v^/Af and b = XbVs/Af. 



(3.55) 



3.2 T'-Based Model 



55 



The contribution to the superpotential in the quark sector is given by 

w q = y t (t c q 3 )H u + ^e(b c q 3 )H d + 
A f 

+ ^9(<p T D u D q )H u + ^d(<p T D c d D q )H d + 



+ § f 0e(D c u D q )'H u + ^6C(D c d D q yH d + 



f 



(3.56) 



+ A7 



y 3 t c ( V D g ) + ^9(D c uV )q 3 
A f 



y 7 b c {r)D q )+y% (D c dV )q 3 



H d + ... 



Observe that the supermultiplets <ps, £ and £, which control the neutrino mass matrices, 
do not couple to the quark sector, at the leading order. Conversely, the supermultiplets 
(px, V and which give masses to the charged fermions, do not couple to neutrinos at 
the leading order. This separation is partly due to the discrete Z 3 symmetry, described in 
table 3.3 By recalling the VEVs of eq. (3.51 , 3.52), we can write down the mass matrices 
for the up and down quarks: at the leading order we have 
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(3.57) 



These mass matrices are the most general ones that are invariant under Gt, see eq. (3.49 ). 
The following absolute values for quark masses and mixing angles are predicted, at the 
leading order: 
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m d 
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V2A f 
Vd vrt 

V2A f 
= 0, 



m t w y t 
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V7 
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x/2 

yt) A f 



(3.58) 



The mass of the top quark is expected to be of the order of the VEV v u (9(100 GeV). 
The mass of the bottom quark is suppressed compared with mt by the Froggatt-Nielsen 
mechanism so that it is of the same order of m T . For values of order one of the dimension- 
less coefficients and y 5 , the ratio m s /m h is correctly reproduced since it is approximately 
given by VEV/Af, which we already chose of order A 2 , see eq. (3.53). The mass of the 
charm quark is m c X 4 v u and therefore the ratio m c /m t ~ A 4 holds. Finally the element 
V c b is of order t>i/A/ ~ A 2 , in agreement with the experiments. Masses and mixing angles 
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are still unrealistic, since m u /m c , md/m s , V u b and V us are vanishing, at this level. We will 
see that all these parameters can be generated by higher-order corrections, in particular 
those affecting the VEVs in eqs. (3.51, 3.52). 



3.2.3 Higher-Order Corrections 

The inclusion of higher-order corrections is essential in our model. First of all, from 
these corrections we hope to achieve a realistic mass spectrum in the quark sector. The 
leading order result is encouraging, but quarks of the first generations are still massless 
at this level and there is no mixing allowing communication between the first generations 
and the other ones. Moreover we should check that the higher-order corrections do not 
spoil the leading order results. At the leading order there is a neat separation between the 
scalar fields giving masses to the neutrino sector and those giving masses to the charged 
fermion sector. As a result the T' flavour symmetry is broken down in two different 
directions in the two sectors: neutrino mass terms are invariant under the subgroup Gs, 
while the charged fermion mass terms are invariant under the subgroup Gt- It is precisely 
this misalignment the source of the tribimaximal lepton mixing. Such a sharp separation 
is not expected to survive when higher dimensional operators are included and this will 
cause the breaking of the subgroup Gs {Gt) in the neutrino (charged fermion) sector. It is 
important to check that this further breaking does not modify too much the misalignment 
achieved at the leading order and that the tribimaximal mixing remains stable. 

The corrections are induced by higher dimensional operators, compatible with all the 
symmetries of our model, that can be included in the superpotential w, thus providing 
the next terms in a 1/Aj expansion. Here we do not enter into the details of the analysis 
already presented in flu] and we simply give the results. 



When looking at the corrections to the flavon sector (see appendix B.l), we can 
parametrise the new VEVs as 



(<p T ) = (v T + Sv T i, 8v T2 , 6v T3 ) , (<p s ) = (v s + 6v si , v s + Sv S 2, v s + 5v S 3) 



(3.59) 



This modification will affect also the fermion mass matrices, since new flavour structures 
are expected to appear when these new VEVs are introduced in the superpotential w of 



eqs. (3.54, 3.56). 



Lepton masses and mixing angles are modified by terms of relative order A 2 , exactly 
in the same way as in the Altarelli-Feruglio model . This correction is close to the 3cr 
experimental error for # 12 and largely within the current uncertainties of #23 and #13. 
From the experimental view point, a small non- vanishing value 6^3 w A 2 and a deviation 
from 7r/4 of order A 2 of #23, are both close to the reach of the next generation of neutrino 
experiments and will provide a valuable test of this model. 

In the quark sector all the subleading effects contribute to give these new quark mass 
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matrices: 
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(3.61) 



/ 



where the dots in the (11) entry of m u and ma stand for additional contributions from 
higher dimensional operators. Not all the available parameter space is suitable to correctly 
reproduce the masses and the mixing angles of the first generation quarks. To explain 
this point we rewrite the quark mass matrices indicating only the order of magnitudes in 
terms of A for each entry: 
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(3.62) 



It is now easy to see that, up to small corrections, 

5v T2 



run 



m d 



A 2 , 



(3.63) 



which is not correct in the up sector. To overcome this difficulty we assume that the 
correction Svt2 is somewhat smaller than its natural value: 



T2 



A J 



(3.64) 



This brings the up quark mass in the correct range but depletes too much the down quark 
mass. To get the appropriate mass for the down quark we assume that the dimensionless 
coefficient ye is larger than one by a factor 1/A: 



2/6 



1 

A 



(3.65) 



We cannot justify the two assumptions in eqs. (3.64, 3.65) within our approach, where, 
in the absence of a theory for the higher-order terms, we have allowed for the most 
general higher-order corrections. From our effective lagrangian approach, they should be 
seen as two moderate tunings that we need in order to get up and down quark masses. 
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To summarise, in our parameter space we naturally have all dimensionless parameters of 
order one, with the exception of y§. Concerning the VEVs, we can naturally accommodate 
VEV/Af « 5VEV/VEV ~ A 2 , with the exception of 5vt2- Looking at the equations in 



appendix B.l it is easy to see that it has no consequences on the other shifts of the VEVs. 



Within the restricted region of the parameter space where the two relations in eqs. (3.64 



3.65) are approximately valid, the quark mass matrices have the following structures: 





(3.66) 



By diagonalising the matrices in eq. (3.61) with standard perturbative techniques we 
obtain: 
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(3.67) 



For the mixing angles, we get: 
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y t J v T A f \y b y t ) A f 

where, when not explicitly indicated, the relations include all terms up to 0(A 4 ). In 
the previous expressions, where all the quantities are generically complex, is possible to 
remove all phases except the one carried by the combination {yijyb — 2/3/^)^2 /A/ which 
enters V ub and V td at the order A 4 . Notice that in our model V ub is of order A 4 whereas V td 
is of order A 3 . In the Wolfenstein parametrisation of the mixing matrix, this corresponds 
to a combination p + irj of order A, which is phenomenologically viable. Notice that quark 
masses and mixing angles are all determined within their correct order of magnitudes and 
enough parameters are present to fit the data. Moreover, despite the large number of 
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parameters controlling the quark sector, our model contains a well-known [11] non-trivial 
relation between masses and mixing angles: 



m d 



|Ks| + 0(A 2 



(3.70) 



Due to the approximate unitarity relation Vtd + V* s Vt s + V* b = and due to the fact that 
V u {, is of order A 4 in our model, from the relation (3.70) we also get: 
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(3.71) 



we have a/ m d /m s = 0.213 4- 0.243, 



These relations well compare with the data: from 
\V US \ = 0.2257±0.0010 and \V td /V ts \ = 0.209±0.001±0.006. Unfortunately, the theoretical 
errors affecting eqs. (3.70 ) and (3.71 ), dominated respectively by the unknown 0(A 2 ) term 



in V us and by the unknown 0(A 4 ) term in V t d, are of order 20%. For this reason, and for 
the large uncertainty on the ratio rrid/m s , it is not possible to turn these predictions into 
precise tests of the model. It is interesting to compare our predictions with those of early 



models of quark masses based on £7(2) or T' flavour symmetries 65 67 . They also predict 
eq. (3.71 ), with a smaller theoretical error of order A 3 . Moreover, due to the characteristic 
two zero textures, in their early versions they predict \/m u /m c = | V^/V^, which is off by 
approximately a factor two. In our model the mass of the up quark depends on additional 
free parameters, that modify this wrong relation by a relative factor of order one. 



3.3 54-Based Model 

In the previous section we used the symmetry group T' in order to describe the quark 
sector, keeping almost unchanged the lepton sector description of the Altarelli-Feruglio 
model. In this section we illustrate an alternative way to describe both leptons and quarks 
in a unified context based on the discrete group S , 4 . It is the group of the permutations 
of four objects and is composed by 24 elements. It can be defined by two generators 5* 
and T that satisfy 

S 4 = T 3 = {ST 2 ) 2 = 1 . (3.72) 

The three relations reported above directly indicate which are the discrete Abelian sub- 
groups of S4: Z4, Z 3 and Z 2 respectively. Furthermore, S 4 presents 5 irreducible represen- 
tations^ two singlets, 1, 1', one doublet, 2, and two triplets, 3 and 3'. All the technical 



details are reported in appendix A. 3 



The presence of the two-dimensional representations of S4 allows for new patterns 
of the neutrino mass matrix, eventually different from the one in the Altarelli-Feruglio 
model. Indeed, the most general neutrino mass matrix which can be diagonalised by the 



§It has the same number of elements of T', but the representations are different. 



60 



Chapter 3. Flavour Models with the Tribimaximal Mixing 



tribimaximal mixing can be written as 



a + 2c b — c b — c 
m v ~ I b — c b + 2c a — c 
6 — c a — c 6 + 2c 



(3.73) 



in arbitrary units. It is easy to recognise in eq. (3.73) the \i—t and the magic symmetries; 
furthermore, this description is equivalent to eq. (2.19). Usually this pattern can be 
obtained constructing the Lagrangian in such a way that the usual Weinberg operator, 
££ (understanding the presence of the Higgses), is forbidden at the leading order, but 
appears only at higher-orders with additional flavons. The previous models based on A± 
and on T" are characterised by b = 0. The factors a in eq. (3.73) come from the term 
iiF\ and the factors c from ££F^, where F\ and F% are flavons transforming respectively 
as a singlet 1 and as a triplet 3 of A±. 

The presence of the doublet representation of 5*4 introduces a new feature in the 
neutrino mass matrix: indeed the terms which contribute to m u are ££Fi, ££F 3 and the 
new ££F 2 , where F 2 represents a flavon transforming as a doublet 2. In eq. (3.73), this 
last contribution is represented by the term b. However the presence of three parameters 
in order to describe three masses prevents any predictions on the neutrino masses. For 
this reason the S^-based model in which a singlet Fi, a doublet F 2 and also a triplet F 3 
couple to ££ is not phenomenologically interesting. It is not restrictive to construct a 
model in which only a singlet and a doublet contribute to the neutrino mass matrix, but 
in this case mi = 1713 and it is ruled out by the experimental observations. Moreover it 
is possible to think about a model in which only a singlet and a triplet contribute to the 
neutrino mass matrix: we have verified that such a model can be built, with a natural 
vacuum alignment. This model provides exactly the neutrino mass matrix with 6 = and 
therefore it has the same predictions in the lepton sector as in the ^U-based models. For 
this reason in this section we study the case in which only a doublet and a triplet couple 
to the term ££ and as a result we get an unusual neutrino mass matrix 



2c b — c b — c 
m v ~ I b — c b + 2c — c 
b — c —c b + 2c 



(3.74) 



which can still be diagonalised by the tribimaximal mixing. This new pattern provides 
different predictions for the Oz/2/3-decay and thus we expect to be able to distinguish this 
realisation from the other two which predict the tribimaximal mixing just looking at some 
observables related to the neutrino oscillations. 

Moving to the quark sector, the idea is to use the doublet representations in order 
to describe masses and mixings. Since the Clebsch-Gordan coefficients are different with 
respect to those of the T' model, we expect different predictions. 
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3.3.1 The Lepton Sector 



In this part we illustrate the model in the lepton sector, predicting an exact tribimax- 
imal mixing at the leading order and a realistic charged lepton mass hierarchy, by the 
use of a flavour group Gf in addition to the gauge group of the Standard Model. The 
complete flavour group is Gf — S4 x Z 5 x U(1)fn, where the three factors play differ- 
ent roles: the spontaneous breaking of S4 down to its subgroup Z 2 x Z 2 in the neutrino 
sector is directly responsible for the tribimaximal mixing^] the Z 5 factor keeps separated 
the different sectors of the theory, quarks from leptons and furthermore neutrinos from 
charged leptons; moreover Z§ plays a similar role as the baryon on the total lepton num- 
bers, avoiding some dangerous terms, and, together to the U(1)fn, is responsible for the 



hierarchy among the charged fermion masses. In table 3.4, we can see the lepton sector 
fields of the model and their transformation properties under Gf. 
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Table 3.4: Transformation properties of the matter fields in the lepton sector and of all 
the flavons of the model. We distinguish the flavon fields on their role and thus we can 
consider ip and r\ mainly connected to the charged lepton sector and T and to the 
neutrino sector. All these fields together to £' are present in the quark sector. 

We treat the model in a supersymmetric scenario, because the minimisation of the 
scalar potential is simplified, but it is not compulsory for the construction of the model 
itself. For this purpose an additional continuous -R-parity is introduced, under which 
fermion fields are singly charged while scalars are uncharged. 

The superpotential for leptons can be written as an expansion in inverse powers of the 
cutoff of the theory A/: 



■iv „ 



E T-^W^ + ^VMH d + ^{li,)H d (3.75) 



where 



w v = J ^-(£HJH uV ) + -^-(iHJH u T) (3.76) 

Afl\ L A f A L 



X = {Wn, rfwi, TTf, T^'} (3-77) 



§This breaking is extremely unusual, indeed the common preserved subgroup is Z^. Here Z2 x Z2 
provides the same flavour structure for the neutrino mass matrix as Z2 in the ^4-based models and it is 
associated to one element of the class C2 and one of the class C4. 
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using (. . .) to refer to the contraction in 1 and (. . .)' to the contraction in V . We indicate 
as usual the scale of the lepton number violation by the symbol A^, which we assume 
to be of the same order of Af. It is interesting to underline that the first contributions 
containing e c should be 



(3.78) 



which would dominate with respect to the terms in eq. (3.75). However an explicit 



computation will show that these two terms are vanishing, once we assume that the 
flavons get this specific VEV alignment: 



(V) = (0,^,0), (rj) 

(T) = (vy, Vy, Vy) , ((f) 
(O = v c , (9) 



(0, v v ) , 

Vg . 



(3.79) 



We will demonstrate that this particular VEV alignment is a natural solution of the scalar 



potential in appendix B.2 moreover we will see that all the VEVs are of the same order 
of magnitude and for this reason we will parametrise the ratio VEV/Af by the parameter 
u. The only VEV which originates with a different mechanism with respect to the others 
is vg and we indicate the ratio vg/Af by the parameter t. 
With this setting, the mass matrix for the charged leptons is 



/ iPv 2 t vi 2) u 2 t 



M P 



\ 



y e u z t yl 
y^u 




if ] uH \ 





Vr 



J 



UVd 

V2 



(3.80) 



where the contains all the different contributions y e ,i- This matrix is already in a 
almost diagonal form and therefore U e and U e c, its diagonalising unitary matrices, are the 
unity matrix, apart from negligible corrections of the order of ut: 



(3.81) 



U\ c M e U e = diag (y e u 2 t, y^u, y T ) uv d /V2 . 
For the neutrinos we get the following mass matrix 



m. 




(3.82) 



where b = XdV v /Af and c = x t vy/Af. Notice that it is fx — r symmetric and presents the 
magic symmetry, which assure that the matrix is of the TB-type. 
At this level of approximation, the PMNS matrix is given by 



U = U\ U TB = U TB 



(3.83) 
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When we introduce the higher-order terms in the Lagrangian, we expect corrections into 



the tribimaximal mixing of relative order u 12 . Comparing with the experimental values 



the maximal deviation from the tribimaximal pattern is 0.05 and therefore we can put an 
upper bound on u of the same order of magnitude. For u > 0.05 the model provides a 
6 12 angle which is not in agreement at 3a error with respect to the experimental data in 



table |1.2| The mass hierarchy of the charged leptons is a consequence of the symmetry 
of the model and it is possible to further constrain the expansion parameters, u and t: 
indeed, looking at the mass of the r we have 

tan/?A/2m T nn Jan/3 / nnA \ 

u ~ - — p « 0.01-j — r , (3.84) 

\yr\ v \y T \ 



where for the r lepton we have used its pole mass m T = (1776.84 ± 0.17) MeV 30 
Requesting \y T \ < 3 we find a lower bound for u close to the upper bound 0.05 for 
tan/3 = 15, whereas for tan/3 = 2 it is u > 0.007. From the requirement that also y^ 
remains in the perturbative regime, the lower bound on u of 0.007 is slightly raised and 
we fix it at 0.01. From now on, we will choose the maximal range of u as 0.01 < u < 0.05, 
which shrinks when tan /3 is increased from 2 to 15. In order to explain the ratio me/rn^, 
we get a range of values for the parameter t which is similar to that one for u. Finally we 
can write 

0-01 <u, t< 0.05. (3.85) 

Phenomenological Analysis 

In this section we perform a phenomenological analysis on the neutrino spectrum, 



along the same lines as section 3.1.1 



The neutrino mass matrix in eq. (3.82) is diagonalised by the tribimaximal mixing 



and the diagonal neutrino mass matrix is given by 

v 2 

Ulm v XJ v = — diag(|3c - b\, \2b\, |3c + 6|) , (3.86) 

where U v = UtbP and P contains the Majorana phases «i = — arg(3c — b), a<i = 
— arg(26), a 3 = — arg(3c+6). We parametrise the mass eigenvalues in terms of |6| = m 2 /2, 
p and A, where p and A are defined as 

\ = P^, (3.87) 

with A is in the range [0, 2tt]. Imposing the constraint |cosA| < 1, it results that the 
model can accommodate both the mass orderings: taking the most conservative case, we 
have for the normal and the inverse hierarchies, respectively, 

mi > 25.2 meV , m 3 > 0.68 meV . (3.88) 



These values correspond to cos A = ±1 and they are the values for which the spectrum 
presents the strongest hierarchy: the values of the masses of the other two neutrinos are 
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given by 



NH: 
IH: 



m 2 
mi 



26.7 meV 
52.3 meV 



and 
and 



m 3 
m 2 



51.9 meV 



53.0 meV . 



(3.89) 



Furthermore the sum of the neutrino masses is about 103.8 meV for the normal hierarchy 
and 106.0 meV for the inverse hierarchy. When cos A approaches the zero, the neutrino 
spectrum becomes quasi degenerate. 

It is also interesting to study the 0z/2/3 parameter | function of the lightest 

neutrino mass: 

\m ee \ = m 2 p , (3.90) 
and specifying the type of mass hierarchy we get 

1 



NH: 
IH: 



3mf + 2 Am 
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Am2 sol > 
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(3.91) 
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Figure 3.4: \m ee \ as a function of the lightest neutrino mass, m x in the case of the normal 
hierarchy and m 3 in the case of the inverse hierarchy. On the left the effective model, 



while on the right the type I See-Saw version. See figure \3.1\ for the description of the 
plot. 



In fig. (3.4), we plot \m ee \ as a function of the lightest neutrino mass eigenstate, m x 
in the normal hierarchy case and m% in the inverse hierarchy one. Looking at the dark 
red area we can see that it falls in the quasi degenerate spectrum band and therefore we 
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speak about normal ordering and not about normal hierarchy. When | cos A| = 1, \m ee \ 
reaches the minima which are given by: 

\m ee \ > 25.7 meV and \m ee \ > 15.5 meV , (3.92) 

in the normal ordering and inverse hierarchy, respectively. We observe that, considering 
only the leading order approximation level, the present model can be distinguished from 



the Altarelli-Feruglio model of section 3^ and the model based on T 1 of section 3J2 just 
looking to the lower bound on \m ee \: in fact those models predict a lower bound for \m ee \, 
which is about 5 meV, while in the present proposal it is larger. The next future exper- 
iments should be able, in principle, to test the present model, since the lower bound is 
close to the future experimental sensitivities, which are expected to reach the values of 90 
meV [37] (GERDA), 20 meV [38] (Majorana), 50 meV (SuperNEMO), 15 meV go 
(CUORE) and 24 meV Ell (EXO). 



These results are valid only at the leading order and some deviations are expected with 
the introduction of the higher-order terms, that is illustrated in the following sections. 
The corrections are expected to be of relative order u or t, whose allowed range is defined 



in eqs. (3.85). However, close to cos A = —1, where the bounds are saturated, the 



corrections remain of relative order u or t and as a result the lower bounds on m\ and 



of eqs. (3.88) are not significantly affected. Major effects could appear when the spectrum 



is quasi degenerate, cos A « 0. 

3.3.2 The Quark Sector 

In this part we illustrate the model in the quark sector, getting a good approximation 



of the experimental quark mixing matrix. In table |3.5[ we can see the quark sector fields 
of the model and their transformation properties under S4 x Z5 x U(1)fn- 
The superpotential in the quark sector can be written as 

w q = y t t c q 3 H u + ^-b c q 3 ^'H d + 

+ zli 4f tc (^ (2) ) E - + £li 4f b ° { D * X ®)' H <+ 

+E5U I? c c (d 9 xW)'h u + Eli ^ (D q xP)' Hd+ 

+^ q Jh u + E? =1 ^V 93 (w)' H d + (3 ' 93) 



+ ELi ( Dq xP) h u + Eti fr^ c {D q xP) H d+ 
+ EL y ^f {p q xf) h u + Eli |^ M 4) ) h, 
+ El, y f^ (**?>) h u + YU V fl/ M 5) ) F, 



d 



66 



Chapter 3. Flavour Models with the Tribimaximal Mixing 



where 

x m = { w _|_ ^} 

X W = {rn?, W?, YYY, TT^, T<p<p, </w} 

XW = {tptp, TT} 

X^ = {ipipT, ip'tpf, ^V^i VW} ■ 
Since the quantum numbers of b c and s c are exactly the same, there are no fundamental 
distinctions between b c and s c . We can therefore define b c as the field which couples to 
q^'H d in the superpotential w q . 
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Table 3.5: Transformation properties of all the fields in the quark sector. 

Notice that all the flavons are present in the quark sector and as a result the 
symmetry is completely broken in the quark sector. When the flavour and the electroweak 
symmetries are broken, the mass matrices for the up- and down-quarks are 



VuU 2 t 2 y u u 2 t 2 y ut uH 2 \ / y d ut y d ut y dh u 2 t 

!'),!= \ y cu u 3 y c u 2 y ct u ]-t=, ™-i= y s du 2 y s u y sb u 
ymu 3 y tc u 2 yt J V VbdU 2 y bs u y b 



UVd 

V2 ' 



(3.94) 

where the Yukawas are the sum of all the different terms, which appear in the superpo- 
tential. 

These mass matrices can be diagonalised by the following transformations: 

V^m u V u = (y u u 2 t 2 , y c u 2 , Vt)^J= , Vj c m d V d = (y d ut, y s u, ( 3 - 95 ) 

where the unitary matrices can be written in terms of order of magnitude of u and t as 

1 0(u) 0(u 3 ) \ 

K= ! ~0(u) 1 0{u 2 ) , V d 
-0{u 3 ) -0{u 2 ) 1 / 

1 0(t 2 ) 0(u3t 2 ) 
V u c= I -0{t 2 ) 1 0(u) \ . V* 
-0{ut 2 ) -0(u) 1 
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While the mass of the top quark is expected to be of the order of v u ~ 0(100 GeV), the 
mass of the bottom quark is suppressed compared with m t by the factor uvd/v u so that 
it is of the same order of m T . The other measured quark masses can be accommodated 
thanks to the Z 5 and the U(1)fn suppressions. The resulting quark mixing matrix is 



V = V),Vd 



( 



\ 
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Vcu Vsd 
Vc Vs 

VbdV, 



VbsUsd - 



VbVs 
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VbdVc - VbsVcu \ 2 \ 

VbVc 

Vbs^ 
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(3.97) 



/ 



In order to fit the experimental values of the mixing angles we need to invoke a moderate 
fine-tuning in some parameters. The (23) entry of V has to be of order A 2 ~ 0.05 and 
therefore suggests for u a value close to its upper bound. However this is not a strict 
constraint because this value can be well explained for the entire range of u considering 
the Yukawas. On the other hand, the entry (12) requires an accidental enhancement of 

Vsd Vcu 



the combination of order 1/ A ~ 4 in order to describe the correct Cabibbo 

V Vs Vc J 

angle. It is possible to explain such an enhancement considering particular values of the 
relative phase, A q , between — and which is connected to the CP violating phase: 



Vc 



if A q = 7T, then the two factors sum up and the required values are easily explained. 



3.3.3 Higher Order Corrections 

We now discuss the deviations to the leading order results. A detailed analysis is 



presented in the original paper 12 , while here we summarise only the results. 



Looking at the flavon sector, we find that the VEV alignment in eq. (3.79) is stable 



under the NLO corrections and the deviations are of relative order u with respect to the 



leading order results (see appendix B.2). This affects the fermion mass matrices, when 
these new VEVs are introduced in the superpotential w. 

In the lepton sector, all the corrections from the higher-order terms introduce devia- 
tions to the lepton mixing matrix of relative order u with respect to the leading order. 
This is in line to what happens in the Altarelli-Feruglio model, where the tribimaximal 
values of the atmospheric and the solar angles are corrected by 0(u) terms and the reactor 
angle deviates from zero by 0(u) contributions. 

The analysis for the up and down quark mass matrices point out tha the corrections 
coming from the NLO operators of the superpotential and from the deviations to the 
VEVs introduce new terms of relative order u in each entry of the mass matrices. As 
a result the quark mixing angles receive deviations of relative order u with respect the 
initial values, which do not spoil the leading order results. 



68 



Chapter 3. Flavour Models with the Tribimaximal Mixing 



3.3.4 See-Saw Extensions 

In this section we deal with the study of a possible explanation of the Weinberg 
operator used in the previous sections in order to describe the smallness of neutrino 
masses. We focus only on the neutrino sector, indeed the quark and the charged lepton 
sectors are described by the same superpotential as in the effective model and the flavon 
content is not modified at all, in particular the VEV misalignment mechanism works 
exactly in the same way. 

The simplest approach is the type I See-Saw mechanism, extending the matter content 
of the model by adding three right-handed neutrinos v c which transform as a triplet of 



54. Here we summarise the phenomenological results of the analysis presented in 13 and 
we discuss the differences with the effective model. 

In the See-Saw model, it is possible to describe both the neutrino mass hierarchies 
and it is interesting to find the allowed ranges for the lightest neutrinos in both the cases. 
For the most conservative case and for the normal and inverse hierarchies, respectively, 
we get 

mi > 10.4 meV , m 3 > 25.9 meV . (3.98) 

These value corresponds to the condition for which the spectrum present the strongest 
hierarchy: the values of the masses of the other two neutrinos are given by 

NH: m,2 = 13.4 meV and m 3 = 46.6 meV , 

(3.99) 

IH: mi = 51.5 meV and = 52.3 meV . 

Furthermore the sum of the neutrino masses in this case is about 70.4 meV for the normal 
hierarchy and 129.7 meV for the inverse case. When mi and m.3 increase their values, the 
spectrum becomes degenerate. 

The 0z/2/3 parameter |m ee | is different with respect to the effective model: 



NH: K.| = U- (m? + A mL)+2m; (^±^ + 1 ) 



IH: |m ee | = —^3ml + ml(5Aml tm -AAm 2 sol ) + 2Aml tm {Am 2 atm -Am 2 s 



In fig. (3.4), we plot | 777-gg J dbS cl function of the lightest neutrino mass eigenstate, mi for 
the normal hierarchy and m.3 for the inverse hierarchy. It is interesting to note that, while 
the dark blue area referring to the inverse hierarchy falls well inside the la error band, 
the dark red area goes out of the la error band. This small discrepancy can be easily 
motivated by a shift of la level on the lepton mixing angles. However, unfortunately 
the future experimental sensitivities will not reach such small values and therefore in the 
next experiments it will not be possible to test these deviations in the mixing angles, as 
predicted by the model. 



When mi and 777,3 reaches the values as in eqs. (3.98), |m ee | reaches the minimum 
which is given by: 

|m ee | > 2.47 meV and |m ee | > 51.8 meV , (3.100) 
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in the normal and inverse hierarchies, respectively. 

The See-Saw model presents different features with respect to the effective model, as 



it easy to understand looking at figures 3.4 While in the See-Saw model the inverse 



hierarchy is almost restricted in the quasi degenerate spectrum area, this happens to the 
normal hierarchy in the effective model. Furthermore, an absence of any signal linked to 
some lepton number violating processes in the next experiments would fix an experimental 
upper bound on \m ee \ which would completely rule out the inverse hierarchy allowing only 
the normal hierarchy. 

Considering now the comparison with the Altarelli-Feruglio model or the model based 
on T' and only the leading order terms, it seems possible, but difficult, to distinguish 
among the different realisations. However, the introduction of the higher-order corrections 
makes the predictions overlap in a large part of the parameter space, and it will be hard 
to test these little differences in the future. 

It is interesting to note that the Altarelli-Feruglio and the T' models present exactly 
the same behaviour in the quasi degenerate region, which is different from all the S4 
proposals: in the first case the profile of \m ee \ is at the upper edge of the allowed region, 
while in the second case the profile follows approximately the central line. This behavior 
is due to a constraint on the Majorana phases, which are determined as a function of the 
neutrino masses: in the A4- and T'-based models the constraint forces the different terms 



in \m ee \ to sum up, while in the SVbased model it requires a partial cancellation (see 13 
for details). 



In [13] we have analysed also the other possibilities of the type II and type III See-Saw 
mechanisms. Here we report only the phenomenological conclusions of these approaches, 
referring to the original paper for the details. 

Introducing a scalar triplet or three fermion triplets as explained in section 1.1.1 it is 
possible to choose a suitable charge assignment in order to find the tribimaximal pattern as 
the lepton mixing matrix. Moreover, the phenomenology linked to these two alternatives 
is identical to the one of the effective model and of the type I See-Saw: indeed the light 
neutrino mass matrix in the type II See-Saw coincides with the one of the effective model, 
once the VEV of the triplet is identified with the VEV of H u ; the mass matrices in the 
type III See-Saw correspond to those ones of the type I, identifying Mr with the mass 
matrix of the fermion triplets. As a result, it is clear that it is not possible to discriminate 
among type I, II and III See-Saw models based on the S4 symmetry group only relying 
on the neutrino phenomenology. New observables are needed, such as the mixing of the 
fermion triplets with the charged leptons or the decays of the scalar triplet. 



3.4 Conclusions of the Chapter 

In this chapter we focussed on three flavour models which reproduce a lepton mixing 
matrix of the tribimaximal type. The model based on the A± discrete symmetry is the 
simplest realisation in which the tribimaximal pattern naturally arises: its simplicity relies 
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on the small dimension of the flavour group and on the small number of flavons which 
break the symmetry; its naturalness refers to the presence of only a moderate fine-tuning 
to accommodate the parameter r = Am^/Am^ m , which translates in a small range of 
values for A, the phase between the two parameters which describe the neutrino mass 
matrix. In the model, neutrino masses belong to a limited range and in particular there is 
always a lower bound for the lightest neutrino mass. Furthermore there is also a prediction 
for the neutrinoless-double-beta decay as a function of the neutrino masses. 

The A 4 -based model applies only to the lepton sector, indeed it fails when extending 
the description to the quark sector. Two possible solutions are the larger groups T' and 
S4: the first one is the double covering of A4, while the latter contains A 4 as a subgroup. 
The T' model reproduces exactly the same results as in the A 4 model and describes quarks 
using the doublet representations, similarly to U (2)-based models developed long ago. As 
a result, realistic mass hierarchies and mixings are achieved, introducing only a small 
fine-tuning to the parameters of the order of A in order to reproduce the measured ratio 
m u /m c . 

The S4 discrete group has the same number of elements as T', but different represen- 
tations. This enables to describe neutrinos with a different mass matrix, still diagonalised 
by the tribimaximal mixing. This leads to a completely new neutrino phenomenology. 
Considering only the leading order terms, it seems possible, even if difficult, to distin- 
guish among the different realisations; unfortunately, the introduction of the higher-order 
corrections makes the predictions overlap in all the parameter space, apart from very 
small areas, which will be difficult to test in the near future. In the quark sector, the 
mass hierarchies are well explained through the Froggatt-Nielsen mechanism, while the 
mixings necessitate of a small fine-tuning of the order of A: the Cabibbo angle is described 
as the difference of two complex terms of order of A 2 and the fine-tuning corresponds to 
the requirement of having a coherent sum of the two terms. 

In all these models, a fundamental aspect is the vacuum misalignment of the flavons, 
which break the discrete group down to certain subgroups which represent the effective 
low-energy flavour structures: it is this mechanism that assures the tribimaximal mixing 
for the neutrinos in the basis of diagonal charged leptons. Furthermore, the main discrete 
group is usually extended by additional terms, usually Z n , which help keeping separated 
each sector from the others, at least at leading order. The symmetry breaking can be 
complete when speaking about quarks. The introduction of the higher-order corrections 
have a deep impact on the neutrino phenomenology, introducing non-negligible deviations 
from the tribimaximal values of the mixing angles: as a result, the solar angle can reach 
its measured best-fit value, the atmospheric one can slightly deviate from the maximal 
value, and finally the reactor angle could be non-vanishing, but still very close to zero. 
We expect #i 3 to be less than or equal to approximately 0.05 not far from the reach of 
the future high-intensity neutrino beam facilities. 



Chapter 4 

A Flavour Model with the 
Bimaximal Mixing 



In the previous sections we investigated on a series of models which reproduce al 
leading order the tribimaximal pattern for the lepton mixing. When considering the next- 
to-the-leading order corrections, all the three mixing angles receive corrections of the same 
order of magnitude. This is a very general feature of tribimaximal models, in the absence 
of specific dynamical tricks (see 102 for a model in which such a trick is implemented). 
Since the experimentally allowed departures of 9 12 from the tribimaximal value are small, 
at most of 0(X 2 ), it follows that both # 13 and the deviation of #23 from the maximal 
value are expected in these models to also be at most of 0(X 2 ). A value of 9 ri ~ 0(X 2 ) 
is within the sensitivity of the experiments which are now in preparation and will take 
data in the near future. However, the present data do not exclude a larger value for #13 
with #i3 ~ O(X), as suggested in j2]. If experimentally it is found that 9 13 is close to its 
present upper bound, this could be interpreted as an indication that the agreement with 
the tribimaximal mixing is accidental. Then a scheme where instead the bimaximal (BM) 
mixing is the correct first approximation modified by terms of O(X) could be relevant. 
This is in line with the well known empirical observation that #12 + A ~ 7r/4, a relation 



known as "quark-lepton complementarity" 15,74 , or similarly # 12 + ^/m ll /m T ~ 7r/4 



since \fm^/m T ~ A. No compelling model leading without parameter fixing to the exact 
complementary relation has been produced so far. Probably the exact complementarity 
relation is to be replaced with something like #12 + O(X) ~ 7r/4, which we could call 
"weak" complementarity. 

In the following we construct a model based on the permutation group S4 which nat- 
urally leads to the bimaximal mixing at the leading order. We adopt a supersymmetric 
formulation of the model in 4 space-time dimensions. The complete flavour group is 
S4 x Z4 x U(1)fn- In the lowest approximation, the charged leptons are diagonal and hi- 
erarchical and the light neutrino mass matrix, after See-Saw, leads to the exact bimaximal 
mixing. The model is built in such a way that the dominant corrections to the bimax- 
imal mixing, from higher dimensional operators in the superpotential, only arise from 
the charged lepton sector at the NLO and naturally inherit A as the relevant expansion 
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parameter. As a result the mixing angles deviate from the bimaximal values by terms 
of 0(A) (at most), and weak complementarity holds. A crucial feature of the model is 
that only 9 12 and 9 13 are corrected by terms of 0{\) while 6 2 z is unchanged at this order 
(which is essential to make the model agree with the present data). 



4.1 The Structure of the Model 

We discuss here the general properties of our model. We have already introduced in 
the previous chapter the S4 discrete group in order to perform a tribimaximal model. 
That description, however, does not fit our purpose and we need to define a new set 
of generators in order to achieve the bimaximal mixing in a clever way: the two new 
operators S and T satisfy to 

T 4 = S 2 = {ST) 3 = {TS) 3 = 1 (4.1) 

and their explicit forms in each of the irreducible representations and the Clebsch-Gordan 
coefficients in our basis are collected in the appendix |A. 4 Notice that the multiplication 
rules are the same as in the previous chapter. 

This description is suitable in our case, because, by requiring invariance under the 
action of S 

m v = Sm u S , (4.2) 
the resulting effective neutrino mass matrix is given by 



m v = y z x - z , (4.3) 




which can be diagonalised by the bimaximal mixing, as stated in section |2.2.1 



We formulate our model in the framework of the See-Saw mechanism (even though it 
would also be possible to build a version where light neutrino masses are directly described 
by the Weinberg operator). For this we assign the 3 generations of left-handed lepton 
doublets I and of right-handed neutrinos v c to two triplets 3, while the right-handed 
charged leptons e c , fi c and r c transform as 1, 1' and 1, respectively. The S4 symmetry 
is then broken by suitable triplet flavons. Additional symmetries are needed, in general, 
to prevent unwanted couplings and to obtain a natural hierarchy among m e , and m T . 
In our model, the complete flavour symmetry is S4 x Z4 x U(1)fn- A flavon 9, carrying 
a negative unit of the U(1)fn charge, acquires a VEV and breaks U(1)fn- 111 view of a 
possible GUT extension of the model at a later stage, we adopt a supersymmetric context, 
so that two Higgs doublets H u ^, invariant under 5*4, are present in the model. The usual 
continuous U(1)r symmetry, related to .R-parity and the presence of driving fields in the 
flavon superpotential, is implemented in the model. Supersymmetry also helps producing 
and maintaining the hierarchy (H u ^) = v u ^ C A/ where Af is the cutoff scale of the 
theory. 



4.1 The Structure of the Model 
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Table 4.1: Transformation properties of all the fields. 



The fields in the model and their classification under the symmetry are summarised 
in Table 4A The complete superpotential can be written as 

w = w e + w u + w d , (4.4) 



where w d is responsible for the flavon VEV alignment as discussed in appendix B.3 while 
w e and w v refer to the charged lepton and neutrino sectors and can be written as 

y w e 2 y i 2) e 2 y i 3) e 2 

+ ^Y^ lXi) ' Hd + Y rC{ive)Hd + • • • (4 ' 5) 

Wv = y(u c £)H u + MA f (u c u c ) + a(u c u% u ) + b{u c u c Vu ) + ... 

indicating with (. . .) the singlet 1, with (. . .)' the singlet 1' and with (. . the representa- 
tion R (R = 2, 3, 3'). Note that the parameter M defined above is dimensionless. In the 
above expression for the superpotential w, only the lowest order operators in an expansion 
in powers of 1/A/ are explicitly shown. Dots stand for higher dimensional operators that 
will be discussed later on. The stated symmetries ensure that, for the leading terms, the 
flavons that appear in w e cannot contribute to w u and viceversa. 

We will show in appendix B.3 that the potential corresponding to w d possesses an 
isolated minimum for the following VEV configuration: 

^=(j)*. ^=10 \B, (4.6) 

% = D, (4.7, 

where the factors A, B, C, D should obey to the relations: 

VlfiA 2 + V^f 2 B 2 + hAB = , (4.8) 
D = _M* c2 = 9iM{ + g 3 M$-g 2 M v M> 

92 ' 2g 2 g 4 
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In the discrete component S4 x Z4 of the full flavour group we can choose generators 
(S,T,i), where the imaginary unit % denotes the generator of the Z 4 factor. The flavons 
£2, and tp v are invariant under Z 4 and their VEVs are eigenvectors of the generator S 
corresponding to the eigenvalue 1, so that the corresponding breaking of S4 x Z4 preserves 
the subgroup G v generated by (S, i). In the charged lepton sector S4 x Z 4 is broken down 
to the subgroup Ge, generated by the product iT. Indeed the generator iT is given 
by ±diag(— i, 1, — 1), with the plus (minus) sign for the 3 (3') S 4 representation. Such 
a generator, acting in the appropriate representation on the VEVs of eq. (4.6), leaves 



them invariant. It is precisely the mismatch, present at the leading order, between the 
subgroups G v and Ge preserved in the neutrino and charged lepton sectors, respectively, 
that produces the bimaximal lepton mixing, as we will explicitly see in this section. 

Similarly, the Froggatt- Nielsen flavon 9 gets a VEV, determined by the D-term asso- 
ciated to the local U(1)fn symmetry (as in the previous models), and it is denoted by 
(9)/ A, = t. 

With this VEVs configuration, the charged lepton mass matrix is diagonal 



\ 



.( 2 ) 



B 2 







yi 3) AB)t 2 





V?Bt 




\ 




Vd 

V2 



(4.10) 



so that at the leading order there is no contribution to the lepton mixing matrix from 
the diagonalisation of charged lepton masses. In the neutrino sector for the Dirac and 
right-handed Majorana matrices we have 



m D 




x/2 



/ 2M + 2aD -2bC -2bC 
M R = -2bC 2M + 2aD I A f 

\ -2bC 2M + 2aD 

' (4.11) 

The matrix Mr can be diagonalised by the bimaximal mixing matrix Ubm, which repre- 
sents the full lepton mixing at the leading order, while the Majorana phases are absorbed 
by the introduction of the diagonal matrix P, defined as 



diag(e 



iai/2 „i«2/2 iaz/2\ 



(4.12) 



with ai = - arg(M + aD - V2~bC), a 2 = - arg(M + aD + V^bC), a 3 = - arg(M + aD). 
As a result, defining Ur = UbmP, the eigenvalues are given by 



UrM r U r = diag(Mi, M 2 , M 2 ) with 



Mi = 2|M + aD - V2bC\A f , 
M 2 = 2|M + aD + y/2bC\A f , 
M 3 = 2\M + aD\A f . 



(4.13) 



After See-Saw, since the Dirac neutrino mass matrix commutes with Mr and its square 
is a matrix proportional to unity, the light neutrino Majorana mass matrix, given by 
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the See-Saw relation m u = —m'£M R 1 mD, is also diagonalised by the bimaximal mixing 
matrix and, defining U u = UbmP*, the eigenvalues are 

UjmMu = diag(mi, m 2 , m 2 ) with = -^j^ . (4.14) 

Notice that since the neutrino sector is not charged under the symmetry, we have 
operators of dimension 5 which contribute to the neutrino masses and may correspond to 
some heavy exchange other than the right-handed neutrinos v c . The contribution from 
these terms is 



2M' + 2a' D -21/ C -2b' C 



v 2 



m e J f = ( -2b' C 2M' + 2a'D \ , (4.15) 

-2b' C 2M' + 2a' D " V ' 

where the choice of the labels M', a' and b' is not accidental but reflects the fact that m e J f 
is similar to M R . When considering the interesting domain of parameters, we find that 
this effective contribution is subdominant and for this reason we will discuss its effects 
when dealing with the NLO terms. 

At the leading order, the light neutrino mass matrix depends on only 2 effective 
parameters indeed the terms M and aD enter the mass matrix in the combination F = 
M + aD. The coefficients yi l \ y^, y T , y, a and b are all expected to be of 0(1). A priori 
M could be of 0(1), corresponding to a right-handed neutrino Majorana mass of O (A/), 
but, actually, we will see that it must be of the same order as C and D. 

We expect a common order of magnitude for the VEVs (scaled by the cutoff A/): 

A~ B ~v , C ~ D ~v' . (4.16) 

However, due to the different minimisation conditions that determine (A,B) and (C,D), 
we may tolerate a moderate hierarchy between v and v'. Similarly the order of magnitude 
of t is in principle unrelated to those of v and v'. It is possible to estimate the values of 
v and t by looking at the mass ratios of charged leptons: 

— — ~ v t. 4.17 

In order to fit these relations with the data, we must have approximately t ~ 0.06 and 
v ~ 0.08 (modulo coefficients of 0(1)). 

To summarise, at the leading order we have diagonal and hierarchical charged leptons 
together with the exact bimaximal mixing for neutrinos. It is clear that substantial NLO 
corrections are needed to bring the model to agree with the data on 9u- A crucial feature 
of our model is that the neutrino sector flavons ip u and are invariant under Z 4 which is 
not the case for the charged lepton sector flavons tp^ and xt- The consequence is that <p u 
and £„ can contribute at the NLO to the corrections in the charged lepton sector, while 
at the NLO ipe and xe cannot modify the neutrino sector couplings. As a results the 
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dominant genuine corrections to the bimaximal mixing only occur at the NLO through 
the diagonalisation of the charged leptons. We will discuss the NLO corrections in section 



4.2 after having proven that the necessary VEV alignment is in fact realised at the leading 
order. 



4.1.1 The Light Neutrino Spectrum and the Value of r 

We now discuss the constraints on the parameters of the neutrino mass matrix in order 
to get the correct value for the ratio r. Like for the previous models, also in this case 
some fine-tuning is needed to accommodate the value of r. In fact the triplet assignment 
for left-handed lepton doublets and for right-handed neutrinos tends to lead to r ~ 1. We 
find useful to begin the presentation by analysing the leading order terms, even though a 
more complete phenomenological discussion with the inclusion of the NLO contributions 
will be illustrated in section l4~3l 

We redefine the parameters in eqs. k.U\ as F = M + aD and Y = ~V2bC so that 

Y ~ v', while F, like M, a priori could be larger, of 0(1). We make the phases of F and 

Y explicit by setting 

F ->■ Fe^ Y -> Ye*** , (4.18) 

where now F and Y are real and positive parameters. Defining the phase difference 
A = <pY — <Pf we can explicitly write the absolute values of the neutrino masses as 



mi 



\y \K 



VF 2 + Y 2 + 2FY cos A 4A^ 



\v \v 

m 2 = l -^-P L 4.19 

VF 2 + Y 2 - 2FY cos A 4A/ 



m 3 



1 \y 2 K 



F 4A f 

Note that the phase A is related by a non-trivial relation to the Majorana CP phase 2a\2, 
which, by definition, is the phase difference between the complex eigenvalues mi and m-2 
of the neutrino mass matrix. Furthermore cos A must be positive in order to guarantee 
m.2 > mi- By defining F/Y = p, we can write the expression of the ratio r: 

4p 3 cos A . 
(p 2 + 1 + 2pcosA)(l -2pcosA) ' v ' ; 

In order to have r small either we take p small or cos A small (or both). If F ~ 0(1) 
then p ~ 0(1/ v'), r ~ 4pcos A and cos A must be extremely small: cos A ~ v'r/4 ~ 10 -3 . 
We prefer to take p small, such that 

r~4p 3 cosA. (4.21) 



If so, in order to accommodate the value of r, we only need, for example, 4 cos A ~ 1 and 
p ~ 1/3. In conclusion, we have to take F ~ M ~ 0(v') and p = F/Y moderately small. 



4.2 The Next-To-Leading Order Corrections 
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We interpret the relation M ~ F ~ v', necessary to reproduce the value of r, as related 
to the fact that the right-handed neutrino Majorana M mass must empirically be smaller 
than the cutoff Af of the theory. In the context of a grand unified theory this corresponds 
to the requirement that M is of O(Mgut) rather than of 0(Mpi anc k). 

With these positions, the neutrino spectrum shows a moderate normal hierarchy, with 

m li2 ~ i ~ O Q;) , m 3 ~ O (J^j , (4.22) 

in units of \y 2 \v^/4Af. At the leading order an inverse ordering of the neutrino masses is 



forbidden, as we can see from eq. (4.19), which, for m 2 > m 1; always implies > m\. 



At the leading order the lightest neutrino mass mi has a lower bound. Indeed, the 
only possible way to decrease mi is to take Y as large as possible. By expanding eqs. 



(4.19) in powers of p, we have 

mi pm 3 > p\j AmJ tm > lOmeV . (4.23) 



As we will see in section 4^3 this lower bound can be evaded by including NLO corrections, 
but values of mi much smaller than 10 meV would require an additional tuning of the 
parameters. 



4.2 The Next-To-Leading Order Corrections 



We now summarise the set of subleading corrections to the superpotential that are 
essential to bring the model in agreement with the data. The detailed analysis can be 



found in the original paper 14 



Classifying the corrections according to an expansion in inverse powers of Ay, the new 
flavon VEV configuration can be written as 



LO 



5<t> 



(4.24) 



where $ = (f u , tpe, \i) an d (&)lo are given by eqs. (4.6) and (4.7). As illustrated in 



the appendix B.3, in the neutrino sector the shifts 5£ u , 8ip u turn out to be proportional 



to the leading order VEVs ($) lo and can be absorbed in a redefinition of the parameters 
C and D. Instead, in the charged lepton sector, the shifts Stpi, 5\i have a non trivial 
structure, so that the leading order texture is modified: 



{<Pi) 




txi) 




(4.25) 



where A' and B' satisfy a relation similar to that in eq. (4.8) and the shifts S(p£ 1 and 5xe\ 
are proportional to v'vAf, that are, in other words, suppressed by a factor v' with respect 
to the leading order entries AAf and BAf, respectively. 
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The fermion mass matrices receive corrections due to higher-order operators in the 
respective superpotential and due to the new VEV configurations. The NLO operators 
contributing to the lepton masses can be obtained by inserting in all possible ways 
or ip v in the leading order operators and by extracting the S4 x Z 4 x U{1)fn invariants. 
Insertions of one power of the flavons (fe or \i are forbidden by the invariance under the Z± 
component of the flavour symmetry group. We find that the corrected mass matrix for the 
charged leptons at this order has the (23) and (32) elements still vanishing. By omitting 
all order one coefficients, the charged lepton mass matrix and the unitary matrix that 
realises the transformation to the physical basis, where the product (M\M e ) is diagonal 
at the NLO, are given by 

/ vt 2 vv't 2 vv't 2 \ / 1 V l2 v' V 13 v' \ 

M e = v't t ^ , U e = -V 12 v' 1 , (4.26) 
\ v' 1 / V2 V -Visv' 1 / 

where the coefficients are of 0(1). 

Moving to the neutrino sector, we have already stated that the structure of the leading 
order VEVs of the neutrino flavons is unchanged and therefore the only corrections come 
from the higher-order terms in w u . However, it is straightforward to verify that, even after 
the inclusion of the NLO corrections, both Mr and m„ can be exactly diagonalised by the 
bimaximal mixing, which therefore represents the total contribution to lepton mixing of 
the neutrino sector. These corrections introduce also some terms in the mass eigenvalues 
of relative order v' with respect to the leading order results, but they do not affect the 
type of the spectrum. 

Since the neutrino mass matrix is diagonalised by Ubm, the PMNS matrix can be 
written as 

U = UlU BM P'* , (4.27) 

where P' is the diagonal matrix of the Majorana phases which differs from the original P 
only due to the NLO contributions. The corrections from U e affect the neutrino mixing 
angles at the NLO according to 

sin 2 0^ = I - -L (V l2 + V 13 )v' , sin 2 6 23 = i , sin 13 = {V 12 - V 13 )v' . (4.28) 
By comparing these expressions with the current experimental values of the mixing angles 



in table 1.2 we see that, to correctly reproduce 9i 2 we need a parameter v' of the order of 
the Cabibbo angle A. Moreover, barring cancellations of/among some the V^- coefficients, 
also the reactor angle is corrected by a similar amount. 

Any quantitative estimates are clearly affected by large uncertainties due to the pres- 



ence of unknown parameters of order one, as we can see in figure |4.1[ but in our model a 
value of 0i3 much smaller than the present upper bound would be unnatural. 

All this discussion works at the NLO, but we expect that at the NNLO the value of 
023 will also be modified with deviations of about 0(X 2 ) at most. The next generation of 
experiments, in particular those exploiting a high intensity neutrino beam, will probably 
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Figure 4.1: sin 2 #13 as a function of sin 2 612 is plotted, following eqs. (4-28). The plot is 
symmetric with respect sin 2 #12 = 0.5 and we report here only the left-part. The parameters 
Vij are treated as random complex numbers of absolute value between and 2, while \v'\ has 
been fixed at the indicative value of 0.15. The gray bands represent the regions excluded 
by the experimental data the horizontal one corresponds to the 3a-upper bound for 
sin 2 #13 of O.4.6 and the vertical ones to the region outside the 3cr error range [0.26 — 0.37] 
for sin 2 612 ■ 



reduce the experimental error on 6*23 and the sensitivity on 6* 13 to few degrees. If no 
significant deviations from zero of 813 will be detected, our construction will be ruled out. 

A salient feature of our model is that, at the NLO accuracy, the large corrections of 
0(A) only apply to Q\2 and 9 13 while 6*23 is unchanged at this order. As a correction of 
0{\) to #23 is hardly compatible with the present data this feature is very crucial for 
the phenomenological success of our model. It is easy to see that this essential property 
depends on the selection in the neutrino sector of flavons £ u and <p u that transform as 1 
and 3 of 5*4, respectively. We have checked that if, for example, the singlet £„ is replaced 
by a doublet ip v (and correspondingly the singlet driving field £° is replaced by a doublet 
"0°), all other quantum numbers being the same, one can construct a variant of the model 
along similar lines, but in this case all the 3 mixing angles are corrected by terms of the 
same order. This confirms that a particular set of S4 breaking flavons is needed in order 
to preserve #23 from taking as large corrections as the other two mixing angles. 



4.3 Phenomenological Implications 

We now develop a number of important physical consequences of our model and de- 
rive some predictions. We consider the predicted spectrum and the effective mass m ee 
for neutrinoless-double-beta decay. The light neutrino mass matrix, including the NLO 
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corrections, is given by: 



m, 



eff 



(4.29) 



where m v and Mr are the mass matrices at the NLO and m e J* is given in eq. (4.15). It 



is diagonalised by the bimaximal unitary transformation and its complex eigenvalues are 
given by: 



mi 



m 2 



m 3 



(F' + Y') - 
(F' - Y') - 
-F' + 



w + n: 



4(F + Y + a 2 C 2 ) 

(y' - Y 2 f 

4(F - Y + a 2 C 2 ) 

„/2 



K 
A/ 

>,2 



(4.30) 



4(F 



2a 2 C^ 



Ay 



where 



F' = M' + a'D, Y' = -V2b'C, Y 2 = -V2y 2 C , y' = y + y x D , (4.31) 

with y lj2 and a 2 NLO parameters (see [Ml for details). We see that the leading order 
expressions are recovered in the limit F' — Y' — y± 2 = a 2 = 0. By exploiting eqs. (4.31) 
we can study some observables like the effective 0i/2/3-decay mass, |m ee |, the lightest 
neutrino mass, m 1; and the sum of the neutrino masses directly from the experimental 
data. We perform a numerical analysis, by treating all the leading order, NLO and 
effective parameters as random complex numbers with absolute value between and 3. 

as a function of the lightest neutrino mass. The points 



In figure 4.2 



{&), we plot \m e 

correspond to the case of normal ordering of the neutrino masses, with a moderate hierar- 
chy or a quasi degenerate spectrum. However, at variance with the results of the leading 
order, some solutions of our numerical simulation also reproduce an inverse hierarchical 
spectrum. The plot displays only the points corresponding to choices of the parameters 
reproducing Am^ (m , Am^j and the mixing angles within a 3a interval. The figure sug- 
gests that a lower bound of about 0.1 meV holds for the lightest neutrino mass. Indeed, 



with the inclusion of the NLO corrections, from eq. (4.31) we see that m\ can vanish if 



a cancellation between the NLO and leading order contributions takes place. This how- 
ever requires an additional fine-tuning of the parameters which has been reproduced in 
our numerical analysis only partially and by very few points. Similarly the scatter plot 
indicates a lower bound for \m ee \ of about 0.1 meV. 

In figure 4.2[ b), we plot the sum of the neutrino masses as a function of the lightest 
neutrino mass, rri\. The vertical band refers to the future sensitivity of KATRIN experi- 
ment, while the horizontal ones to the cosmo logical bounds 42 . There are typically five 



representative combinations of the cosmological data, which lead to increasingly stronger 
upper bounds on the sum of the neutrino masses: we are showing the two strongest ones, 
at 0.60 eV and 0.19 eV. This plot is typical for normal hierarchy or quasi degenerate 
spectrum. The only special feature is the lower bound on mi, which, as explained above, 
relies on a naturalness assumption. 
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mi (eV) mi (eV) 

(a) |m ee | vs. mi (b) J] m, vs. mi 



Figure 4.2: In figure (a), \m ee \ as a function of the lightest neutrino mass, m 1; is plotted. 
The constraints which have been imposed in the plot are the experimental values at 3a 
for Am 2 tm , Am 2 ol and the mixing angles. All the parameters of the model are treated as 
random complex parameters. The experimental bounds are equal as in figure \l.S\ In figure 
(b) we show the sum of the neutrino masses as a function of the lightest neutrino mass. 



4.4 Extension to Quarks: a GUT Realisation 

In this section we are interested in the extension to the quark sector. A first attempt 
is to adopt for quarks the same representations under S4 that have been used for leptons: 
the left-handed quark doublets q transform as a triplet 3, while the right-handed quarks 
(u c , d c ), (c c , s c ) and (t c , b c ) transform as 1, V and 1, respectively. We can similarly 
extend to quarks the transformations of Z4 (and U{1)r) given for leptons. As a result, 
it is easy to see that the quark mass matrices are diagonal, at the leading order on 
the expansion parameters, exactly as for the charged leptons and to account for the 
correct mass hierarchies the U(1)fn has to be suitably implemented. At this level the 
CKM matrix is the unity matrix and to get realistic mixings, the higher-order corrections 
should switch on off-diagonal entries with a well-defined pattern: (12) ~ A, (23) ~ A 2 
and (13) ~ A. By an explicit computation we find the following result for the quark mass 
matrices: in terms of order of magnitude 

(vt 2 v v' t 2 v v' t 2 \ / vt 3 v v't 3 v v' t 3 \ 

v't t v' 2 t M u = [v't 2 t 2 v' 2 t 2 \ V -^ . (4.32) 

v' v' 2 1 / V2 V v> v' 2 1 J V2 

Calculating now the unitary matrices which diagonalise M^M^ and M\M U we find 

1 v' v' 

V d ~V u = ( -v' 1 v' 2 I . (4.33) 
-v' -v' 2 1 
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At a first sight, barring cancellations among the single entries, we can see that the CKM 
matrix V = V^Vd should be similar to V u and Vd and as a consequence it cannot correctly 
describe the quark mixings: while the entries (12) and (23) well reproduce the measured 
values, the large values in the (13) and (31) entries would require a large fine-tuning of 
order A 2 . To a closer look at the superpotential which generate such a result, we see that 
the higher-order corrections have two independent sources: new higher-order operators 
calculated with the VEVs at the leading order and the original superpotential calculated 
with the NLO VEVs. As a result we do not expect any cancellation between V u and 
Vd when multiplied to give the CKM matrix, contrary to what happens in the Altarelli- 



Feruglio model in section 3.1.4 



An alternative possibility is to further investigate on the complementarity relations: 

012 + A ~ Tr/4 , 

(4.34) 

23 + A 2 ~ -tt/4. 

These equations suggest that the angles in the CKM and PMNS matrices may have a 
common origin which can be motivated for example in Pati-Salam models, where the 
following relation holds, 

U e ~ V d . (4.35) 



We can use this to write the CKM and PMNS matrices as 

U = i^-^) #13^12 Q- A) = ( J R 23 (^) J Ri 3 (A)i? 12 (A)) T J R 12 ( 



Ue U v 

'7T\ „ ,_\t 



V = R l2 (X) = (i?2 3 (^)^i3(A)i?i2(A)) R 23 (|) R 13 (X)R 12 (X)) . 



(4.36) 



V u V d 



Here Rij(a) stand for rotations in the (ij) plane of the angle a (apart from coefficients 
(9(1) in front of each angles). The coefficients of the angles in the rotations in and 
Vd should be such that the rotations cancel each other in the (13) sector, but not in 
the (12) sector. Thus we should introduce terms which distinguish between the up- and 
down-quark sectors, indeed possible within the Pati-Salam context. 

Moving to the explicit form of the mass matrices, the generic Majorana neutrino mass 

71" 



matrix m u which is diagonalised by U u = R\2 y 



mf«9 = R^f^d) , (4.37) 

is given by 

m„ ~ I b a I . (4.38) 




4.4 Extension to Quarks: a GUT Realisation 
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Considering the charged lepton mass matrix M e , the product MJ M e should be diago- 

(4.39) 



nalised by the action of Vd as in eq. (4.36), 



Ri 2 (-X)R 13 (-X)R 23 (-|) MlM e R 23 {£) R 13 (X)R 12 (X) 
In the limit m e — > we find the generic structure for the product M\ M e 



Ml M f 



ml 




X 
1 



+ 0(X 2 ) 



(4.40) 



that can be obtained if M e is given by 



M, 



y/2 




A 1 1 




0(X 2 



(4.41) 







It is interesting to note that, moving to the basis of diagonal charged leptons and consid- 
ering only the leading order terms, the neutrino mass matrix results to be of the classical 
bimaximal type. 

From eq. (4.35), the relation M e ~ Mj follows and therefore the down-quark matrix 
has a similar structure as in eq. (4.41). Looking at eq. (4.36) we find that also M u 
should have a similar structure. We find that we can satisfy the constraint on the (12) 
and (13) rotations if the third columns of M u and are proportional to each other, but 
the second columns are not. 



So far we have not given yet any explanation of the origin of these mass matrices and 



mixings and we leave this analysis to 17 . Here we only say that such a construction is 
possible in a Pati-Salam realisation where the flavour symmetry is S 4 x Z 4 x U(1)fn- as 
for the non-GUT model described in the rest of the chapter, key points are a suitable 
choice of the group representations for the flavons and the particular VEV misalignment 
whose effects are a reactor angle and a deviation from it/ 4 of the solar angle of the order 
of A, while introducing small deviations of the order A 2 from the maximal value of the 
atmospheric angle. 

A difficulty with respect the non-GUT model refers to the study of the gauge coupling 
running and of the Higgs potential: while in a general Pati-Salam model, in particular 
without any flavour symmetry implementation, it is possible to reproduce a realistic se- 
quential symmetry breaking chain, with the usual Standard Model or MSSM Higgs fields 
at the electroweak scale, the introduction of a flavour symmetry puts strong constraints. 
Indeed we need additional scalars which transform under the gauge group and the effect is 
to sandwich the energy scales of the different symmetry breakings, lowering to 10 14 GeV 
the energy scale of the (almost) unification. 

In 17 we stress out that a combined study of the flavour and Higgs sectors should be 
compulsory, due to the strong interplay between the two. This is in open contrast with a 
general attitude: usually people focus only on a single aspect, either the flavour sector or 
the gauge/Higgs one. 
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4.5 Conclusions of the Chapter 

In this part we have illustrated a See-Saw model based on the flavour symmetry 
S4 x Z 4 x U(1)fn where the bimaximal mixing is realised at the leading order in a natural 
way. The hierarchy of charged lepton masses is obtained as a combined effect of the 
U(1)fn symmetry breaking measured by the parameter t and of the S4 x Z 4 breaking 
induced by v, proportional to the VEVs of ip^ and xi- We have m^/m T — t ~ 0.06 and 
m e m T /m 2 = v ~ 0.08. 

Since exact bimaximal mixing implies a value of tan 812 which is excluded by the data, 
large corrections are needed. The dominant corrections to the bimaximal mixing arise 
at the NLO only through the diagonalisation of the charged lepton mass matrix. The 
shifts of the quantities sin 2 9 12 and sin #13 from the bimaximal values are linear in the 
parameter v ', proportional to the VEVs of (p u and £„, which is expected to be of the same 
order as v, but not necessarily too close, as v and v' are determined by two different sets 
of minimisation equations. From the experimental value tan 2 # 12 = 0.45 ± 0.04, which 
is sizeably different than the bimaximal value tan 2 # 12 = 1, we need v' ~ 0{\). As in 
most models where the bimaximal mixing is only corrected by the effect of charged lepton 
diagonalisation, one also expects #13 ~ 0(\). A value of 6>i 3 near the present bound 
would be a strong indication in favour of this mechanism and a hint that the closeness 
of the measured values of the mixing angles to the tribimaximal values may be purely an 
accident. In addition, a very important feature of our model is that the shift of sin 2 6*23 
from the maximal mixing value of 1/2 vanishes at the NLO and is expected to be of 0(X 2 ) 
at most. In our S4 model, this property is obtained by only allowing the breaking of S4 in 
the neutrino sector via flavons transforming as 1 and 3 (in particular with no doublets). 

In order to reproduce the experimental value of the small parameter r = Am 2 D ;/Am 2 tm 
we need some amount of fine-tuning. For instance, the right-handed neutrino Majorana 
mass M should be below the cutoff A/ (this is reminiscent of the fact that empirically 
M ~ Mqut rather than M ~ Mpi an< ±). The neutrino spectrum is mainly of the normal 
hierarchy type (or moderately degenerate), the smallest light neutrino mass and the 0v(3(3- 
parameter \m ee \ are expected to be larger than about 0.1 meV. 

When extending such a flavour treatment to the quark sector we face several problems: 
simply adopting the same representations used for leptons, the model does not account 
for a realistic CKM matrix, due to large contributions to the (13) and (31) entries of 
V. An improvement is possible moving to a grand unified context, where a Pati-Salam 
model has been studied: the flavour symmetry is still S 4 x Z 4 x U(1) F n and realistic 
mass matrices and mixings are found. The disadvantage of this choice manifests in the 
presence of strong constraints on the scalar content of the model, which deeply affect the 
gauge coupling running. 



Chapter 5 

Running Effects on Flavour Models 



In all the flavour models described in the previous sections, mass matrices and mixings 
are evaluated at a very high energy scale. On the other hand, for a comparison with the 
experimental results, it is necessary to evolve the observables to low energies through the 
renormalisation group (RG) running. In general the deviations from high energy values 
due to the running consist in minor corrections which cannot be measured in the future 
neutrino experiments, apart from some special case in which these deviations undergo a 
large enhancement. 

In the present section we will discuss the effects of the renormalisation group running 
on the lepton sector when masses and mixings are the result of an underlying flavour 
symmetry, dealing with both the Standard Model and the MSSM contexts. 

When the lightness of the neutrino masses is explained through the five-dimensional 
Weinberg operator, it is a general result 113 that the running corrections become relevant 
only when the neutrino spectrum is almost degenerate or inversely hierarchical (and only 
for particular values of the Majorana phases) or when in the supersymmetric context 
tan /3 is large. Similar results have been found when particular flavour structures for 



the neutrino masses are invoked, such as the tribimaximal 114 and the bimaximal 115 



patterns. 

When we consider models in which the type I See-Saw mechanism in implemented, few 
studies have been proposed in literature 116 and only regarding general, in particular 
non-flavour, models. For this reason we focus 18 our attention only on flavour models 
in which the type I See-Saw is responsible for the light neutrino masses. 

We first describe, in a very general context, two kinds of interesting constraints on 
the Dirac neutrino Yukawa Y v from flavour symmetries and then analyse their impact 
on running effects. We start considering flavour models in which Y v is proportional to a 
unitary matrix as it is the case, for example, when the right-handed singlet neutrinos or 
the charged leptons are in an irreducible representation of the flavour group Gf. Then 
we extend this constraint to a more general class of flavour models in which the mixing 
textures are independent from the mass eigenstates: as a general result, we find that in 
this class of models, the effect of the running through the See-Saw thresholds can always 
be absorbed by a small shift on neutrino mass eigenvalues and the mixing angles remain 
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unchanged. This conclusion is, in particular, independent both from the specific mixing 
pattern implied by the flavour symmetry and from the basis in which we are working. 

Mass-independent mixing textures usually exhibit an underlying discrete symmetry 
nature: the tribimaximal and the bimaximal patterns, the golden-ratio mixing 117 and 
some (but not all) cases of the trimaximal mixing 118 belong to the category of mass- 
independent mixing textures. 

In a second moment, as an explicit example, we describe in detail the running effects 
on the tribimaximal mixing texture in the Altarelli-Feruglio model described in section 

EU 



5.1 Running Effects on Neutrino Mass Operator ra v 

In this section we begin to analyse, in a general context, the renormalisation group 
equations (RGEs) for neutrino masses below and above the See-Saw threshold, both in 
the Standard Model and in the MSSM extended with three right-handed neutrinos. We 
consider the Lagrangian in the lepton sector of the type I See-Saw already defined in eqs. 



(1.4, 1.11): 



& = e c Y e HH + u c Y v HH + v c M R v c + h.c. (5.1) 

where the supersymmetric case is easily derived considering two Higgs doublets, all the 
fields as supermultiplets and identifying the holomorphyc part of Jzf with a superpotential. 
In what follows we concentrate only on the Standard Model particles and for this reason 
in our notation a chiral superfield and its .R-parity even component are denoted by the 
same letter. 

Given the heavy Majorana and the Dirac neutrino mass matrices, Mr and itld = 
Y v v I a/2 respectively, the light m u is obtained from block-diagonalising the complete 6x6 
neutrino mass matrix, 

m v = -?Ly?M£Y v , (5.2) 
The matrix m v is modified by quantum corrections according to the RGEs widely studied 



in the literature 116 . For completeness, in appendix |Cj we report the full RGEs for 
all the interested quantities in the running. In order to analytically study the change of 
m v (n) from high to low-energy, it is useful to work in the basis in which the Majorana 
neutrino mass is diagonal and real, Mr = diag(Ms, Mm , Ml). The mass eigenvalues 
can be ordered as Ms < Mm < Ml. Furthermore, we can divide the running effects 
in three distinct energy ranges: from the cutoff A of the theory down to Ml, the mass 
of the heaviest right-handed neutrino; from Ml down to Ms, the mass of the lightest 
right-handed neutrino; below Ms down to g, which can be either mz, considered as the 
electroweak scale, or ttisusy, the average energy scale for the supersymmetric particles. 

Af — > Ml- Above the highest See-Saw scale the three right-handed neutrinos are all 
active and the dependence of the effective light neutrino mass matrix from the 



5.1 Running Effects on Neutrino Mass Operator m v 87 



renormalisation scale /i is given by mean of the \i— dependence of Y v and Mr. 



mM = --Y u T (f,)M R \f,)YM 



(5.3) 



Then from the RGEs in eqs. flC7HlC72) , it is not difficult to see that the evolution 
of the effective mass matrix m u is given by: 

16vr 2 ^ = (c e Y}Y e + C„YX) * ™ v + m v {c e Y}Y e + C V Y^) +am u (5.4) 



with 



and 



ocmssm 



C e = - 



C e — C u — 1 



c v 



in the SM 
in the MSSM 



2Tr 
2Tr 



3YjT u + 3Y}Y d + YjY v + Y}Y e 

3YjY u + YjY u ] -^gf-Qgl. 



9 



9 



1Q 9i 2 9 2 



(5.5) 



(5.6) 



Ml — > Ms- The effective neutrino mass matrix m u below the highest See-Saw scale can 
be obtained by sequentially integrating out with n = L, M, S: 



m,. 



V / (») 



^+2Y U T M R - 1 Y U ) 



(5.7) 



where k is the coefficient of the effective neutrino mass operator (HH) T {H j £). From 
the (tree-level) matching condition, it is given by 



(n) 



(5. 



which is imposed at /i = M n . At Ml, the 2x3 Yukawa matrix Y v is obtained by 

simply removing the L-th row of Y v and the 2x2 mass matrix Mr is found from Mr 
by removing the L-th row and L-th column. Further decreasing the energy scale 



(M) 



down to Mm, Y v is a single- row matrix, obtained by removing the M-th row from 

(£) (M) 

Y v , and Mr consists of a single parameter, found by removing the M-th row and 

(L) (S) (S) 

M-th column from Mr. Finally at Ms, Y v and Mr are vanishing. 



In the Standard Model, the two parts which define m u in eq. (5.7) evolve in different 
ways. We can summarise the corresponding RGEs as follows: 

(«) T 

n dX /l («),(«) 3 . \ («) (") / 1 (").(") 3 . \ (n) (») 



88 



Chapter 5. Running Effects on Flavour Models 



where 



(a) 

a K 



a YjM^Y v 



2Tr 
2Tr 



(n) (n) 

3XjY u + 3yjY d + YjY u + Y}Y e 



(n)» 



3Y^Y U + 3YjY d + YjY, + Y^Y e 



- 3g% + X H 



(5.10) 



with \h the Higgs self-couplingj^] 

In MSSM the running of k and of Yj Mr Y v is the same and therefore we can write 

T 



16tt 



dm. 



2 ^'<"v 



dt 



OO.(n) \ - 



77? 



(n) (n) \ („) 



Y}Y e + yJy„ ) + 



where 



a = 2Tr 



(n) (n) 



6 2 fi 2 

- - 6c/ 2 • 



(5.11) 



(5.12) 



Ms — > A. For energy range below the mass scale of the lightest right-handed neutrino, 

(S) (S) 

all t he i/° are integrated out and Y, and Mr vanish. In the right-hand side of eq. 



(5.7) only the term k is not vanishing and in this case the effective mass matrix m u 
2 dm v 



evolves as: 



1671-2 ~ZT = (^^j ™" + ^ ( C « y e y «) + 



(S) 

a m v 



with 



(S) 



(S) 

OiMSSM 



2Tr 
6 Tr 



3Y]y u + 3YjY d + Y}Y e - z g \ + a h 

6 



(5.13) 



(5.14) 



yty 

1 u ± u 



- pi - m 



5.1.1 Analytical Approximation to the Running Evolution of 

Now we analytically solve the RGEs for m v in the leading Log approximation. All 
the Yukawa couplings Y/ Y for i = v,e,u,d are evaluated at their initial value at the 
cutoff A. Furthermore we will keep only the leading contributions from each Y^Yi term, 
for i = e,u,d, i.e. \y T \ 2 , \yt\ 2 and \y^\ 2 respectively. The corrections to the leading order 
Y^Yi come from their running evolution as well as from their subleading terms and they 
contribute to the final result as subleading effects and we can safely neglect them in our 
analytical estimate. 



In the MSSM context, the general solution to eqs. (5.4, 5.11, 5.13) have all the same 
structure, which is approximately given by 



m>v (lower Energy) ~ ^U^e ^T^u (higher Energy) JvJ( 



(5.15) 



§We use the convention that the Higgs self-interaction term in the Lagrangian is —\h{H^H) 2 /4:. 
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where Iy, J e and J v are all exponentials of integrals containing loop suppressing factors 
and as a result they are close to t. Note that Ijj is a universal contribution defined as 



exp 





f (n) " 


^ a dr 


16tt 2 J 





(5.16) 



where the integral runs between two subsequent energy scales and we have extended the 

(n) (A) 

definition of a by identifying a = a in order to include the range from A down to Ml- 
J e is the contribution from charged lepton Yukawa couplings which is always flavour- 
dependent, while J v is the contribution from the neutrino Yukawa coupling: they are 
given by 



J e = exp 



1 



16tt 2 



yJy p dt 



J v = exp 



1 r (n).(n) 

/ YjY v dt 

16tt 2 / " 



(5.17) 



(n) (A) 

where also here we have extended the definition of Y v by identifying Y v with Y v in order to 
include the range between A and Ml- f\ Differently from J e , J u can be flavour-dependent 
or not. 

In the Standard Model context, the running effects do not factorise, due to the di fferent 

(n) C n ) T ( n )_, ( n ) 

evolution of k and Yj M R Y v between the See-Saw mass thresholds. However eq. (5.15) 
applies also to the Standard Model context when m u is a result of a flavour symmetry: in 
this case, by a suitable redefinition of the parameters which define te mass eigenvalues, 



(n) (n) (n) 



the sum k + Yj M^Y V after the running evolution has exactly the same flavour structure 
For the purposes of the present discussion we simply assume that 



of m 



v (higher Energy) • 



eq. (5.15) is valid also in the Standard Model context and an explicit example will be 



proposed in section 5.2.3 



Expanding J e and J u in Taylor series and summing up eq. (5.15) on several energy 



ranges one can approximately calculate the neutrino mass at low-energy as 

m v{e) ~ I v (m v ( A ) + Aml Je) + Am[ A) ) , 



(5.18) 



where the low-energy scale g is mz in the case of Standard Model and msusy for MSSM. 
The explicit form of the universal part Ijj is given by: 



rSM 
1 U 



1 x exp 



16tt 2 



2 ^2 n I 1 2 

■^9i - + 6 M 



In— L + 

m z 



9 2 3 2 x ^ , M S 

—g\ + -99 + Ah In — + 
10 yi 2 y2 / m z 



+ y z 



M M M l A f 

2 m -T-r- + 4 In — h 7 In — f- 

M 5 M M .1/,. 



(5.19) 



In eq. (5.17), the combination YJY e should enter with Y e instead of Y e , as one can see from the RGEs 



in appendix [Cj In our approximation, however, they coincide. 
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t-MSSM 



1 x exp 



16tt 2 



:gl-6g 2 2 +6\yt\ 2 1 In 



A 



/ 



fnsusY 



9 / , M M , M L , A f 
+ y 2 21n— ^ + 41n— - + 81n-f 
V ^5 M M M L 

Am£/ e ^ is the the contribution from J e and can easily be calculated as: 
Am[/ e) = m„( A ) diag(0, 0, A T ) + diag(0, 0, A T )m v(A) 
where the small parameter A r is given by 



(5.20) 



(5.21) 



A r = 
A. = 



3m r j n A 

1Qtt 2 v 2 mz 



ml 



■z>7r 2 v 2 



;i + tan 2 /3) In 



A 



™SUSY 



in the SM 
in the MSSM 



(5.22) 



with tan (3 the usual ratio between the VEVs of the neutral spin zero components of H u 
and lid-, the two doublets responsible for electroweak symmetry breaking in the MSSM. 
On the other hand, the contribution from J v , Aml J "\ non trivially depends on the neu- 
trino Yukawa coupling Y v which cannot be determined by low-energy observables without 



additional ingredients. In section 5.2, we will analyse strong impacts of the flavour sym- 



metries on J v , but before proceeding, we comment on the hierarchy among the various 
running contributions to the neutrino mass. Indeed, assuming that the flavour symmetries 
have no effects on Y v , we expect that 



Y K ~ Vtv 



0(1) 



(5.23) 



and therefore we conclude that the contribution from J v always dominates. In [18] we 
explicitly show that this conclusion holds both in the Standard Model and in the MSSM 
even for large tan/3 (we consider tan/3 = 60 as the maximal value). One should expect 
that a similar observation holds also for the lepton mixing angles, but quite frequently 
flavour symmetries imply a J u which is flavour-independent or has no effects on mixing 
angles, as we will see in a moment. 



5.2 Flavour Symmetries and Running Effects 

In the present section, we will apply the general results of the running evolution of 
the neutrino mass operator m v to models beyond the Standard Model, where a flavour 
symmetry is added to the gauge group of the Standard Model. The main task is to track 
some interesting connections between the running effects and the realisation of the flavour 
symmetry. 

In a given basis, Y}Y e and m v can be diagonalised by unitary matrices, U e and U u , 
respectively. The lepton mixing matrix is given by U = U\\J V . In a flavour model, the 
charged lepton Yukawa, the neutrino mass matrix and therefore the PMNS matrix are 
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dictated by the flavour symmetry Gf. We have already discussed in section 2.3.2 that Gf 
must be spontaneously broken in order to naturally describe fermion masses and mixings: 
here, we simply assume that Gf is spontaneously broken by a set of flavon fields $ at a 
very high scale. Suppose that, at the leading order, the neutrino mixing matrix is given 
by Uq which differs from U by subleading contributions ~ ($)/A/ where Af is the cutoff 
scale of the flavour symmetry Gf. We will begin with some general assumptions on Uq 
without however specifying its form. Then we will move to specialise in a concrete case 
in which Uq is given by the tribimaximal mixing pattern. Similar studies can be done 
considering other mass-independent textures, such as the bimaximal, the golden-ratio and 
(sometimes) the trimaximal schemes. 



5.2.1 Running Effects on Neutrino Mixing Patterns 



As described in section (5.1) the relevant running effects on m v are encoded in the 
combinations YJY e and YjY u . Furthermore, we observe that a relevant contribution to 
the running of Y^Y e is encoded by YJY U . 

We perform the analysis in the basis in which the charged leptons are diagonal, then 
at high energy we have 

Y}Y e = dmg(m 2 e ,ml,m 2 T )^ . (5.24) 

From now on, we will use v in the notation of the Standard Model and in order to convert 
similar expressions to the MSSM, it is sufficient to substitute v with t> Ujd , when dealing 
with neutrinos or charged leptons, respectively. This simple form changes when evolving 
down to low energies. This running effect of YjY e on m u is of second order and we can 
safely forget it. However it can generate a non trivial U e and consequently introduces 
additional corrections to the PMNS matrix U. We will return to this effect in section 
15^21 

Since flavour symmetries impose constraints on Y u , they should have some impacts 
also on running effects. In this section we are interested in two classes of constraints. The 
first class is characterised by Y u proportional to a unitary matrix: YjY u ~ 1 or Y u Yj ~ 1 
is frequent in the presence of a flavour symmetry, since it is, for example, a consequence 
of the first Schur's lemma when i or v c transforms in a irreducible representation of the 



group Gf 103 . In the second class, we assume that m v can be exactly diagonalised by 
Uq according to 

rh u = Uq-hiJUq (5.25) 

where rh u = diag(m 1? m 2 , 777,3) with m s positive and Uq is a mass-independent mixing 
pattern enforced by the flavour symmetry Gf. Independently from the way in which Gf 
is broken, it is straightforward to see that the neutrino Yukawa coupling in the basis of 
diagonal right-handed Majorana neutrinos, which we indicate as Y v , has the following 
simple form 

% = iD U ] q (5.26) 
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where D = diag(±^/2miMi, ±^^2^2, ^zy/2m^M^)/v. Notice that Y v becomes unitary 
if D ~ t. However, the present case is not strictly a generalisation of the previous one 
since a unitary Y v does not necessarily imply a mass-independent mixing pattern. 

In 18 we show that m u does not change its flavour structure under J v if Y v belongs to 
one of these classes: the running effects from J v correct only the neutrino mass eigenvalues 
but not the mixing angles. Therefore, the only flavour-dependent running contribution 
to m v is encoded in J P . 



A Special Case U = HJtbP* and D oc diag(l, 1, —1) 

In this part we consider a special case of Y v = iD Uq in which the expression of Uq is 
enforced by the flavour symmetry group A4 in the context of the Altarelli-Feruglio model 



described in section |3.1| A more detailed analysis of the running effects will be discussed 
in the next section. Here we only comment on the constraints on the mixing matrix 
Uq = iUtbP* an d the neutrino Yukawa coupling in the hatted basis: 



Y v = yPtf£ B 



2.3 




-1/V6 -1/V6 
-1/V3 +1/V3 
-1/V2 -1/V2 



(5.27) 



where y is a positive parameter of order 0(1), P is the usual diagonal matrix of the 
Majorana phases and O23 is defined as 



O 



2.3 




(5.28) 



In order to confront eq. (5.27) with the general expression Y u = iD Uq we observe that 
t = yPU^ B 23 U TB U^ B = diag(y, y, -y)PU? B . (5.29) 



Then we conclude that (5.27) corresponds to the special case in which D = diag(y, y, —y). 
Furthermore, in the Altarelli-Feruglio model considered in this section, there is a very 
simple relation between m 8 and given by m; = v\y 2 jlMi. 

Now we explicitly calculate the renormalisation group running from Af down to g for 
this special case using the approximate analytical expressions given in section |5.1.1| In 



the physical basis, it is useful to define the light neutrino mass matrix eq. (5.2) at the 
initial energy scale A/: by imposing the condition m„(A) = Uq1ti u Uq, we have 



m, 



TB 



-U TB Prh u PU^ B 
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(5.30) 
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where rhi = mie iai . It is necessary to specify the kind of neutrino mass spectrum: in the 
normal hierarchy the light neutrinos are ordered as m\ < m 2 < m 3 and the heavy ones as 
M 3 < M 2 < Mi, while in the inverse hierarchy they are arranged as m 3 < m\ < m 2 and 
M 2 <M 1 < M 3 . 



The general result of the running effects on m u is given by eq. (5.18) which in our case 
becomes 

m v{B ) = l v ( m l B + Am u e) + Am[ Jv) ) . (5.31) 



The analytical result for both Ijj and Ami (see section 5.1) does not depend on the 
type of the neutrino spectrum, it is sufficient to identify Ms, M M , M L with the correct 
hierarchy between Mi, M2, M3 . In particular, for the tribimaximal mixing pattern, the 
contribution from J e is given by 
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(5.32) 
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Naturally, the contribution from J u depends on the type of the neutrino spectrum, however 
it can be written in the same form for both the spectra: 
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where m\ are redefinitions of the light neutrino masses: 
Normal Hierarchy: 

fhi(p + q) 
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(5.33) 
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Inverse Hierarchy: 



m' 1 = rhi(x + q) 
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Comparing m v of eq. (5.30) with the perturbations Am l/ of eqs. (5.33), we note the 



presence of the same flavour structure for several matrices and in particular, by redefining 
rhi to absorb the terms rh\ it is possible to account for the See-Saw contributions from the 
renormalisation group running into m^ B . As a consequence the leading order predictions 
for the tribimaximal angles receive corrections only from the terms proportional to A T . 
This result explicitly confirms what we outlined in the previous section. 



5.2.2 Running Effects in the Charged Lepton Sector 

The presence of a term proportional to YJY V in the RG equation for Y e can switch 
on off-diagonal entries in the charged lepton Yukawa matrix Y e . When rotated away, this 
additional contribution introduces a non-trivial U e and consequently corrects the lepton 
mixing matrix U. For a unitary Y u , this correction appears only between the See-Saw 
mass scales while in the general case it appears already from the cutoff Af. 



In close analogy with the running effects on neutrino mass matrix in eq. (5.31), the 



full result of the running for charged lepton mass matrix can conventionally be written as 



(Y}Y e ) {g) = u [(YjY e ) {Af) + A(y e ty e )] 



(5.38) 



where I e is an irrelevant global coefficient which can be absorbed by, for example, y T . Now 
we move to the case of tribimaximal mixing pattern. In this case, the flavour-dependent 
corrections can be explicitly calculated: 
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IH case: 





(5.40) 



where the coefficients are 
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(5.41) 



and C£ = -3/2 (1), C£ = 3/2 (3) in the Standard Model (MSSM). Here we observe that 
the off-diagonal contributions to YJY e are encoded in a e , b e , a' e and b' e which depend only 
on the See-Saw scales M*. As a result, as we will show in the next section, c e and c' e do 
not affect the lepton mixing angles. 

5.2.3 Full Running Effects on the Tribimaximal Mixing Pattern 

In this section, we combine various contributions discussed in previous sections into 
the observable matrix U from which we extract angles and phases at low-energy. Since we 
are interested in physical quantities, we eliminate one of the phases of P and in particular 
we express each result as a function of aiy = (ctj — Oj)/2, removing a 3 . The corrected 
mixing angles can be written as 



e 



ij(e) 



(5.42) 



where 8j 3 B = 0, 8f 2 B — arcsin \/l/3, 9^ = — 7r/4, dots stand for subleading corrections 
and kij are defined by 
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In the previous expressions we can clearly distinguish the contributions coming from the 



diagonalisation of the corrected tribimaximal neutrino mass matrix (5.31 ) and those from 



the diagonalisation of (5.38). As it is clear from (5.41), the corrections to the tribimaxi- 



mal mixing from the charged lepton sector is important only for hierarchical right-handed 
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neutrinos and will approach to zero as soon as the spectrum becomes degenerate. On 
the other hand, the corrections from the neutrino sector should be enhanced if the light 
neutrinos are quasi-degenerate and if the tan (3 is large, in the MSSM case. 

The physical Majorana phases are also corrected due to the running and we found the 
following results: 

<Xij( e ) ^ OLij + 5aijA T + ... (5.44) 
where are the starting values at Af and 
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(5.45) 



At Af, sin6*f 3 B is vanishing and as a result the Dirac CP-violating phase is undetermined. 
An alternative is to study the Jarlskog invariants which are well-defined at each energy 
scale. At Af, Jqp is vanishing, while after the renormalisation group running it is given 
by 
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(5.46) 



Two comments are worth. First of all, in the expression for fc 13 , it is easy to recover 
the resulting expression for J C p as the first term under the square root, apart global 
coefficients. This means that the running procedure introduces a mixing between the 
expression of the reactor angle and of the Dirac CP-phase. Moreover we can recover the 



value of the Dirac CP-phase directly from eq. (5.46) and we get the following expression: 
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(5.47) 



In the neutrino sector, the running contributions from the See-Saw terms are present only 
in the resulting mass eigenvalues: 
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(5.48) 



where m{ are the starting values at Af and 5m{, in both the Standard Model and the 
MSSM and in both the normally and inversely hierarchical spectra, are given by 
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with m'i 



Im'l 



given as in eqs. (5.34, 5.36). 
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5.3 Running Effects in the Altarelli-Feruglio Model 

In this section we will apply the analysis of renormalisation group running effects on 
the lepton mixing angles to the Altarelli-Feruglio model, already introduced in section 



3.1 In order to perform such a study, it is important to verify the initial assumptions 



made in section 5.2.3, in particular, we see that eq. (5.27) exactly corresponds to the one 



implied by the Altarelli-Feruglio model, when moving to the physical basis (the phase of 
y can be absorbed in the definition of P). On the other side, the presence of flavon fields 
has a relevant impact on the results of the analysis. In the unbroken phase, flavons are 
active fields and should modify the RGEs. Since the only source of the breaking is the 
VEVs of the flavons, any flavour structure is preserved above the corresponding energy 



scale, whatever interactions are present. In particular, the lagrangian (3.35) contains all 



possible leading order terms, given the group assignments, and its invariance under A4 is 
maintained moving downward to the scale (</?), where significant changes in the flavour 
structure can appear. From eqs. (3.36) and (3.38), we deduce that (</?) ~ Mj and as a 
result in the Altarelli-Feruglio model A r must be proportional to hi(((p)/g) and not to 
\n(A f /g). 

Furthermore, it is relevant for the subsequent discussion to recall the level of degen- 
eracy of the neutrino masses in the allowed space of parameters. The ratios between 
the right-handed neutrinos are well defined for the normal hierarchy, M1/M3 ~ 11 and 
M 2 /M 3 ~ 5, while in the case of the inverse hierarchy, the ratio Mi/M 2 is fixed at 1 while 
M3/M2 varies from about 3 to 1, going from the lower bound of up to the KATRIN 
sensitivity. 

We will separately discuss the evolution of angles and phases for both type of hierarchy. 
In the following, the results will be shown for the Standard Model and for the MSSM 
with tan = 15 in the absence of other explicit indications. Without loss of generality, 
we choose y = 1 for our numerical analysis. We also set (<p) = 10 15 . The spectrum spans 



the range obtained in (3.43). 



5.3.1 Running of the Angles 

Since we are interested in deviations of the corrected mixing angles from the tribi- 
maximal predictions and in comparing them with experimental values, it is convenient to 



relate the coefficients kij defined in section 5.2.3 with physical observables. Keeping in 



mind that \kij\ <C 1 and that we start from a tribimaximal mixing matrix, it follows that 
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(5.50) 



The corrections to the tribimaximal mixing angles as functions of 7711,3 in the normal and 



inverse hierarchies are shown in figure 5.1 



We begin with the case of the normal hierarchy. Since the dependence of the corrected 
mixing angles from A T is the same, Standard Model corrections are generally expected 



to be smaller than those in MSSM. However, from figure 5.1 we see that, in normal 
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Figure 5.1: Corrections to the tribimaximal mixing angles as functions of the lightest 
neutrino masses, for the normal hierarchy on the left and for the inverse hierarchy on 
the right. The plots show the MSSM case with tan/3 = 15 (solid blue) and the Standard 
Model case (black dashed), compared to the current la and 3cr limits (dashed red). m li3 



are restricted in a range which is given by eq. (3.43) or by the KATRIN bound 



hierarchy, there is not a large split between the two curves for Standard Model and 
MSSM. This fact suggests a dominant contribution coming from the charged lepton sector 
as discussed in section 5.2.3| For the atmospheric and reactor angles, the deviations 
from the tribimaximal predictions lie roughly one order of magnitude below the la limit. 
In particular, running effects on sin 6*13 are even smaller than the NLO contributions 



analysed in section 3.1.2 which are of 0(u), without cancellations. On the other hand, 
since the experimental value of the solar angle is better measured than the other two, the 
running effects become more important in this case. Indeed, the running corrections to the 
tribimaximal solar angle evade the la limit as it can be clearly seen in figure [B~T| Anyway, 
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we observe that for both the atmospheric and solar angles, the running contribution is of 
the same order as the contribution from NLO operators. 

Now we move to analyse the case of the inverse hierarchy. In this case, since the 
neutrino spectrum predicted by the Altarelli-Feruglio model is almost degenerate and in 
particular m^/rni ~ 1, the contribution from the charged lepton sector in eqs. (5.40) is 
subdominant. As a consequence the information which distinguishes the Standard Model 
case from the MSSM one is mainly dictated by A r defined in eq. (5.22). As a result the 
running effects in the MSSM are always larger than in the Standard Model and for large 
tan f3 they are potentially dangerous. The curves corresponding to the atmospheric and 
reactor angles do not go above the 3a and la windows respectively. However, the deviation 
from 8j 2 B presents a more interesting situation. For example, for tan (3 > 10, the running 
effects push the value of the solar angle beyond the 3a limit for the entire spectrum. 
For lower values of tan/3, the model is within the 3a limit only for a (small) part of the 
spectrum where the neutrinos are less degenerate. Comparing with the running effects, 
in the inverse hierarchy, the contribution from NLO operators in the Altarelli-Feruglio 
model is under control. 



5.3.2 Running of the Phases 

Majorana phases are affected by renormalisation group running effects too. Since 
there is no experimental information on Majorana phases available at this moment we 
will simply show their values at low-energy, comparing them with the predictions in the 
Altarelli-Feruglio model. We stress again that they are completely determined by only 
one parameter, the mass of the lightest neutrino, ni\ for the normal hierarchy and mj, for 
the inverse hierarchy. 




0.0046 0.0050 0.0054 0.0058 0.02 0.06 0.10 0.14 0.18 

mi (eV) m3 (eV) 

Figure 5.2: Majorana phases «i3 and «23 as functions of the lightest left-handed neutrino 
masses. For the normal hierarchy (left panel) the corresponding curves at low and high 
energies are undistinguishable. For the inverse hierarchy (right panel) the curves refer to 
low-energy values in MSSM with tan/3 = 15 (solid blue or red) and the Altarelli-Feruglio 
predictions at Af (dashed blue or red). 

In the case of normal hierarchy, Majorana phases are essentially not corrected by 
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running effects. This feature is due to the fact that 5 a 13 and £023 of eqs. (5.45) are 
proportional to sin(ai 3 — a 23 ) which is close to zero, as we can see looking at the left panel 
of figure 5.2| In the case of inverse hierarchy, MSSM running effects always increase the 
values of phases when moving from high energy to low-energy and they are maximised for 
tan j3 = 15, especially when the neutrino spectrum becomes degenerate. On the contrary, 
in the Standard Model context, the low-energy curves cannot be distinguished from the 
high energy ones. 

As described in section (5.2.3), a definite Dirac CP violating phase 5 arises from 
running effects even if, in the presence of a tribimaximal mixing pattern, it is undetermined 
in the beginning. Although the final Dirac phase can be large, Jarlskog invariant, which 



measures an observable CP violation, remains small because of the smallness of #13 (see 18 
for details). These results are valid both for the Standard Model and for MSSM. 



5.4 Conclusions of the Chapter 

In this section we have studied the running effects on neutrino mixing patterns. In See- 
Saw models, the running contribution from the neutrino Yukawa coupling Y u , encoded 
in J u , is generally dominant at energies above the See-Saw threshold. However, this 
effect, which in general introduces appreciable deviations from the leading order mixing 
patterns, does not affect the mixing angles, under specific conditions: in the first part of 
the section, we have analysed two classes of models in which this indeed happens. The 
first class is characterised by a Y v proportional to a unitary matrix. It is the case, for 
example, when the right-handed singlet neutrinos or the charged leptons belong to an 
irreducible representation of the flavour group. The second class is the mass-independent 
mixing pattern, in which, in particular, the effects of J u can be absorbed by a small 
shift of neutrino mass eigenvalues leaving mixing angles unchanged. The widely studied 
tribimaximal mixing pattern belongs, for example, to this second class of models. 

Subsequently, we focused on the Altarelli-Feruglio model. The aim is to analyse the 
running effects on the tribimaximal mixing pattern in addition to the NLO corrections 
already present in this model due to the spontaneous breaking of the symmetry and to 
confront them with experimental values. The analysis has been performed both in the 
Standard Model and MSSM. We found that for the normal hierarchy light neutrinos, 
the dominant running contribution comes from the charged lepton sector which weakly 
depends on both tan/3 and mass degeneracy. As a result, for this type of spectrum, 
the tribimaximal prediction is stable under running evolution. Moreover, the running 
contribution is of the same order or smaller with respect to the contribution from NLO 
operators. On the other hand, in the case of the inverse hierarchy, the deviation of the 
solar angle from its tribimaximal value can be larger than the NLO contribution and, 
in particular in MSSM, for tan/3 > 10 an inversely hierarchical spectrum is strongly 
disfavored. In the end, we observe that for both spectra, the reactor angle 6*13 does not 
receive appreciable deviations from zero. 



Chapter 6 
Flavour Violation 



In the previous sections we illustrated a series of flavour models in which the fermion 
masses and mixings can be explained by the introduction of an additional symmetry 
group. All these models can accommodate the present measured fermion mass hierarchies 
and manifest particular mixing patterns for leptons and for quarks, which all can fit 
the experimental data (thanks also to the large number of parameters present in the 
models). Beyond these features, the study of the neutrinoless-double-beta decay, of the 
type of hierarchy, of the bounds on the smallest neutrino mass and on the sum of the 
neutrino masses could represent viable ways in order to confirm or disfavour each of these 
realisations. However, comparing the phenomenological predictions of the various models, 
we cannot see a clear distinction. In order to find new ways to characterise each model, 
it would be highly desirable to investigate other types of observables, not directly related 
to neutrino properties. 

In this chapter we analyse the predictions of a class of flavour models concerning pro- 
cesses which violate the individual lepton number, such as // — > ej, r — > and r — > /ry. 
We will focus on a flavour symmetry that contains the discrete group A^, which is particu- 
larly successful in reproducing the lepton mixing angles observed in neutrino oscillations. 
In particular we consider the flavour group Gf = A4X Z%x U(1)fn and the flavon content 
which characterise the Alterelli-Feruglio model already discussed in section 3.1 The total 
lepton number is generally broken at a large scale (possibly related to the VEV of the 
flavons, ((f)) and light neutrinos are assumed to be of Majorana type. Depending on the 
specific way the total lepton number is violated (either by higher dimensional operators 
or via the see-saw mechanism), the neutrino mass spectrum can have different properties 
that can be tested in future experiments. Other types of observables, not directly related 
to neutrino properties, naturally arise if there is new physics at a much lower energy scale 
M, around 1 4- 10 TeV. Indeed we have several indications, both from the experimental 
and from the theory side, that this can be the case. For instance, the observed discrep- 
ancy in the anomalous magnetic moment of the muon, the overwhelming evidence of dark 
matter, the evolution of the gauge coupling constants towards a common high-energy 
value and the solution of the hierarchy problem can all benefit from the existence of new 
particles around the TeV scale. In this chapter we assume that such a new scale exists 
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and that the associated degrees of freedom do not provide new sources of baryon and/or 
lepton number violation. 

At least four different scales are present in our approach: the scale of flavour dynamics 
A/, the lepton number breaking scale A L) the scale introduced by the VEVs of the flavon 
fields ((f) and the new physics scale M. A generic hierarchy among the scales is M <C 
(ip) <C A j with A L expected to be comparable to or smaller than Af. 

We will first adopt an effective field theory approach, where the dominant physical 
effects of the new particles at low energies can be described by local six-dimensional op- 
erators, suppressed by two powers of the new mass scale M and explicitly conserving 
baryon and lepton numbers. They will contribute to physical effects like the anomalous 
magnetic moments (MDMs) of the charged leptons, their electric dipole moments (EDMs) 
and lepton flavour violating (LFV) transitions like jj, — > cy, r — > and r — > /ry. We 
will separately treat the general case where no further requirement is enforced and the 
supersymmetric case, where additional constraints are present. In this second context a 
cancellation is expected to take place, considerably changing the conclusion that can be 
derived from the existing bound on fi — > It is then important to perform a direct com- 
putation of the branching ratios within an explicit supersymmetric model incorporating 
the flavour symmetry A4 x Z% x U(1)fn- 

In the second part of the chapter we consider the Altarelli-Feruglio model by adding 
a full set of Supersymmetry breaking terms consistent with the flavour symmetry. We 
assume that the breaking of Supersymmetry occurs at a scale higher than or comparable 
to the flavour scale, simulated in our effective Lagrangian by a cutoff, so that at energies 
close to the cutoff scale we have non-universal boundary conditions for the soft Super- 
symmetry breaking terms, dictated by the flavour symmetry. Depending on the assumed 
mechanism of Supersymmetry breaking we may have boundary conditions different from 
these, possibly enforced at a smaller energy scale. For this reason, our approach maximises 
the possible effects on LFV processes. 

We perform a detailed calculation of the slepton mass matrices in the physical basis 
and evaluate the branching ratios for the mentioned LFV decays in the mass insertion 
(MI) approximation. We find a behaviour for these processes which is different from 
what expected in the supersymmetric variant of the effective Lagrangian approach: in 
particular we identify an additional contribution to the right-left (RL) block of the slepton 
mass matrix which survives to the cancellation. We then enumerate the conditions under 
which such a contribution is absent and the original behavior is recovered: we could not 
find a dynamical explanation to justify the realisation of these conditions in our model, 
even if some of them are naturally realised in the context of supergravity (SUGRA) 
models. 

Finally we comment on the agreement of our results with the experimental measure- 
ments and bounds. In particular, assuming a SUGRA framework with a common mass 
scale m S usY for soft sfermion and Higgs masses and a common mass m 1 / 2 for gauginos 
at high energies, we numerically study the normalised branching ratios of £i — > £jj using 
full one-loop expressions and explore the parameter space of the model. We find that 
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the branching ratios for // — > cy, r — > ^7 and r — > cy are all of the same order of 
magnitude. Therefore, applying the present MEGA bound on BR{ji — > ej), this implies 
that t — > /i7 and r — > &y have rates much smaller than the present (and near future) 
sensitivity. Moreover, still considering the MEGA limit, we find that small values of the 
symmetry breaking parameter and of tan/3 are favoured for msusY and m\/2 below 1000 
GeV, i.e. in the range of a possible detection of sparticles at LHC. Furthermore, it turns 
out to be rather unnatural to reconcile the values of superparticle masses necessary to 
account for the measured deviation in the muon anomalous magnetic moment from the 
Standard Model value with the present bound on the branching ration of /i — > ey. In our 
model values of such deviation smaller than 100 x 10 -11 are favoured. 



6.1 Low-Energy Effective Approach 

In this section we adopt an effective field theory approach, where the dominant phys- 
ical effects of the new particles at low energies can be described by local dimension six 
operators, suppressed by two powers of the new mass scale M and explicitly conserving 
baryon and lepton numbers. We can account for the flavour breaking effects by requiring 
invariance of these operators under the flavour symmetry and by encoding the symmetry 
breaking effects in the flavon fields. This approach is strictly related to, and indeed in- 



spired by, that of minimal flavour violation (MFV) pi ,63 64 already described in section 



2.1 While such a minimal symmetry choice has the advantage that it can accommo- 
date any pattern of lepton masses and mixing angles, it does not provide any clue about 
the origin of the approximate tribimaximal pattern observed in the lepton mixing ma- 
trix. For this reason, here we choose a flavour group that includes the discrete factor 
At: Gf = v4 4 x Z 3 x U(1)fn, a sor t of minimal choice to properly account for both, the 
neutrino and the charged lepton mass spectra. 



Following section 3.1, neutrinos can get their small masses through the low-energy 
Weinberg operator and the tribimaximal pattern, in the basis of diagonal charged leptons, 
is achieved via a specific vacuum misalignment of the flavons. The Lagrangian can be 
written as an expansion in powers of <p/Af. When flavons develop a VEV, (ip), all the 
flavour information are enclosed in the Yukawa couplings: Yf = Yf ((<£>}). Under the 
assumption that |(^)| <C 1, the functions Yf can be expanded in powers of ((f) and only 
a limited number of terms gives a non-negligible contribution. Finally, in the language of 
effective field theories, the leading terms of the relevant effective Lagrangian are given by 

j£f e// = ^ K + e cT H ] Y e l + ^ u + i^e cT H ] a^ u F^Ml + h.c. + [A4eimion operators] (6.1) 

where 5£k stands for the kinetic terms, 5£ v contains the terms describing the neutrino 
masses and e is the electric charge. The complex 3x3 matrix Ai, with indices in the 
flavour space, is a function of ((f): M. = M. Invariance under SU (2) L xU (l)y gauge 

transformations is guaranteed if F^ v is any arbitrary combination of B^, the field strength 
of U(l)y, and cr a W® u , the non-Abelian field strength of SU{2)l. Here we are interested 
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in the component of this combination along the direction of the unbroken U(l) em and we 
identify with the electromagnetic field strength. We can imagine that we derive such 
an effective Lagrangian from a fundamental theory by integrating out two different sets 
of modes. In a first step we can integrate out the flavon fields and the possible degrees 
of freedom associated with the violation of B — L, thus obtaining a complete set of mass 
terms for all the light particles including neutrinos, charged fermions and the quanta 
with masses around the TeV scale. Subsequently, around the scale M — 1 -f- 10 TeV, 
we integrate out these additional quanta and we generate the other operators listed in 
eq. (6.1). The latter are still invariant under Gf, once we treat the symmetry breaking 



parameters as spurions. 

In this way we can fully consider all flavour symmetry breaking effects and keep a high 
degree of predictability since the expansion in the small symmetry breaking parameters 
can be truncated after few terms. Thereby, the same symmetry breaking parameters 
that control lepton masses and mixing angles also control the flavour pattern of the other 
operators in -Sf e //- Moreover the effects described by these operators are suppressed by 
1/M 2 and not by inverse powers of the larger scales Aj and and this opens up the 
possibility that they might be observable in the future. 

In a field basis where the kinetic terms are canonical and the charged lepton mass 
matrix is diagonal, where we will denote vectors and matrices with a hat, the real and 
imaginary parts of the matrix elements Aiu are proportional to the MDMs and to the 



EDMs di of charged leptons, respectively 63,64 119-121 



a; = 2m;— = Rejiiu , d~ = e—= ivajiiu (i — e,u,r), (6.2) 

The off-diagonal elements M.^ describe the amplitudes for the LFV transitions — > 
e7, r — > /j.'-f and r -> (63[[64j[Tl9^[l24) : 



BR(£i -+ tji) ^12^2 



7i 3 a 



*« s Bmjfn^-) = grif l 1 ^ 1 + ]Mii] ) • < 6 - 3 > 

where a is the fine structure constant, Gp is the Fermi constant and is the mass of 
the lepton Finally the four-fermion operators describe other flavour violating processes 
like r _ — > fi + e~e~ and t~ — > e + . In this section our focus will be mainly on the 
processes \i — > ej, r — > /ry and r — > ej. 



6.1.1 The Dipole Matrix 

In this section we present the analytical results for the dipole matrix, which is the main 
ingredient in order to evaluate MDMs, EDMs and LFV transitions. Before proceeding 
few comments are worth. We assume that the small symmetry breaking parameters of the 
Altarelli-Feruglio model, u and t, are real parameters, encoding all the complex factors in 
the coupling of the Lagrangian. We further assume, without loss of generality, that the 
allowed range of values for u is 0.001 < u < 0.05, while t should be around 0.05, both in 
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the general and in the supersymmetric contexts. The general Lagrangian which describes 
charged leptons and neutrinos for the class of models with the flavour symmetry Gf and 



with the same flavon content of the Altarelli-Feruglio model is illustrated in eq. (3.10 



3.11) and here we only recall the elements which are useful for the present analysis: in 
particular we will concentrate only on the charged lepton sector. When calculating the 
kinetic terms, we find that the non-canonical contributions are small (at most at order 
0{u) and 0{t 2 )). They should be taken into account when calculating lepton masses and 
the dipole transitions induced by the matrix Ai, but an explicit calculation shows that at 
the leading order in our expansion parameters the charged lepton masses and the elements 
of jii are not affected by these non-canonical kinetic terms 



112 



For this reason we can 
safely assume canonical kinetic terms from the beginning (for a detailed discussion see 
the original paper [l9]). 



Looking at eq. (6.1), we observe that the Lagrangian of the dipole moments have the 
same structure in flavour space of the Lagrangian of the charged leptons. As a consequence 
the entries of the charged lepton mass matrix and of the dipole matrix are exactly of the 
same order of magnitude and only the coefficients are nominally different. After the 
breaking of the flavour and the electroweak symmetries, we find the following matrices: 

0(t 2 u) 

Y e ~M= I 0{tu 2 ) 0(tu) 0{tu 2 ) I . (6.4) 




0(u 2 ) 

Notice that the off-diagonal elements of Y e and of Ai originate either from the subleading 
contributions to the VEV of the (p? multiplet, or from a double flavon insertion of the type 
£}(ps or £(p s . In a generic case we expect that both these contributions are equally im- 
portant and contribute at the same order to a given off-diagonal dipole transition. There 
is however a special case where the double flavon insertions ^<ps and its conjugate are 
suppressed compared to the subleading corrections to ipr- This happens when the under- 
lying theory is supersymmetric and Supersymmetry is softly broken, under the general 
assumption that the only sources of chirality flip are either fermion masses or sfermion 
masses of left-right type. Both of them, up to the order u 2 , are described by the insertion 
of (fT or (p T in the relevant operators. The origin of the suppression of $(ps and £<p s is 
the holomorphycity of the superpotential in supersymmetric theories and we refer to the 
original paper [19] for a complete discussion. The impact of such a suppression is strong: 
indeed, moving into the physical basis in which the charged leptons are diagonal, with 
respect to what happens in the general case, an overall depletion in some elements of the 
dipole matrix takes place. 



6.1.2 Dipole Transitions 

Here we give the results for the dipole moments when all the transformations to move 
into the physical basis have been carried out. Furthermore we compare them to the 
experimental values. In order to move to the physical basis it is only necessary to rotate 
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the charged lepton into the diagonal form and we arrive at the following leading order 
result for the dipole matrix that, in this basis, will be denoted by M.: we have 

/ Oifu) Oifu 2 ) Ofu 2 )\ fOfu) Ofu 2 ) Ofu 2 ) 

M=i 0(tu 2 ) Oitu) 0(tu 2 ) , M=l 0(tu 3 ) Oitu) 0(tu 2 ) 
\ 0(u 2 ) 0(u 2 ) 0{u) ) \ 0(u 3 ) 0(u 3 ) 0(u) 

(6.5) 

in the general and in the supersymmetric cases, respectively. The main difference between 
the general and the supersymmetric approaches is the suppression of the elements below 
the diagonal: ~ 0(u 2 ) in the first case and ~ 0(u 3 ) in the second. This additional 
suppressing factor has a relevant consequence for the analysis on the LFV transitions. 
Furthermore, as reported in section 3.1.2 when the supersymmetric case is considered 
the VEV of (fT at the NLO has the second and third components equal {pi = C3), and as 
a result the elements M. Te and M. Tfl become equal and not only of the same order. 

The MDMs and EDMs for the general and the supersymmetric cases are of the same 
order of magnitude: we display only the leading terms and they arise at first order in the 
u parameter: 

a e = 2m e — t — Ofu) d e = e— t — Ofu) 

\/2M 2 V ; V2M 2 V ; 

2m u — =- — Oitu) gL = e— =- — Oitu) (Q Q) 

^y/2M 2 K 1 ' V2M 2 V ; 1 ' 



(Hi 



v 



a T = 2m T —= Oiu) d T = e—pz Oiu) . 

V2M 2 V ' V2M 2 V ' 

Considering the explicit form of the charged lepton masses, we can write these expression 
as follows: 

m 2 \ / m, ; \ 



We can derive a bound on the scale M, by considering the existing limits on MDMs and 
EDMs and by using eqs. (6.7) as exact equalities to fix the ambiguity of the unknown 
coefficients. We find the results shown in table 6.1 We see that, in order to accept values 
of M in the range 1 -j- 10 TeV, we should invoke a cancellation in the imaginary part of 
Ai ee , which can be either accidental or due to CP-conservation in the considered sector 
of the theory. 

Concerning the flavour violating dipole transitions for the general case, using eq. (6.5) 
we see that the rate for i { — > £jj is dominated by the contribution M.^, since Xiji is 
suppressed by a relative factor of Oit) for u — > e^y and r — > u r y and of Oit 2 ) for r — > ej. 
We get: 

487r 3 a; . l2 . . 

F 

where Wij are coefficients of 0(1) which contain two contributions, one coming from the 
off-diagonal element (ij) of the original dipole matrix Ai and one coming from the effect 
of diagonalising the charged lepton mass matrix. Both contribute at the same order in 
it. Since the quantities are all expected to be of order one, we can conclude that in 
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d e < 1.6 x 10 27 e cm 


M > 80 TeV 


< 2.8 x 10~ 19 e cm 


M > 80 GeV 


5a e < 3.8 x 10~ 12 


M > 350 GeV 


<fa„ ^30x 1Q- 10 


M « 2.7 TeV 



Table 6.1: Experimental limits on lepton MDMs and EDMs 1 30, 125, 1261 and correspond 



ing bounds on the scale M, derived from eqs. ( 6.7). The data on the r lepton have not 
been reported since they are much less constraining. For the anomalous magnetic mo- 
ment of the muon, 5a^ stands for the deviation of the experimental central value from the 
Standard Model expectation. 



the class of models considered here the branching ratios for the three transitions fi — » cy, 
T — y fi'y and r — > c-f should all be of the same order: 



BR(n -> ei) « BR{t -> yrf) « BR{t ->■ e7) . 



(6.9) 



This is a distinctive feature of our class of models, since in most of the other existing 
models there is a substantial difference between the branching ratios |61~|[63|[64||127 128 



In particular it often occurs that BR(fi — >■ ej) < BR{r — >■ /17). Given the present 
experimental bound BR(fi — > ej) < 1.2 x 10~ n |129| , our result implies that r — > /i^ 
and r — > ej have rates much below the present and expected future sensitivity 
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(6.10) 



Moreover, from the current (future) experimental limit on BR(fi — > cy) |129 131 and 
assuming \w^ e \ = 1, we derive the following bounds 

0.001 — ► M > 10 (30) TeV 

0.05 — > M > 70 (200) TeV . 

This pushes the scale M considerably above the range we were initially interested in. In 
particular M is shifted above the region of interest for (g — 2) M and probably for LHC. 
When considering the supersymmetric case we get 



u 



u 



Rii 



48vr 3 a 
G 2 F M 4 



l«#V| 2 + 



m j I (2) 1 2 

mf 3 



(6.11) 



(1 2") 

where w\,' are coefficients of 0(1) depending on the coefficients coming from the original 
dipole matrix and from the charged lepton mass matrix. 



Notice that now the first contribution on the right-hand side of eq. (6.11 ) is suppressed 
by a factor of u compared to the non-supersymmetric case. In most of the allowed range of 
u, the branching ratios of fi — >■ ej and r — > ^7 are similar and larger than the branching 



ratio of r — > erf. Assuming 



w 



(1,2) I 



fie 



1, the present (future) experimental limit on 



BR{ji — > ej) implies the following bounds 

u = 0.001 — ► M > 0.7 (2) TeV 
u = 0.05 — > M > 14 (48) TeV 



(6.12) 
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Figure 6.1: The branching ratio of \l — »• cy as a function of u, eq. (75). The deviation 
of the anomalous magnetic moment of th e muon from the Standard Model expectation is 



kept fixed to its experimental range 1 1251. The unknown coefficients wfy 2 ^ are equal to 1 



(black region) or are random complex numbers with absolute values between zero and two 
(blue points). The continuous (dashed) horizontal line corresponds to the present (future 
expected) experimental bound on BR(fx — > ey) \129, 1311 



We see that at variance with the non-supersymmetric case there is a range of permitted 
values of the parameter u for which the scale M can be sufficiently small to allow an 
explanation of the observed discrepancy in a M , without conflicting with the present bound 
on BR(fi — > cy). We can eliminate the dependence on the unknown scale M by combining 



eqs. (6.7) and (6.11). For /i — > cy we get 



R, 



m 2 ^ 



(6.13) 



~ (1 2) 

whe re w^e are unknown, order one coefficients. We plot BR{ji — > ej) versus u in figure 
where the coefficients w)^ are kept fixed to 1 (black region) or are random complex 



6.1 



numbers with absolute values between zero and two (blue points). The deviation of the 
anomalous magnetic moment of the muon from the Standard Model prediction is in the 
interval of the experimentally allowed values, about three sigma away from zero. Even 

~ ( 1 2) 

if the ignorance about the coefficients w^e does not allow us to derive a sharp limit on 
u, we see that the present limit on BR(fi — > cy) disfavors values of u larger than few 
percents. We recall that in this model the magnitudes of u and #13 are comparable. 



6.1.3 Comparison with Minimal Flavour Violation 



It is instructive to compare the previous results with those of MFV 61 ,63 64 . We 
have already introduced the main features of MFV in section 2.1 and we recall here only 
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that, by going to a basis where the charged leptons are diagonal, the Yukawa matrices for 
charged leptons and neutrinos can be written as 



Y e = — diag(m e , m„, m 7 
v 



Y v 



Al 

Av 2 



C/*diag(mi, m2, m 3 )£/^ , (6.14) 



where U is the lepton mixing matrix. The diagonal elements of the matrix M. evaluated 
in MFV are analogous to those of the previous class of models and similar bounds on 
the scale M are derived from the existing data on MDMs and EDMs. The off-diagonal 
elements are given by: 



Ma = f3(Y e Y}Y u ) 



v lQv 4 



[Am 2 sol U i2 U* 2 ± Am 2 atm U i3 U* 3 ] (6.15) 



where (5 is an overall coefficient of order one and the plus (minus) sign refers to the case of 
normal (inverted) hierarchy. We see that, due to the presence of the ratio A\jv 2 the overall 
scale of these matrix elements is much less constrained than in the previous case. This is 
due to the fact that MFV does not restrict the overall strength of the coupling constants 
Y u , apart from the requirement that they remain in the perturbative regime. Very small 
or relatively large (but smaller than one) Y v can be accommodated by adjusting the scale 
A^. On the contrary this is not allowed in the case previously discussed where the size 
of the symmetry breaking effects is restricted to the small window (0.001 < u < 0.05) 
and the scale is determined within a factor of about fifty. The conclusion is that in 
MFV the non-observation of ti — > tj^ could be justified by choosing a small A L , while a 
positive signal in fi — > ey with a branching ratio in the range 1.2 x 10~ n 10~ 13 could 
also be fitted by an appropriate A L , apart from a small region of the 6*i 3 angle, around 
# 13 w 0.02 where a cancellation can take place. 

The dependence on the scale A L is eliminated by considering ratios of branching ratios: 



BR(fi — > ey) BR(t — » /iz/ T z/ M 
BR(fi ->• eu^) BR(t -> /ry) 



3Am 2 atm 



± V^sin 6 lz e l 



< 1 



(6.16) 



where we took the tribimaximal ansatz to fix Q\ 2 and # 2 3- We see that BR(fi — > cy) < 
BR(t — > fi'-f) always in MFV. Moreover, for # 13 above approximately 0.07, BR(fi — > e^y) < 
1.2 x 10~ n implies BR(t — > fi'-f) < 10~ 9 . For # 13 below 0.07, apart possibly from a small 
region around #i 3 ~ 0.02, both the transitions fx — \ e^y and r — > fi'y might be above the 
sensitivity of the future experiments. 

We also observe that in MFV the only difference between the general case and the 
supersymmetric one is the presence of two doublets in the low-energy Lagrangian. In 
MFV a chirality flip in leptonic operators necessarily requires the insertion of the matrix 
Y e , both in the general and in the supersymmetric case and, apart from the possibility of 
tan f3 enhanced contributions, similar predictions for the LFV processes are expected in 
the two cases. 



110 



Chapter 6. Flavour Violation 



6.2 Explicit Supersymmetric A4 Model 



In this section we move to consider an explicit supersymmetric model incorporating 
the flavour symmetry A4 x Z% x £7(1) fn- The Lagrangian of the model accounts for three 
distinct terms: 



■ V = I d 2 6susYd 2 6susYJC(z,e 2V z) + 
1 



d 2 6 S usYw(z) + h.c. 



+ 



4 



J d 2 6 S usYf(z)WW + h.c. 



(6.17) 



where JC(z, z) is the Kahler potential, w(z) is the superpotential, f(z) is the gauge kinetic 
function, V is the Lie-algebra valued vector supermultiplet, describing the gauge fields 
and their superpartners. f\ Finally W is the chiral superfield describing, together with 
the function f(z), the kinetic terms of gauge bosons and their superpartners. Each of the 
terms on the right-hand side can be written in an expansion in powers of the flavon fields. 
The flavour symmetry of the Lagrangian Jzf is spontaneously broken by the VEVs of the 
flavons, which in the supersymmetric context are aligned as 



A/ 
A/ 

(0 

A/ 



(u, 0, 0) + (cV, cm 2 , cu 2 ) + 0(u 3 ) 
Cb(u, u, u) + 0{u 2 ) 
c a u + 0(u 2 ) , 



(6.18) 



where c, c', c a ,b are complex numbers with absolute value of order one and u is one of 



the two small symmetry breaking parameters in the theory. With respect to eq. (3.29) 



we specify the subleading corrections only for (<^t), since those of (ips) and (£) do not 
affect the following analysis. Moreover we simplify the notation using d instead of c\ 
and c instead of c<i and C3, which are equal at this level of approximation. The second 
symmetry breaking parameter is the VEV of the Froggatt-Nielsen U(1)fn symmetry, t. It 
is useful to briefly recall the mechanism which assures this specific vacuum misalignment. 
A set of driving fields, two A 4 -triplets tp^ and ip° s plus an v4 4 -singlet £°, is introduce in 
the model and the following driving superpotential can be written down: 

w d = M T (Lp%ip T ) + g(Lp%Lp T Lp T ) + 

+ gi (<p g<ps<ps) + 9i£(<Ps<Ps) + 93t°(<Ps<Ps) + ^°e 2 + <?5£°££ + get ! 2 + • • • , 

(6.19) 

where dots denote subleading non-renormalisable corrections. In the limit of unbroken 



Supersymmetry all F-terms vanish when the vacuum in eq. (6.18) is considered. In 8 



§In our notation a chiral superfield and its i?-parity even component are denoted by the same letter. 
The i?-parity odd component is indicated by a tilde in the following and the conjugate (anti-chiral) 
superfield is denoted by a bar. 
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it is shown that this setting is an isolated minimum of the scalar potential, achieved in 
a completely non-tuned way. We remark that in the supersymmetric limit the VEVs 
of the driving fields tpj,, an d £° are zero. This is however in general no longer true, 
if we include soft Supersymmetry breaking terms into the flavon potential, as has been 



discussed in 21 . The origin of the VEV for 9 can be find in appendix B.l We recall the 



range of values in which u and t can run in the supersymmetric context: 

0.007 <u<0.05, t « 0.05 . (6.20) 

Since we have two independent symmetry breaking parameters, we consider a double 
expansion of 5£ in powers of u and t. In this expansion we keep terms up to the second 
order in u, i.e. terms quadratic in the fields <ps,T and £. The expansion in the parameter t 
is stopped at the first non-trivial order, that is by allowing as many powers of the field 9 as 
necessary in order to obtain non- vanishing values for all entries of the matrices describing 
lepton masses as well as for the entries of the matrices describing kinetic terms and slepton 
masses. Finally, second order corrections in u also arise from the subleading terms of 
the VEV (<pt) and are included in our estimates. 

The soft Supersymmetry breaking terms are generated from the supersymmetric La- 
grangian by promoting all coupling constants, such as Yukawa couplings, couplings in the 
flavon superpotential and couplings i n th e Kahler potential, to superfields with constant 



2 

@susy an d 9susy@susy components 132 . Through this we derive subsequently the soft 



masses (w?^^)^ and {m eRR )K from the Kahler potential. One contribution to m eRL , 
which we call {m? eRL )i in the following, arises from the Yukawa couplings present in the 
superpotential w. 

Important contributions to slepton masses originate from the modification of the VEVs 
of flavons and driving fields due to Supersymmetry breaking effects. A detailed study 
of the VEVs of these fields and their dependence on the soft Supersymmetry breaking 



parameters is presented in 21 and we summarise the main results here. When soft 



Supersymmetry breaking terms are included into the flavon potential, the VEVs in eq. 



(6.18) receive additional contributions of order msusY, completely negligible compared to 
AfU. At the same time, the driving fields (pj,, f°s an d £° develop a VEV of the size of the 
soft Supersymmetry breaking scale msusY- An equivalent statement is that the auxiliary 
components of the flavons acquire a VEV at the leading order of the size of msusY x u Af. 
Especially, for the auxiliary part on the flavon supermultiplet cpx we have |21~] : 

1 / dw 

Af \d<fiT , 

where (, c' F and cf are in general complex numbers with absolute value of order one. 
The parameter ( vanishes in the special case of universal soft mass terms in the flavon 



C msusY { (u, 0, 0) + (c' F u 2 , c F u 2 , c F u 2 ) } (6.21) 



^Concerning the Kahler potential we observe that we can additionally write down operators involving 
the total invariant 89 = \9\ 2 . These contribute to the diagonal elements of the kinetic terms and the 
slepton masses. In the Kahler potential for the left-handed fields they can be safely neglected, since the 
leading order correction is of 0(u). In the right-handed sector, they contribute at the same order as the 
terms arising through a double flavon insertion. 
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potential. When different from zero, the VEVs of the auxiliary components of the flavon 
supermultiplet v?t generate another contribution to the soft masses of RL-type, which we 
denote as (m^ Ri ) 2 . This contribution is analogous to the one which has been found before 
in the supergravity context and which can have a considerable effect on the size of the 



branching ratio of radiative leptonic decays, as shown in 133 . Indeed, as we shall see 



below, in the global supersymmetric model under consideration the leading dependence 
of the normalised branching ratios Ry on u is dominated by {fn 2 eRL )2- We remark that 
the VEVs in eq. (6.21) and those of the corresponding flavon field (p? in eq. (6.18) have 
a similar structure but they are not proportional, in general. This is due to the differ- 
ent coefficients c, d and cp, c' f , which can be qualitatively understood as follows: the 
coefficients c, d mainly depend on a set of parameters that remain in the supersymmet- 
ric limit and receive completely negligible corrections from the Supersymmetry breaking 
terms. On the contrary (dw/dipx) vanishes in the supersymmetric limit, to all orders in 
u, and cf, d F crucially depend on the set of parameters describing the Supersymmetry 
breaking. We will see that, if c and cf accidentally coincide (up to complex conjugation), 
a cancellation in the leading behaviour of R^ takes place. 

Similarly, the VEV of the Froggatt-Nielsen field 9 becomes shifted, when soft Super- 
symmetry breaking terms are included into the potential, so that: 

/If 2 

-^-\(e)\ 2 = c e m 2 SUSY , (6.22) 

9 FN 

with eg being an order one number, holds. This will lead to a contribution {jn 2 RR )r,,FN 
to the soft masses of RR-type, since only the right-handed charged leptons e c and fi° 
are charged under U(1)fn- Apart from these there are supersymmetric contributions 
to Tn 2 e ^ LL and m 2 eRR from F and U-terms, ijin 2 e F{D) and (jn 2 eRR )F(D), as well as a 
contribution to m 2 RL coming from the F-term of Hd, called {fnl RL )^ in the following. 
The detailed derivation of the kinetic terms as well as of the mass matrices for fermion 



and sfermions can be found in the original paper 20 



6.3 Slepton Masses in the Physical Basis 

In this section we discuss the results for the slepton masses in the physical basis and 
comment on results found in the literature. To derive the physical masses and the unitary 
transformations that enter our computation, we have to go into a basis in which kinetic 
terms are canonical, for both, slepton and lepton, fields. Subsequently, we diagonalise 
the mass matrix of the charged leptons via a biunitary transformation. To avoid flavour- 
violating gaugino-lepton-slepton vertices in this intermediate step, we perform the same 
transformation on both fermion and scalar components of the involved chiral superfields. 
This procedure gives us the physical slepton mass matrices m 2 e ^ LL , m 2 RR and m 2 RL . 
The results shown here are obtained under the assumption that all the parameters of the 
model are real. The analytical expressions for the slepton mass matrices in the physical 
basis contain the first non-vanishing order in each of the matrix elements. We start with 
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the left-left (LL) block. The contribution from the soft breaking terms is common to 
charged sleptons and sneutrinos and reads: 



{™Ill)k = (ml LL ) K 



n + 2 hi u 
(ra 4 + (3ni + h 2 ) c) u 2 
(n 5 + (3ni — h 2 ) c) u 2 



(n 4 + (3ni + h 2 ) c) u 2 
no - {hi + h 2 ) u 
{he — 2 h 2 c) u 2 



{h 5 + {3hi— h 2 ) c) 
{he - 2n 2 c) u 2 
no - (ni - h 2 ) u 



m 



SUSY 



(6.23) 

where hi are complex parameters with modulus of order 1. The supersymmetric F and 
D-term contributions are given by: 



m 



eLLJF 



U 1 



{™Ill)f ^ 



(6.24) 



and 



+ sin 2 # w cos 2/3 x 1 , 



+ ^ ) cos 2/3 m| x 1 . 



(6.25) 

with M e being the mass matrix for the charged leptons in the same basis, i.e. diagonal and 
with canonically normalised kinetic terms. The supersymmetric D-term contributions are 
proportional to the unity matrix. Notice that in the physical basis all supersymmetric 
contributions are diagonal in flavour space. Both the F and the D-term contributions are 
small compared to that coming from the Kahler potential. The relative suppression is of 
order ^MjM e j /ni 2 SUSY and nri 2 z /m 2 SUSY i respectively, which do not exceed the per cent 
level for typical values of m SUSY around 1 TeV. Note also that the supersymmetric part 
is the only one that distinguishes between charged sleptons and sneutrinos. 

For rh 2 RR we find that {rh 2 RR )K is given by: 



(m 



eRRJK 



2c{n\ — n 2 ) — —u 2c{n\ — n^ 
mil. 



-u 



\ 



2 c {n\ — n 2 ) 



-u 



fin 



m 7 



m, 

m, 



n%) — " 



2 c {n\ — n%) — u 2 c {n 2 — 77,3) 

\ Tfl T 

The supersymmetric terms are: 



77^ 



-u 



Tin 



771 



SUSY 



(6.26) 



{ m l RR ) f = M e Mj and {rh 2 eRR ) D = - sin 2 6 W cos 2/3 m| x 1 . (6.27) 



Also in this case the supersymmetric contributions are diagonal and numerically negligible 
in most of our parameter space. The dominant contribution is thus {hi 2 RR )K- 
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Finally, coming to the RL block of the mass matrix for charged sleptons, we find: 
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(cp — c) m e u (cp — c) m e u \ 



m. 



[cp — c) m T u 



[c F - c mail 



m 7 



msusY 



Lit) 3 = -/itan/3M e 



(6.28) 



(6.29) 



(6.30) 



The matrix rh 2 eRL is the sum of these three contributions. An important feature of {Th 2 eRL )i 
is that the elements below the diagonal are suppressed by a factor u compared to the 



corresponding elements of 



m 



eRL 



) 2 . Nevertheless there are cases in which this second 



contribution can be suppressed. In the first case the VEVs of the auxiliary fields contained 
in the supermultiplet cpx vanish, i.e. the parameter ( is zero, due to the fact that the soft 
Supersymmetry breaking terms in the flavon potential are (assumed to be) universal, that 



is equal to the terms of the superpotential Wd up to an overall proportionality constant 21 



The second possibility arises, if the VEVs of the auxiliary fields can be completely aligned 
with those of the flavon (fx at the leading order as well as NLO, such that cf becomes equal 
to c. In both cases the off-diagonal elements of (rh 2 eRL )2 are further suppressed than shown 



in eq. (6.29). We emphasise this fact here, since it turns out that the suppression of the 



off-diagonal elements below the diagonal as it occurs in the case of {Tfi 2 eRL )i is relevant for 
the actual size of the leading behaviour of the normalised branching ratios Rij with respect 
to the expansion in u. As we shall see in section 6.4.1, in a general case Rij oc u 2 holds, 



whereas, if the contribution in eq. (6.29) vanishes or is also suppressed, is proportional 



to u . The contribution (rril RL ) s is diagonal in flavour space. Concerning the possible 
size of this contribution, note that tan (3/msusY is the relative magnitude of the non- 
vanishing elements of {'rh 2 RL )^ with respect to the corresponding ones in {'rh 2 RL )ifl- Notice 
finally that the (31) and (32) element of m 2 RL coincide. 

In [20] we present an analysis of the renormalisation group effects on the slepton 
masses in the leading Log approximation and we see that these effects can be neglected 
or absorbed into our parametrisation of the soft mass terms. 



6.4 Results in the Mass Insertion Approximation 

We can now evaluate the normalised branching ratios R^ for the LFV transitions 
H —> ej, t — y fv) and r — > ey. In this section we establish the leading dependence of the 
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quantities Rij on the symmetry breaking parameter u. We then compare the results with 



the conclusions of the effective approach already illustrated in section 6.1 Performing 
this comparison, it is important to keep in mind that when R^ e is dominated by a one- 
loop amplitude with virtual particles of mass msusY, M and msusY are roughly related 
by M = (4:ir /g)m susy and a given lower bound on M corresponds to a lower bound on 
m susY one order of magnitude smaller. 

6.4.1 Analytic results 

It is useful to first analyse the predictions in the so-called mass insertion (MI) ap- 
proximation, where we have a full control of the results in its analytic form. A more 



complete discussion based on one-loop results can be found in section |6.5| For the case 
at hand, the MI approximation consists in expanding the amplitudes in powers of the off- 
diagonal elements of the slepton mass matrices, normalised to their average mass. From 
the expression of the mass matrices of the previous section we see that in our case such 
an expansion amounts to an expansion in the parameters u and t, which we can directly 



compare with eq. (6.11). A common value in the diagonal entries of both LL and RR 
blocks is assumed and we consequently set n = n\ = rf 2 = = 1 and also h\ = n 2 = in 
this section, so that the average mass becomes m S usY- On the contrary, no assumptions 



have been made for the trilinear soft terms, which keep the expression as in eqs. (6.28- 



6.30). Concerning chargino and neutralino mass matrices, they carry a dependence on 
the vector boson masses mw,z through off-diagonal matrix elements. Such a dependence 
is not neglected in this approximation, but only the leading order term of an expansion 
in mw,z over the relevant supersymmetric mass combination is kept. At the same time, 
to be consistent, we have to neglect the supersymmetric contributions of ml LL and rh 2 eLL 
and therefore fh1 LL and fh 2 eLL coincide. Using these simplifications, the ratios can be 
expressed as: 

^ = 7^?^(I^| 2 + KI 2 ) • (6.31) 

^ pi il SUSY 

At the leading order, the amplitudes A l [ and A 1 ^ are given by: 

A l [ = a LL (5ij) LL + a RL msuSY {5ij) RL 

rrii 

A R = a RR (8ij) RR + a LR msUSY (5ij) L R (6.32) 

77tj 

where ace (C, C = L, R) are dimensionless functions of the ratios M lt2 /m S usY, A*/ ^susy 



and of tan#ty and can be found in appendix D.l . Their typical size is one tenth of 
t? 2 / (167r 2 ), g being the SU(2)l gauge coupling constant. 

Notice that ace do neither depend on u nor on the fermion masses rriij. Finally, 
(Sij)cc parametrise the Mis and are defined as: 



(6.33) 
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Table 6.2: Coefficients wff characterising the transition amplitudes for jj, — > cy, r — > e^y 
and t — > fi'-f, in the MI approximation in which no and n\ are set to one and nx,2 t° zero 
so that w RR vanish. 



From the mass matrices of the previous section, we find (j < i): 

rrii 



■ wfi —u , 
J mi 



($ij)RL 
{&ij)LR 



m SUSY 

m 



,RL„ 
ij 



W LR 



(6.34) 



-u 



msusY 



where for the mass insertion ((%)#£, we have also displayed the NLO contributions, in 
order to better compare our results with those of the effective Lagrangian approach. The 

Also 



6.2 



explicit expression for the leading order coefficients w^ c ' are listed in table 
the NLO coefficients w' RL are dimensionless combinations of order one parameters. By 
substituting the mass insertions of eq. (6.34) into the amplitudes A l [ R of eq. (6.32) and 



by using eq. (6.31), we get: 
487r 3 a 



nil 



SUSY 



G F M 4 



w^u\' z + 2wT,'w)-'u 6 + \w)-'u z \ z + 
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with M = (47r/ g)msusY and 
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167T 2 m 

-^-a RL wf^ , 
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(6.35) 



9' 
16tt 2 

IF 
16vr 2 

IF 



(a RR w^ R + a LR wff) . 



(6.36) 



The behaviour displayed in eq. (6.35) differs from the one expected on the basis of the 



the term u>j? oc w RL . Assuming w^ L = we recover what is expected from the effective 



effective Lagrangian approach in the SUSY case, eq. (6.11 ). This is due to the presence of 

.RL 

Lagrangian approach in the supersymmetric case, whereas when w RL does not vanish, 
the leading order behaviour matches the prediction of the effective Lagrangian approach 



in the generic, non-supersymmetric case, eq. (6.8). As shown in table 6.2, the coefficient 
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wfj L is universal, namely it is independent from the flavour indices and it vanishes in two 
cases: 

i) cf = c, which reflects the alignment of the VEVs of the scalar and auxiliary com- 



ponents of the flavon supermultiplet tpr, see eqs. (6.18) and (6.21). 



ii) C = which can be realised by special choices of the soft Supersymmetry breaking 
terms in the flavon sector, i.e. the assumption of universal soft Supersymmetry 
breaking terms in the flavon potential. 



In our model none of these possibilities is natural, see 21 , and both require a tuning of 



the underlying parameters. If w^ L = 0, the result expected from the effective Lagrangian 
approach in the supersymmetric case is obtained in a non-trivial way. Indeed, it is a 
consequence of a cancellation taking place when going from the Lagrangian to the physical 
basis. In particular, for w^ L = 0, Rfj USY scales as w 4 and not as u 2 for rrij = 0. 

In the general case when w^j L is non- vanishing, the dominant contribution to Rfj 1 ^ 
regarding the expansion in u is flavour independent and, at the leading order in the u 
expansion, we predict R^ e = R Tfl = R Te , at variance with the predictions of most of the 



other models, where, for instance, Rn e /R Tfl can be much smaller than one 63 64 ,119 ,127 



If wjj L is non-vanishing, it is interesting to analyse the relative weight of the leading and 
subleading contributions to Rij. For this purpose we calculate the the numerical values 
of the functions ace, in the limit /i = Mi j2 = rasusY- 

a LL ~ +(2.0 ± 16.3) , a RL = a LR ~ +0.30 , a RR ~ -(0.5 1.3) . (6.37) 

As one can see, in this limit the dominant coefficient is an, which is larger than 
a RL = &LR by a factor 7 -r- 54, and larger than a RR by a factor — (4 +- 13), depending on 



tan/3 = 2 -r 15. Assuming coefficients wff of order one in eqs. (]6.36|), we see that the 



most important contributions in the amplitudes for the considered processes are a R LU and 
a LL u 2 . The ratio between the subleading and the leading one is {an/ Vrl)w ~ (7-r 54)w. 
When u is close to its lower bound, which in our model requires a small value of tan /3, 
the leading contribution clearly dominates over the subleading one. However, for u close 
to 0.05, which allows to consider larger values of tan/3 ~ 15, the non-leading contribution 
can be as large as the leading one and can even dominate over it. The transition between 
the two regimes occurs towards larger values of u. 

The numerical dominance of the coefficient an has also another consequence: for 
vanishing w^ L , R^ is dominated by the contributions of anw^ L , whose values are not 
universal, but expected to be of the same order of magnitude for all channels. Thus even 
when wjj L = 0, we predict R^ e ~ R Tfl ~ R Te . 



6.5 Numerical analysis 



In this section we perform a numerical study of the normalised branching ratios R^ and 
of the deviation Sa^ of the anomalous magnetic moment of the muon from the Standard 
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Model value. We use the full one-loop results for the branching ratios of the radiative 



decays as well as for 5a„. These can be found in 124, 134-136 and are displayed in 



appendix D.2 for convenience. 



6.5.1 Framework 

As discussed in the preceding sections, in our model the flavour symmetry A4 x Z% x 
U(1)fn x U(1)r constrains not only the mass matrices of leptons, but also those of 
sfermions. These are given at the high energy scale Aj w A^, which we assume to be 
close to 10 16 GeV, the supersymmetric grand unification scale. The flavour symmetry 
does not fix the soft supersymmetric mass scale msusY- It also does not constrain the 
parameters involved in the gaugino as well as the Higgs(ino) sector. These are fixed by 
our choice of a SUGRA framework in which tususy is the common soft mass scale for 
all scalar particles and the common mass scale of the gauginos. Thus, at the scale 
AjRiAi we have 

Mx(A L ) = M 2 (A L ) = m 1/2 . (6.38) 

Effects of RG running lead at low energies (at the scale m z of the Z mass) to the following 
masses for gauginos 

M 1 (m z ) ~ ^^l Ml (A L ) M 2 {m z ) ~ ^^\m 2 {A l ) , (6.39) 

a>i{A L ) a 2 {A L ) 

where a, = g 2 /4ir (i = 1,2) and according to gauge coupling unification at Aj w A L , 
ai(A^) = a 2 (Ai) ~ 1/25. Concerning the effects of the RG running on the soft mass 



terms, as we have seen in section 6.3 these are small or can be absorbed into our parametri- 
sation of the soft mass terms. Thus, in the contributions {m 2 RL )i^ 2 to the RL block we 
take msusY as input parameter. Nevertheless, we explicitly take into account the RG 
effect on the average mass scale of the LL block, m 2 L , and in the RR block, m 2 R , 

m\(m z ) ~ m 2 L (A L ) + 0.5Mf (A L ) + 0.04M 2 (A L ) ~ m 2 SUSY + 0.54m 2 , 

(6.40) 

m\{m z ) ~ m\{A L ) + 0.15M 2 (A L ) ~ m 2 SUSY + 0.l5m 2 1/2 . 



The parameter \x is fixed through the requirement of correct electroweak symmetry break- 
ing: 

l2 ml 2 1 + 0.5 tan 2 2 0.5 + 3.5 tan 2 (3 
M "~^ +m susY tan2/3 _ 1 +m 1/2 tan2/3 _ 1 , (6.41) 

so that \i is determined by msusY, m>i/2 an d tan/3 up to its sign. We recall that in our 
model the low-energy parameter tan /3 is related to the size of the expansion parameter 
u, the mass of the r lepton and the r Yukawa coupling y T in as in the following 

tan/?A/2m T tan/3 

11 = - — : ps 0.01— : — - , (6.42) 

J/r v \y T \ 



as we have already pointed out in eq. (3.32). For this reason, requiring 1/3 < \y T \ < 3 



constrains tan/3 to lie in the range 2 < tan (3 < 15. As already commented, the lower 
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bound tan (3 = 2 is almost excluded experimentally, since such low values of tan (3 usually 
lead to a mass for the lightest Higgs below the LEP2 bound of 114.4 GeV (l37| . f\ 



In our numerical analysis the parameters are the following: the two independent mass 
scales msusY and mi/ 2 , the sign of the parameter \i and the parameters of the slepton 



mass matrices shown in section 6.3 in the physical basis. We recall that the results of 



section |6.3 have been obtained under the assumption that the parameters are real and 



we keep working under the same assumption here. We also assume that the parameters 
on the diagonal of the slepton mass matrices (w? \ ll )k and (ml RR )K, n and n1 2 3 , are 
positive in order to favour positive definite square-masses, to avoid electric-charge breaking 
minima and further sources of electroweak symmetry breaking. The absolute value of the 
(9(1) parameters is varied between 1/2 and 2. We will choose some representative values 
for u in the allowed range 0.007 < u < 0.05. The other expansion parameter t is fixed to 
be 0.05. In the analysis of the normalised branching ratios Rij we fix tan /3 and u and then 
we derive the Yukawa couplings y e , y M and y T . When discussing the anomalous magnetic 
moment of the muon instead we vary y T between 1/3 and 3 and calculate tan /3 by using 



eq. (6.42). Having determined tan/3, the Yukawa couplings y e and y^ can be computed. 



The allowed region of the parameter space is determined by performing several tests. 



We check whether the mass of the lightest chargino is above 100 GeV 30 , whether the 



lightest neutralino is lighter than the lightest charged slepton, whether the lower bounds 



for the charged slepton masses are obeyed 30 and whether the masses of all sleptons 



are positive. The constraint on the mass of the lightest chargino implies a lower bound 
on mi/2 which slightly depends on the sign of /i. In our plots for we also show the 
results for points of the parameter space that do not respect the chargino mass bound. 
For low values of msusY, e.g. msusY = 100 GeV, the requirement that the lightest 
neutralino is lighter than the lightest charged slepton is equivalent to the requirement 
that the parameters in the diagonal entries of the slepton mass matrices (^ £U )ll)k and 
{rh\ RB )K are larger than one. For larger values of msusY, e.g. msusY = 1000 GeV, this 
requirement does not affect our analysis anymore. We note that masses of charginos and 
neutralinos are essentially independent from the 0(1) parameters of the slepton mass 
matrices and thus their masses fulfill with very good accuracy (better for larger m^) 

M^o « 0.4mi /2 , M^o « M~- « 0.8mi/ 2 , M^o « M^o w M~- « . (6.43) 

For the slepton masses we find certain ranges which depend on our choice of the 0(1) 
parameters. 

6.5.2 Results for Radiative Leptonic Decays 

We first discuss the results for the branching ratio of the decay \x — > cy. This branching 



ratio is severely constrained by the result of the MEGA experiment 129 



R„ e « BR{n -»■ ej) < 1.2 x 10" 11 (6.44) 
^This bound assumes that the Higgs is SM-like. For the case of generic MSSM Higgs the bound is 



much lower, 91.0 GeV 138 
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and will be even more constrained by the on-going MEG experiment 131 which will 
probe the regime 

« BR(ji ->• erf) > lO" 13 . (6.45) 

We explore the parameter space of the model by considering two different values of the 
expansion parameter u, u = 0.01 and u = 0.05, two different values of tan/3, tan/3 = 2 
and tan/3 = 15, as well as two different values of the mass scale msusY, msusY = 100 



GeV and msusY = 1000 GeV. We show our results in scatter plots in figure 6.2 choosing 



mi/2 to be TO1/2 < 1000 GeV. All plots shown in figure 6.2 are generated for /x > 0. 

As one can see from figure |6.2[ a), for very low tan/3 = 2, small u = 0.01, small 
msusY = 100 GeV the experimental upper limit from the MEGA experiment on BR(fi — > 
erf) can be passed in almost all parameter space of our model for values of m\ii as small 
as 450 GeV. For ttisusy = 100 GeV and myz = 450 GeV the sparticle masses are rather 
light: the lightest neutralino has a mass of 175 GeV, the lightest chargino of 350 GeV, 
the masses of the right-handed (charged) sleptons vary between 175 and 285 GeV and 
the masses of the left-handed sleptons are in the range (250 -j- 500) GeV. Thus, especially 
the right-handed sleptons are expected to be detected at LHC. In a model also including 
quarks (and hence squarks) we find for the squarks that they can have masses > 700 GeV 
and gluinos with masses of about 1000 GeV, all accessible at LHC. To pass the prospective 
bound coming from the MEG experiment in a sizable portion of parameter space of our 
model mi/2 has to be chosen larger, mi/2 > 600 GeV. Then, however, the masses of the 
sleptons might only be detected at LHC in case of right-handed sleptons. As one can see, 
values of mi/ 2 < 155 GeV are excluded due to the constraint on the lightest chargino 
mass. Studying the same value of tan/3 and u, but taking m S usY to be as large as 1000 
GeV, we can see from figure |6gb) that now the bound set by the MEGA experiment 



on BR(fU — > eri) is respected in the whole parameter space of our model for all values of 
mi/2- Also the foreseen limit of the MEG experiment can only exclude a smaller part of 
the parameter space of the model for all values of ttxi/2. In this setup, the prospects for 
detecting supersymmetric particles at LHC are the best for gauginos due to the possible 
low value of mi/ 2 . The slepton masses are expected to be roughly msusY and thus too 
large to allow for a detection at LHC. 

Increasing the value of the expansion parameter u from u = 0.01 to u = 0.05, as done 
in figure increases also the branching ratio of the decay /x — > cy by 



approximately two orders of magnitude, since the different contributions to the branching 
ratio scale at least with u 2 , as analysed in section 6.4. For this reason for low values of 



m susY = 100 GeV, mi/2 has to take values mi/2 > 600 GeV in order for the result of 
BR(fi — > erf) to be compatible with the MEGA bound at least in some portion of the 
parameter space of our model. For the point (msusY, 7771/2) = (100 GeV, 600 GeV) the 
sparticle spectrum is characterised as follows: the lightest neutralino has a mass of 240 
GeV, the lightest chargino of 470 GeV, right-handed sleptons between 250 and 350 GeV 
and left-handed sleptons generally above 300 GeV. For this reason there still exists the 
possibility to detect right-handed sleptons at LHC. Concerning gluinos and squarks these 
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(a) tan/3 = 2, u = 0.01 and m SU SY = 100 GeV. 
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(e) tan ,3 = 15, u = 0.05 and m st/5y = 100 GeV. (f) tan ,3 = 15,u= 0.05 and m SUSY = 1000 GeV. 
Figure 6.2: Scatter plots of BR(fi — >■ e7) as a function of m\ii, for different values of 
tan /3, u and msusY- The red (dark gray) points correspond to points in which the mass of 
the lightest chargino is below the limit coming from direct searches. The horizontal lines 
show the current MEGA bound ( continuous line ) and the prospective MEG bound ( dashed 
line). 
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are expected to have masses between 1000 and 1500 GeV so that they also can be detected 
at LHC As one can see from figure @c) the on-going MEG experiment can probe nearly 



the whole parameter space of the model for tan/3 = 2, u = 0.05 and msusY — 100 GeV 
for values of m\/2 < 1000 GeV. Increasing the parameter msusY to 1000 GeV shows 
that applying the existing bound on BR(fi — > ej) of 1.2 x 10~ n cannot exclude small 
values of m^. The situation changes, if the expected bound from the MEG experiment 
is employed, because then values of mi/2 smaller than 1000 GeV become disfavoured. 



Finally, we show in figure |672[ e) and |6.2[ f) the results obtained for tan/3 = 15. We 
remind that this value is the largest possible one of tan /3 in our model. Requiring that the 
r Yukawa coupling does not become too large entails that tan /3 = 15 fixes the expansion 
parameter u to take a value close to its upper limit, u = 0.05. The value of BR(fi — > 
ey) is thus enhanced through tan (3 as well as u. This is clearly shown in figure |6.2| (e) 
and |6.2[ f), because for a low value of msusY — 100 GeV already the MEGA bound 
practically excludes almost the whole parameter space of our model for all values of 
m i/2 ^ 1000 GeV. Increasing the mass parameter msusY to 1000 GeV slightly improves 
the situation, because now there exists a marginal probability to pass the MEGA bound. 
Again, however, the MEG experiment can probe all parameter space of our model for 
mi/2 < 1000 GeV. Thus, for m SUSY < 1000 GeV and m 1/2 < 1000 GeV the parameter 
space of our model is already severely constrained for moderate values of tan /3 which 
entail large u ~ 0.05 by the bound coming from the MEGA collaboration, but surely will 
be conclusively probed by the MEG experiment. Choosing /i < hardly affects the results 
presented here apart from slightly decreasing the lower bound on mi/ 2 coming from the 
chargino mass bound. Thus, all statements made also apply for fi < 0. 

In summary, the current bound on BR(fi — > ej) prefers regions in the parameter space 
of our model with small u or small tan /3, as long as the SUGRA mass parameters should 
be chosen smaller than 1000 GeV. The foreseen MEG bound strongly favours regions in 
which u is small for tususy and mi/ 2 being not too large. The fact that smaller values of u 
are preferred has consequences also for the expectations of the detection prospects for the 
reactor mixing angle 6*13, because this angle scales with u: it might thus not be possible 
to detect 6*13 with the reactor and neutrino beam experiments under preparation [Ij |139 



Concerning the radiative r decays, r — > /ry and r — > ej, the result found in the 
MI approximation that the branching ratios of these decays are of the same order of 
magnitude as BR{^i — > ey) is essentially confirmed in a numerical analysis. Due to the 
random parameters differences up to two orders of magnitude are expected and found, 



especially for the case of larger tan (3: looking at table [672] when the parameters Cp and c 
are of opposite sign the leading contributions are suppressed and the non-universal NLO 
terms become relevant. However, it is still highly improbable that the decays r — > /ry 
and t — > ey could be detected at a SuperB factory, assuming a prospective limit of 



BR(t ->• hj), BR(t ->• &y) > 1Q- 9 140 . 
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6.5.3 Results for Anomalous Magnetic Moment of the Muon 

As is well known, the value found for the anomalous magnetic moment of the muon 



125 



EXP 



116592080(63) x 10 



-li 



shows a 3.4 a deviation 



5a, 



+302(88) x 10~ n 
from the value expected in the Standard Model 

a SM = 116591778(61) x 10~ n . 



(6.46) 



(6.47) 



(6.48) 



Thus, it might be interesting to consider the case in which this deviation is attributed to 
the presence of supersymmetric particles with masses of a few hundred GeV. The one- 
loop contribution to the anomalous magnetic moment of the muon in supersymmetric 



extensions of the Standard Model has been studied by several authors 134 
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(a) u = 0.01. (b) u = 0.05. 

Figure 6.3: Scatter plots in the plane BR{ji — > ej) — 5a^, for values of u = 0.01, 0.05. 
The value of tan /3 is fixed through the relation with the r Yukawa coupling, which lies in 
the interval [1/3,3]. The values of m S usY an d of mi/ 2 are chosen between 10 and 300 
GeV for the left panel and between 10 and 1000 GeV in the right one. The horizontal 
lines correspond to the MEGA (continuous line) and the MEG bounds (dashed line); the 
vertical lines correspond to the measurements on Sa^: the continuous one is the best fit 
value and the dashed ones correspond to the 3cr boundaries. 

We study the compatibility between the requirement that Sa^ is explained by the 
exchange of relatively light supersymmetric particles and the experimental upper limit on 
BR(fi — > ej) coming from the MEGA experiment. We choose again two different values 
of u, u — 0.01 and u = 0.05. To better explore the parameter space we vary the r Yukawa 
coupling between 1/3 and 3 and fix the value of tan/3 through the relation given in eq. 
(6.42). As a consequence in the plot for u = 0.01, see figure 6.3[ a), 2 < tan/3 < 3 holds 
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and for u = 0.05 tan/3 takes values 2 < tan/3 < 15. Similarly, ttisusy and mx/ 2 are chosen 
to lie in intervals [10 GeV, 300 GeV] and [10 GeV, 1000 GeV] for u = 0.01 and u = 0.05, 
respectively. The different choice of intervals is due to the fact that values of a few 
hundred GeV for msusY and mi/2 are disfavoured by the existing limit on BR(fi — > ej) 
when u = 0.05. As one can clearly see from figure 6^3, in almost the whole parameter 
space of our model it is not natural to reproduce the observed deviation of the muon 
anomalous magnetic moment and at the same time to respect the existing bound on the 
branching ratio of fi — > ey. 

This kind of incompatibility is well known in constrained supersymmetric theories, 
because the explanation of the 3.4cr discrepancy necessitates small values of msusY and 
mi/2 and larger values of tan/3, which in turn enhance the branching ratio of the radia- 
tive LFV decays. Thus, we have to conclude that either there exist further sources of 
contributions to the anomalous magnetic moment of the muon beyond those present in 
our model, or - as is also discussed in the literature - the theoretical value af, M found in 
the Standard Model is closer to a^ xp so that the possible discrepancy becomes less than 
100 x 10~ n , a value which could well be explained in our model. 



6.6 Conclusions of the Chapter 

In this chapter we studied a series of phenomena involving flavour transitions in order 
to find new observables, not related to neutrino oscillations, which can be useful to test 
the numerous flavour models present in literature. The introduction of new physics, 
supersymmetric or not, corresponding to an energy scale at about M = 1 -f- 10 TeV is an 
interesting possibility: a solution to the hierarchy problem, a successful gauge coupling 
unification, the existence of a Dark Matter candidate and an explanation of the observed 
discrepancy in the anomalous magnetic moment of the muon might be found if this 
intermediate energy scale is introduced. 

We pursed the analysis considering a set of flavour models, based on the symmetry 
group A4 x Z 3 x U(1)fn, originally proposed in order to describe lepton masses and 
mixing angles, through the introduction the Weinberg operator (for alternative studies 
with the type I See-Saw see 141] ) . The introduction of new physics in this class of 



models allows to study a set of new low-energy observables, as leptonic MDMs, EDMs 
and LFV transitions like \i — > ej, r — > pq and r — > ej. We have constructed the effective 
low-energy Lagrangian that describes these observables. Such an effective Lagrangian is 
invariant under the flavour symmetry, and all flavour breaking effects are encoded in the 
dependence on a set of flavons (p which develop VEVs. These also control lepton masses 
and mixing angles. The dominant operators are obtained by expanding the Lagrangian 
in powers of ip/Af and by keeping the first few terms in the expansion. The leading 
contributions have dimension six and are suppressed by two powers of a new scale M. 
Apart from this energy scale, all the relevant information needed to predict MDMs, EDMs 
and LFV transitions is contained in a dimensionless matrix Ai, whose elements can be 
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computed up to unknown order-one coefficients from our Lagrangian. The strongest 
bound comes from the EDM of the electron: M > 80 TeV. A lower value for M can 
be tolerated in the presence of a cancellation in the imaginary part of M. ee , perhaps 
related to CP-conservation in the considered sector of the theory. This problem is also 



present in MFV 61,63,64, where one simply assumes that Ai ee is real. Coming to 
LFV dipole transitions, we have found that in the general case the branching ratios for 
fj, — > erf, r — Y /ry and r — > are all expected to be of the same order, at variance 
with MFV. Given the present limit on BR(fi — > erf), this implies that r — > /ry and 
r — > &f have rates much smaller than the present (and near future) sensitivity. The 
absolute values of these branching ratios depend on the flavon VEVs that in our class of 
models are determined by a parameter u in the range 0.001 < u < 0.05. In the general 
case, for BR(ji ->■ erf) < 1.2 x 10~ n (10~ 13 ) we get M > 10 (30) TeV if u = 0.001 and 
M > 70 (200) TeV for u = 0.05. The anomalous MDM of the muon and its deviation 
from the SM expectation provide the indication for a lower scale M, of the order of few 
TeV, which would also be of great interest for LHC. In order to reconcile this possibility 
with the results derived from the LFV dipole transitions, we have reconsidered the matrix 
Ai in a supersymmetric context, where additional constraints have to be applied. The 
operators describing \i — > ej, r — )■ /17 and r — > flip the lepton chirality. By assuming 
that in a supersymmetric theory the only sources of chirality flips are the fermion masses 
and the sfermion mass terms of left-right type, we find that a cancellation takes place in 
the elements of M. below the diagonal. As a result the limits on the scale M become less 
severe. For BR(n ->■ ey) < 1.2 x 10~ n (10^ 13 ) we get M > 0.7 (2) TeV if u = 0.001 and 
M > 14 (48) TeV for u = 0.05. At variance with the non-supersymmetric case there is 
a range of values of the parameter u for which the scale M can be sufficiently small to 
allow for an explanation of the observed discrepancy in a M , without conflicting with the 
present bound on fi — > ej. Since in our framework #13 is comparable to u, the present 
limit on BR(fi — > e*y) together with the existing discrepancy in a M point to a rather small 
value for #13, of the order of few percents in radians, close to but probably just below 
the sensitivity expected in future experiments at reactors or with high intensity neutrino 
beams. 

Subsequently, we have extended the original model by including Supersymmetry break- 
ing terms consistent with all symmetry requirements. Our model is an effective theory, 
valid at energy scales below a cutoff Af m K L) where we have derived the spectrum of 
supersymmetric particles, in the slepton sector, under the assumption that the Super- 
symmetry breaking scale is larger than A/. It provides an example of a model in which 
the slepton mass matrices at the scale Af are not universal. Left-handed sleptons are 
approximately universal, with a small departure from universality controlled by u, the 
flavour symmetry breaking parameter which runs in a small range around few per cent 
and has a size similar to the reactor mixing angle 8 13 . Right-handed sleptons have soft 
masses of the same order, but the relative difference among them is expected to be of 
order one. Off-diagonal elements in both sectors, as well as in the RL block, are small 
and have a characteristic pattern in terms of powers of u. This structure is maintained 
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by the effects coming from the RG running from Af down to the electroweak scale. 

We got the slepton mass matrices to compute the normalised branching ratios R^ 
for the transitions ji — > ej, r — >■ fij and r — > ey. At variance with other models based 
on flavour symmetries we found i? Me ~ R Tii ~ R Te and, given the present limit on R^, 
these rare r decays are practically unobservable in our model. On a more theoretical 
side, the scaling R^ oc u 2 , found in the MI approximation, violates an expectation based 
on an effective Lagrangian approach, which suggested Rij oc u 4 in the limit of massless 
final charged lepton. We have identified the source of such a violation in a single, flavour 
independent, contribution of the RL block of the slepton mass matrix. Such a contribution 
originates from the VEVs of the auxiliary components of the flavon supermultiplets. We 
have classified the conditions under which this universal contribution is absent. 

In a numerical analysis of R^ e we found that already the current bound from the 
MEGA experiment requires the parameter u to be small or tan/3 to be small for super- 
symmetric mass parameters msusY and m-1/2 below 1000 GeV, to guarantee detection of 
sparticles at LHC. Applying the prospective MEG bound tightens the parameter space 
of our model even more to small u and tan/3 or requires mass parameters msusY and 
m-1/2 above 1000 GeV. Furthermore, we showed that the deviation of the experimentally 
observed value of the magnetic moment of the muon from the Standard Model one cannot 
be naturally explained in our framework, for BR(fi — > e^y) below the current bound. The 
maximal value of 5a^ in our model is around 100 x 10~ n for BR(fi — > e^y) < 10 -11 . 



Chapter 7 
Leptogenesis 



From a theoretical perspective the smallness of neutrino masses can be well under- 
stood within the See-Saw mechanism, in which Standard Model is extended by adding 
new heavy states. As we have already seen in the previous chapters, a flavour symmetry 
can act on the flavour structure of the Majorana and Dirac mass matrices, explaining the 
observed lepton mixing pattern. Introducing right-handed neutrinos with large Majorana 
masses, the type I See-Saw naturally contains all the necessary ingredients for a dynam- 
ical generation of a cosmic lepton asymmetry through the decays of these heavy singlet 
states (leptogenesis): (a) Lepton number violation arising from the Majorana mass terms 
of the new fermionic fields; (b) CP-violating sources from complex Yukawa couplings; (c) 
departure from thermal equilibrium in the hot primeval plasma at the time the singlet 
neutrinos start decaying. This lepton asymmetry is then reprocessed into a baryon asym- 
metry through B + L violating anomalous electroweak processes 142 thus yielding an 
explanation to the origin of the baryon asymmetry of the Universe 143 i.e. baryogenesis 
through leptogenesis (for a recent review see 144| ). 

In the lepton sector a source of CP violation, e.g. neutrino oscillations, is already 
present, but it has been generically shown that baryon asymmetry is insensitive to the low- 
energy CP- violating phases 145 , 146 . However, it is possible to identify a class of models 



in which a connection between CP violation responsible for leptogenesis and CP violation 
observable at low energies can be established thanks to some flavour effects. This is linked 
to the additional constraints on the parameter space coming from the flavour sector, when 
a flavour symmetry is implemented in a model. As pointed out in 94 , in the context 
of the Altarelli-Feruglio model with type I See-Saw the CP- violating asymmetry (e v c) 
vanishes in the limit of exact tribimaximal mixing, with leptogenesis becoming viable only 
when deviations from this pattern are taken into account. The explicit structure of the 
corrections responsible for these deviations are model-dependent and therefore whether a 
connection between e u c and low-energy parameters can be established will depend on the 
particular realisation. 

In particular, we study the viability 



In this chapter we extend upon the work in 94 



of leptogenesis in the context of models based on an arbitrary flavour symmetry leading 
to mass-independent mixing textures. When there is only type I See-Saw, dealing with 
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three right-handed neutrinos, independently of the nature of the underlying symmetry, 
we conclude that e u c = in the limit of exact symmetry. Under these conditions, only 
deviations coming from the flavour symmetry breaking yield e v c ^ 0. It is important to 
note that this result is not in general valid in the presence of other types of See-Saws. 
On the same context, a different analysis but with very similar conclusions has been 



proposed in 103 . In particular it is interesting to report one of the results therein: if 
the three right-handed neutrinos transform under the flavour symmetry as an irreducible 
representation then, in the limit of the exact symmetry, the neutrino Yukawa is propor- 
tional to a unitary matrix and as a result the CP asymmetry vanishes. It is then possible 
to find a relation between this statement and ours one: indeed, when the three right- 
handed neutrinos transform as an irreducible representation of the flavour symmetry it is 
possible that the lepton mixing matrix is a mass-independent texture, in the limit of the 
exact symmetry; as a result our conclusion can be seen an alternative formulation of the 



statement in 103 



7.1 The Basic Framework 

In this section we establish a more suitable notation, commonly used to deal with 
leptogenesis. The type I See-Saw Lagrangian is given by 

Se = {Y^'UEe) + {YJu&Hvl + \{M R ) aP ^ + h.c. , (7.1) 

where as usual t are the lepton SU{2)l doublets, e c are the complex conjugate charged 
lepton SU(2) L singlets and H is the Higgs SU(2) L doublet. Latin indices i,j ... label 
the lepton flavour of the left-handed species, whereas Greek indices a, (3 . . . refer to the 
right-handed species. Y e , Y u and Mr are 3x3 matrices in flavour space. 

The effective light neutrino masses originate by the usual type I See-Saw and, after 
the electroweak symmetry breaking, the mass matrix is given by 

m v = -m D M^ 1 m T D , (7.2) 

where mo = Y v vj\j2. From now on we assume that in the physical basis, m u is exactly 
diagonalised by a mass-independent mixing matrix Uq and therefore 

m u = PU^m u U P , (7.3) 

where P accounts for the low-energy Majorana phases. In general, as well as Mr 
{Mr = Mr) are complex matrices which can be diagonalised as follows 

m D = Ulm D U R , Mr = V£M r Vr, (7.4) 

with Ul, Ur, Vr 3 X 3 unitary matrices, characterised in general by 3 rotation angles and 
6 phases. 



7.2 CP ASYMMETRY AND EXACT Un MIXING WITHOUT ANY FS 
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According to eq. (7.4) the effective neutrino mass matrix in (7.2) can be written as 

(7.5) 



m. 



-U L m D (U R V R ) Mj, 1 {ViU* R ) m D V T L . 
The requirement of having exact U diagonalisation can be written according to eqs. ( 7.3[ ) 



and (7.5), requiring that 



P (U£U L ) m D (U R V R ) M r x (V%U* R ) m D (U T L U,) P 



(7.6) 



is diagonal and real. It is useful to introduce the notation of the Dirac neutrino mass 
matrix in the basis in which the right-handed neutrino mass matrix Mr is real and 
diagonal: 



m 



m D Vi 



R ■ 



(7.7) 



7.1.1 General Remarks on Leptogenesis 



Our discussion will be entirely devoted to "unflavoured" leptogenesis scenarios: in 
the framework of flavour symmetry models the heavy singlet neutrinos typically have 



masses above 10 13 GeV and for T > 10 12 GeV lepton flavours are indistinguishable 147 



148 . In the standard thermal leptogenesis scenario singlet neutrinos v c are produced by 



scattering processes after inflation. Subsequent out-of-equilibrium decays of these heavy 



states generate CP-violating asymmetries given by |144| 149 

1 



r — r 
r + r 

1 a ~ 1 a 



J^lm 



i m D 



(7- 



where r a and r a are the total z/^-decay widths into leptons and anti-leptons, respectively, 



M|/M 2 and the loop function can be expressed as 



(1 + z fi ) log 



1 + zp 



(7.9) 



Depending on the singlet neutrino mass spectrum the loop function can be further simpli- 
fied. In the hierarchical limit (M a Mp) and in the case of an almost degenerate heavy 



neutrino spectrum {zp — 1 + 5^ 

f{zp) -»• - 



Sp <^1), this function becomes respectively 



5/9 



(7.10) 



In any case, as can be seen from eq. (7.8), whether the CP- violating asymmetry vanishes 
will be determined by the Yukawa coupling combination m D m^. 



7.2 CP asymmetry and Exact Uq Mixing Without 
any Flavour Symmetry 

While the Uq mixing pattern can be well understood as a consequence of an underlying 
flavour symmetry, in principle it might be that it arises from a random set of parameters 
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(though quite unlikely). For completeness, in this section we consider this possibility and 
study the consequences on the CP-violating asymmetry. We focus on the tribimaximal 
mixing pattern, but similar analysis can be done with the same conclusions dealing with 
other mass-independent textures. 

When the neutrino mixing angles are fixed to satisfy the tribimaximal mixing pattern 
and in addition to the measured mass squared differences we have a set of eight constraints 
on the parameter space: 



ni 



I'VZ 



ni 



1^13 1 



m 



U-22 



m 



"33 1 



rn 



m 



l'22 



+ m 



V23 



m 



V12 1 



(7.11) 



yielding six constraints (from the real and imaginary parts of the mass matrix entries); 
the atmospheric and solar mass scales provide the remaining two. 

To determine the effect of such constraints on e v c it is practical to use a parametrisation 
of mo which ensures that the tribimaximal mixing and the correct neutrino masses occur. 
In the basis in which the right-handed neutrino mass matrix is diagonal and real it is 
convenient to introduce the orthogonal complex matrix R defined by the so-called Casas- 



Ibarra parametrisation 150 , namely 

R* 



R 



-1/2 



(7.12) 



All the low-energy observables are contained in the leptonic mixing matrix Uq and in the 
diagonal and real light neutrino mass matrix rh v . The matrix R turns out to be very 
useful in expressing the CP-violating asymmetry parameter. Considering for simplicity 
the case of hierarchical right-handed neutrinos (Mi <C M 2 <C M 3 - thus validating the 



approximation in eq. (7.10)), eq. (7.8) can be rewritten as 



e,,c 



3M a Dm 




87rt> 2 . rrij 


Rja 


2 



(7.13) 



where rrij 



(m 



v)33- 



Once the right-handed neutrino mass spectrum and low-energy 



observables are fixed, random values of correspond to random values of R. It is shown 



by eq. (7.13) that leptogenesis is completely insensitive to low-energy lepton mixing and 
CP- violating phases 145 Fland therefore the viability of leptogenesis is not at all related 



with the tribimaximal mixing or in general with any accidental mixing pattern considered. 
The CP-violating asymmetry is determined by the values of the entries of R which are 
arbitrary in the absence of any flavour symmetry, and consequently e v c ^ in general and 
its absolute value depends upon the heavy fermionic singlet masses, the light neutrino 
masses and R. 



7.3 Implications of Flavour Symmetries on e v 



We consider now the case in which an underlying flavour symmetry enforces an exact 
mixing pattern. It will be evident throughout the proof that it holds for any mixing pat- 



§This statement is in general also true in flavoured leptogenesis 
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tern where the mixing matrix consists purely of numbers, but we will assume tribimaximal 
mixing for defmiteness. 

Within the case considered the transformation properties of i and v c under the flavour 
symmetry group Gj determine the structure of mu and Mr (which are no longer arbi- 
trary). Indeed, these matrices can be regarded as form-diagonalisable matrices (4j|, i.e. 
the parameters which determine their eigenvalues are completely independent from the 
parameters that define their diagonalising matrices. Accordingly, vanishing off-diagonal 



elements of m v in eq. (7.6) can arise only if 



Pt,0 



Di 



and 



UlV R 



(7.14) 



where Pl,r = diag(e iQl ' , e"* 2 ' ,e ia 3 ) whereas On, and 0^ m are respectively unitary and 
orthogonal matrices that arbitrarily rotate the i and m degenerate eigenvalues of and 
Mr such that if uid {Mr) has no degenerate eigenvalues 0^ = 1 (0# m = 1). Note that 
the requirement of having canonical kinetic terms in addition to preserving the m-fold 
degeneracy of the right-handed neutrino mass matrix enforces On m to be real. It is easy 



to understand the conditions given in eq. (7.14) by the use of a reductio ad absurdum. 



Let us consider for simplicity the case without any degeneracy in the eigenvalues of rhp 
and Mr: = 1 and 0# m = t. If the products U^ b Ul and U r Vr are not diagonal, 
but simply unitary matrices with non-vanishing off-diagonal entries, then the right-hand 



side of eq. (7.6) is in general a matrix whose entries are linear combinations of the mass 



eigenvalues of rhp and of Mr. In order to have rh v diagonal, the off-diagonal entries must 
vanish and this is possible only if the respective linear combinations cancel out. However, 
there are no a priori reasons to have such cancellations, since it corresponds to have well- 
defined relationships between the eigenvalues of mo and of Mr, which is, in other words, 



a fine-tuning. Avoiding this possibility, the only solution is to consider eq. (7.14). 



As shown in 22 , under the condition in eq. (7.14) the can be written as 



rn 



U TB D v R „ 



(7.15) 



with v a diagonal real matrix and D a diagonal unitary matrix which contains all the 
phases af' L . It is straightforward to recover from eq. (7.15) the following R* matrix: 



R* =m- l l 2 vM R 1/2 . 



(7.16) 



By comparing eq. (7.16) with the Casas-Ibarra parametrisation given in eq. (7.12) we 



deduce that in the case of exact tribimaximal mixing the matrix R is real and according 



to eq. (7.13) the CP- violating asymmetry vanishes. 



Note that so far we did not refer to any specific model realisation and we have assumed 
just exact tribimaximal diagonalisation of m u within the context of type I See-Saw. We 
not only confirm the result in 



94 



but also extend it to any possible flavour symmetry 
responsible for the exact tribimaximal scheme. It is also straightforward to check (by 
replacing Utb with a mass-independent mixing matrix Uq) that the matrix R still turns 
out to be real for other exact mixing schemes as long as they are mass-independent. Note 
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also that although we have only considered three right-handed neutrinos our result is 
absolutely generalisable to models with either two right-handed neutrinos or more than 
three such as 151 . On the other side, the proof does not hold however in the presence 



of additional degrees of freedom, e.g. in models involving type I and type II See-Saw. 

An important consequence of our proof is that if the Uq mixing pattern is due to any 
underlying flavour symmetry in a type I See-Saw scenario, the viability of leptogenesis 
depends upon possible departures from the exact pattern. In the context of models based 
on discrete flavour symmetries that predict Uq mixing at the leading order this is achieved 
through NLO corrections. Since the size of the deviations from Uq mixing are not arbi- 
trary, in principle one might expect the CP-violating asymmetry to be constrained by 
low-energy observables such as 6^3 and/or the CP-violating phases. However we have 
shown that in the general case the combination of NLO corrections that produce e u c ^ 
is not directly related with any low-energy observable. Consequently, while we conclude 
that general model-independent NLO corrections guarantee a non- vanishing CP-violating 
asymmetry, correlations among low-energy observables in the leptonic sector and e v c can- 
not be established unless the nature of the corrections is well known, i.e. once the flavour 



model realisation has been specified 94 , 103 , 104 , 152 



7.4 Conclusions of the Chapter 

In this chapter we considered under rather general conditions the possibility of links 
between low-energy observables and high-energy parameters that are relevant for lepto- 
genesis: in the most general case no such connections can be recovered. The situation 
can improve considering flavour constraints. When simply assuming, in particular with- 
out introducing an underlying flavour symmetry, for the lepton mixing matrix a mass- 
independent texture, such as the well-known tribimaximal or bimaximal patterns, we 
conclude that it is in general possible to obtain leptogenesis, but it is not sufficient to 
provide a link between the different type of parameters. 

On the contrary, it is possible to improve the situation considering the more natural 
case where mass-independent mixing patterns originate from an underlining flavour sym- 



metry. We confirmed the results of 94 , for which the CP-violating asymmetry vanishes 
in the limit of exact tribimaximal mixing in the case of unflavoured leptogenesis and only 
type I See-Saw. We generalised this conclusion into a model-independent proof that is 
valid for any flavour symmetries which impose mass-independent mixing textures. On the 
other hand, in order to have viable leptogenesis, the model has to require NLO corrections 
lifting the exact mixing, or alternatively independent contributions to the CP asymmetries 
such as those that naturally arise from an interplay between different See-Saws. 



Chapter 8 

Summary and Final Remarks 



Here we present a very brief concluding summary, while detailed remarks can be found 
at the end of each chapter. 

The thesis collects the results of a series of projects which investigate on the use of 
flavour symmetries, in particular discrete and non-Abelian, to account for the flavour 
problem. The thesis itself can be seen as a unique subject developed in several directions: 
we first deal with model building and subsequently we analyse the impact of the underlying 
flavour symmetries on flavor violation and on leptogenesis. 

In the first part, we presented a series of flavour models which produce phenomenolog- 
ically successful patterns for fermion masses and mixings: while in the quark sector the 
mixing matrix shows a Wolfenstein-type structure in all the realisations in which quarks 
are considered, in the lepton sector we focussed on two distinct textures, the tribimaximal 
and the bimaximal schemes. They answer to two different requirements: in the tribimaxi- 
mal models the reactor angle is almost vanishing while in the bimaximal realisations it can 
reach values close to its present upper bound. The future experiments on v e appearance 
will be able to discriminate between these two proposals. 

In the second part of the thesis, we focus on flavour models based on the group A4, 
analysing their predictions for some rare decays in the lepton sector, such as /i — > ey, 
r — )• cy and r — > /ry, and the possibility to explain the discrepancy between the Standard 
Model prediction and the experimental measurement of the anomalous magnetic moment 
of the muon, through the presence of new physics at 14-10 TeV. We first adopt an effective 
operator approach a la MLFV in which these observables are described by six-dimensional 
operators invariant under the flavour symmetry; thereafter we identify the kind of new 
physics with Supersymmetry and we introduce a complete set of Supersymmetry break- 
ing terms consistent with the flavour symmetry. In this second study, we found that 
the present and future experimental bounds on \i — > ey represent strong constraints on 
the models, forbidding parts of the parameter space, but they do not exclude possible 
observations of supersymmetric particles at LHC. Furthermore, the normalised branching 
rations for jj, — > &y, r — > ey and r — > ^7 are found to be of the same order of magnitude 
and, given the present limit on /i — > cy, we can conclude that the r decays are practically 
unobservable. Regarding the anomalous magnetic moment of the muon, the deviation of 



133 



134 



Chapter 8. Summary and Final Remarks 



the experimentally observed value from the Standard Model prediction cannot be natu- 
rally explained in our framework, for BR({x — > cy) below the current bound, indeed the 
maximal value of such a deviation is around 100 x 10~ n for BR({x — > ej) < 10 -11 . 

Finally in chapter [7] we presented an argument for which e, the CP-violating param- 
eter relevant for leptogenesis, is vanishing when the leptonic mixing matrix develops a 
mass-independent texture in the exact symmetry phase. Only by allowing symmetry 
breaking contributions, e receives positive corrections and leptogenesis represents a viable 
explanation of the baryon asymmetry of the universe. 
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Appendix A 

Group Theory Details 



In this appendix we report the character tables and the Clebsch-Gordan coefficients of 
the A4, T' and S4 discrete groups. Notice that two distinct description have been reported 
for the group S4: this corresponds to two distinct but equivalent choices of the generators, 
which help in the model building. 

In the character tables, Cj are the classes of the group, °Ci is the order of the i th 
class, i.e. the number of distinct elements contained in this class, °hc i is the order of 
the elements A in the class Cj, i.e. the smallest integer (> 0) for which the equation 
A° h °i = 1 holds. Furthermore the tables contain one representative G for each class G{ 
given as product of the generators S and T of the group. 



A.l The Group A 4 





classes 


Ci 


c 2 


c 3 


c 4 


G 


1 


s 


T 2 


T 


°Ci 


1 


3 


4 


4 


°h Cl 


1 


2 


3 


3 


1 


1 


1 


1 


1 


V 


1 


1 


CO 


to 2 


1" 


1 


1 






3 


3 


-1 









Table A.l: Character table of the group A*, oj is the third root of unity, i.e. u = e 3 = 
2 ^ 1 2 ■ 

The group A4 is generated by two elements S and T obeying the relations [76] : 

= (ST) 3 = T 3 = 1 . (A. 1) 
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It has three independent one-dimensional representations, 1, V and 1" and one three- 
dimensional representation 3. The one-dimensional representations are given by: 

1 S = 1 T = 1 

V S = 1 T = e l47r / 3 = u 2 ( A _ 2 ) 

1" S =1 T = e i2w / 3 = uj 



The three-dimensional representation, in a basis where the generator T is diagonal, is 
given by: 

/ 1 \ / -1 2 2 \ 

T= u? , S= - 2 -1 2 . (A. 3) 

\ w / \ 2 2 -1 / 

We now report the multiplication rules between the various representations. In the 
following we use a = (a±, a 2 , 013) to indicate the elements of the first representation of 
the product and (3 = (3 2 , ^3) to indicate those of the second representation. Moreover 
a,b = 0, ±1 and we denote 1° = 1, l 1 = 1', 1 1 = 1" and similarly for the doublet 
representations. On the right-hand side the sum a + b is modulo 3. 

We start with all the multiplication rules which include the one-dimensional represen- 
tations: 

lxr = rxl = r with r any representation , 



(A. 4) 



l a x l 6 = l b x l a = l a+b ~ a/3 , 

(a(3 3 \ / a(3 2 

afc , l"x3 = 3~ a/3 3 
a(5 2 ) \ afa 

The multiplication rule with the three-dimensional representation is 

1 ~ + a 2 P 3 + a 3 (3 2 , 

1' ~ a 3 (3 3 + ai(3 2 + a 2 pi , 

1" ~ a 2 (3 2 + a 1 f3 3 + a 3 f3 1 , 

2a 1 f3 1 - a 2 /?3 - a 3 f3 2 
2a 3 /3 3 - a,ifi 2 - a 2 /3i 
2a 2 /3 2 - «i/3 3 - a 3 /3i 
a 2 (3 3 - a 3 (3 2 
ot\fi 2 - a 2 f3i 
a 3 f3i - ai/3 3 

Note that due to the choice of complex representation matrices for the real representation 
3 the conjugate a* of a ~ 3 does not transform as 3, but rather (ot\, a* Z) a* 2 ) transforms 
as triplet under A 4 . The reason for this is that T* = U 23 T U 23 and S* = U 23 SU 23 = S 
where U 23 is the matrix which exchanges the 2nd and 3rd row and column. 



3 x 3 = 3 S + 3 A + 1 + V + 1" with < 



(A. 5) 
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A.2 The Group T' 





classes 


Ci 


c 2 




c 4 


c 5 


c 6 


CV 


G 


1 


R 






T 2 


T 


(ST) 2 R 


°a 


1 


1 


6 


4 


4 


4 


4 




1 


2 


4 


6 


3 


3 


6 


1 


1 


1 


1 


1 


1 


1 


1 


T 


1 


1 


1 




w 2 


UJ 


w 2 


1" 


1 


1 


1 


w 2 


UJ 


uj 2 




2 


2 


-2 





1 


-1 


-1 


1 


2' 


2 


-2 





UJ 


-a; 2 


— UJ 


UJ 2 


2" 


2 


-2 





UJ 2 


— w 


-co 2 


UJ 


3 


3 


3 


-1 















Table A.2: Character table of the group T' . uj is the third root of unity, i.e. uj — e ™ 



2^ 1 2 ■ 



The matrices S and T representing the generator depend on the representations of the 
group: 



1 




S = 1 




T = 1 


T 




S = 1 




T = uj 


1" 




5 = 1 




T = uj 2 


2 




5 = Ai 




T = ujA 2 


2' 




5 = i4i 




T = uj 2 A 2 


2" 




5 = Ai 




T = A 2 




HI 


^ -1 2w 


2w 2 ^ 


/ 1 


3 


2w 2 -1 


2uj 


T= I uj 




V 2w 2w 2 


-i ; 


V uj 2 



(A. 6) 



where we have used the matrices 



1 

71 



i V^e^/ 12 
v^e-^/ 12 -i 



A 2 = 



w 
1 



(A. 7) 



The multiplication rules involving one- and three-dimensional representations are equal 
to those ones of the A 4 group and we report here only the rules which deal with the two- 
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dimensional representations: 



l a x 2 b = 2 b x l a = 2 a+b 



2" x 3 = 2 + 2' + 2 h 



a/3 2 



(A. 8) 



/ 1 



2x2 = 2'x2" = 2"x2' = 3+l with < 



3 ~ 
1 ~ 



-(ai/3 2 + a 2 (3i) 



oti/3 2 - a 2 /3i 



(A. 9) 



2 x 2' = 2" x 2" = 3 + 1' with < 



1 



a 2 /3 2 
-(a 1 f3 2 + a 2 (3i) 



\ iaiPi 
V ~ a 1 /3 2 - a 2 /3i 



(A. 10) 



/ 



2x2" = 2'x2' = 3 + 1" with < 



l-i 



a 2 /3 2 
(a ± p 2 + a 2 (3i) 



(A. 11) 



2 x 3 = 2 + 2' + 2" with < 



1" ~ «i/3 2 - a2/5i 
2 ~ 
2' ~ 



2' x 3 = 2 + 2' + 2" with < 



with < 



2" 

2 

2' 
2" 

2 

2' 
2" 



(1 + i)a 2 /3 2 + ot\fi\ 
(1 - i)«i/3 3 - «2/3i 
(1 + ?)a: 2 /3 3 + cti(3 2 
(1 - i)«i/3i - a 2 /3 2 
(1 + ?)a 2 /3i + ai/3 3 
(1 - i)«i/3 2 - a 2 (3 3 



A. 12) 



(1 + i)a 2 f3 1 + a 1 f3 3 
(1 - i)a 1 f3 2 - a 2 (3 3 
(1 + i)a 2 /3 2 + ai/3 
(1 - i)«i/3 3 - «2/?: 
(1 + i)a 2 /3 3 + ai/3 2 
(1 - i)aif3 1 - a 2 /3 2 



\ )(A. 13) 



(1 + i)a 2 (3 3 + ai(3 2 
(1 - i)a 1 f3 1 - a 2 (3 2 
(1 + i)a 2 /3i + «i/3 3 
(1 - i)ai/3 2 - a 2 /3 3 
(1 + i)a 2 /3 2 + cti/3i 
(1 - i)«i/3 3 - a 2 f3i 



(A. 14) 
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A. 3 The Group S 4 - I Version 





classes 




Ci 


c 2 


c 3 


c, 


c 5 


G 


1 


s 2 


T 


ST 2 


S 


°Ci 


1 


3 


8 


6 


6 


°h Ci 


1 


2 


3 


2 


4 


1 


1 


1 


1 


1 


1 


T 


1 


1 


1 


-1 


-1 


2 


2 


2 


-1 








3 


3 


-1 





1 


-1 


3' 


3 


-1 





-1 


1 



Table A. 3: Character table of the group S4 - I version. 

The generators, S and T, obey to the following rules 

S 4 = T 3 = {ST 2 ) 2 = 1 

and can be written in the different representations as 

1 S = 1 

T S=-l 



3' 



S = 




T 



T = 




(A. 15) 



(A. 16) 



The 24 elements define different subgroups of S4: the elements of £2,4 define two 
different sets of Z2 subgroups, corresponding to S 2 and ST 2 respectively, those of the 
class C4 a set of Z3 Abelian discrete symmetries associated to T and those belonging to 
C5 a set of Z 4 Abelian discrete symmetries corresponding to S. From the three relations 
that define the group 64 we see that it contains also a non- Abelian subgroup, S3. Indeed 
defining S' = S 2 and using S 2 TS 2 = T 2 we get the relations that define S3, namely 



T = S' 2 = (S'T) 2 = 1 . 



(A. 17) 
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We now report the Clebsch-Gordan coefficients for our basis. We start with all the 
multiplication rules which include the one-dimensional representations: 

lxr = rxl = r with r any representation , 



T x T = 1 



~ at 



T x 3 



3' 




T x 2 = 2 



T x 3' 




(A. 18) 



The multiplication rules with the two-dimensional representation are the following: 

1 ~ ai/3 2 + a 2 Pi 

2x2 = 1 + 1' + 2 with 



T ~ ax/32 - a 2 /3i 
2 - 



2x3 = 3 + 3' 



with 



3' 



2 x 3' = 3 + 3' 



with 



3' 



a 2 /3 2 
ttl/3 2 + «2/?3 

ai/3 3 + a 2 Pi 
aiPi + a 2 /3 2 
ai/3 2 - a 2 /3 3 
ai/3 3 - a 2 (5i 
aifii - a 2 /3 2 
ai(3 2 - a 2 (3 3 

«i/?3 - »2pi 
- ot 2 p 2 
a ± (3 2 + a 2 (3 3 
ai/3 3 + a 2 pi 
aifii + a 2 fi 2 



(A. 19) 



The multiplication rules with the three-dimensional representations are the following: 

1 ~ oti/3i + a 2 (3 3 + a 3 /3 2 
( a 2 (3 2 + «i/3 3 + a 3 (5i 

V a 3/?3 + Oi!p 2 + a 2 pi 

2ai£i - a 2 (3 3 - a 3 (3 2 
2a 3 (3 3 - ai(3 2 - a 2 f3 1 
2a 2 (3 2 - ai(3 3 - a 3 (3i 
a 2 (3 3 - a 3 (3 2 
3' ~ I «i/3 2 - a 2 /3i 
a 3 (5 x - a 1 f3 3 



3x3 = 3' x 3' = 1 + 2 + 3 + 3' with 



(A. 20) 
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3 x 3' = T + 2 + 3 + 3' with < 



T ~ ai^i + a 2 /3 3 + a 3 /3 2 

2 rsj ( a2 ^ 2 + ai ^ 3 + 

a 2 /3 3 - 
«i/3 2 - 
a 3 /?i - 
2«i^i 
3' ~ | 2a 3 /3 3 
2a 2 /3 2 



«3/^2 \ 




a 2 /?i 




«i/3 3 / 




- «2/?3 


- 0> 3 f3 2 


- «l/?2 


- «2/?l 


- ttl/?3 


- «3^1 



(A. 21) 



A. 4 The Group S 4 - II Version 





classes 




Ci 


c 2 


c 3 


c 4 


c 5 


G 


1 


T 2 


ST 


s 


T 


°Ci 


1 


3 


8 


6 


6 


°h Ci 


1 


2 


3 


2 


4 


1 


1 


1 


1 


1 


1 


1' 


1 


1 


1 


-1 


-1 


2 


2 


2 


-1 








3 


3 


-1 





1 


-1 


3' 


3 


-1 





-1 


1 



Table A. 4: Character table of the group S4 - II version. 



In order to realise the bimaximal mixing, we find that it is useful to define group 
generators different from those used to study the tribimaximal pattern: the two new 
operators S and T satisfy to 



T 4 = S 2 = (ST) 3 = {TSf = 1 



(A. 22) 



Appendix A. Group Theory Details 



144 



Explicit forms of S and T in each of the irreducible representations can be simply obtained: 
1 S = 1 T = 1 



1' 



3' 



S = -1 

b "2^v/3 -1 J 

-l/y/2 -l/y/2 \ 
,S' = f -l/y/2 1/2 -1/2 

-l/v 7 ^ -1/2 1/2 / 

/ l/y/2 l/y/2 \ 

S= l/y/2 -1/2 1/2 

\ l/y/2 1/2 -1/2 ) 



T 



T = 



T = 




(A. 23) 



We recall here the multiplication table for S4 and we list the Clebsch-Gordan coef- 
ficients in our basis. We start with all the multiplication rules which include the one- 
dimensional representations: 

lxr = rxl = r with r any representation , 



1' x 1' = 1 ~ a(3 , 
l'x3 = 3'~| a/3 2 



T x 2 = 2 



T x 3' = 3 




(A. 24) 



ap 3 / \ a(3 3 

The multiplication rules with the two-dimensional representation are the following ones: 

1 ~ a 1 f3 1 + a 2 (3 2 

T ~ ai/3 2 - a 2 /3i 



2x2 = 1 + T + 2 



with 



2x3 = 3 + 3' 



with 



a 2 (3 2 — aiPi 
ai/3 2 + a 2 /3i 

^a 2 /3 3 - 
\ ^a 2 /?2 - j 
( -a 2 /3i N 



3' 



^«i/3 3 + \a 2 p 2 
\ ^«i/3 2 + la 2 /3 3 J 



2 x 3' = 3 + 3' 



with 



-012P1 
^«i/3 3 + \a 2 f3 2 
\ ^§a^ 2 + la 2 (3 3 J 



3' 



«2/?3 -\<*lp2 



2 



(A. 25) 
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The multiplication rules involving the three-dimensional representations are: 

1 ~ aipi + a 2 (3 3 + a 3 (3 2 

aiPi ~ \{&2pz + a 3 (3 2 ) 
^{a 2 (3 2 + a 3 (3 3 ) 



3 x 3' = T + 2 + 3 + 3' with < 



3' 



3x3 = 3' x 3' = 1 + 2 + 3 + 3' with < 



3' 



«3/#3 - «2/?2 

—oi\&i - a 2 /3i 
a 3 (3 2 - a 2 (3 3 
a 2 /3i - ai(3 2 
«i^3 - a&A 



<*iPi + o: 2 /3 3 + oi 3 (5 2 

^{a 2 p 2 + a 3 (5 3 ) 
-aiPi + I(ai2p3 + u 3 (3 2 ) 
a 3 f3 2 - a 2 (3 3 
a 2 (5\ - ai(3 2 
otifiz - a 3 j3i 
a 3 /3 3 - a 2 /3 2 

«1^3 + U 3 (3i 
— 01102 - OL 2 $i 



(A. 26) 
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B.l The Group T' 



Here we discuss particular aspects regarding the vacuum alignment in the T'-based 
model. To this purpose we should complete the definition of the superpotential w by 



specifying the last term in eq. (3.50). This is the term responsible for the spontaneous 
symmetry breaking of T' and it includes a new set of fields, the "driving" fields, which 
are gauge singlets and transform non-trivially only under the flavour symmetry as shown 



in table B.l All these fields do not develop VEV and their F-terms are the determining 
equations for the VEVs of the flavons. 



Field 


ip T 




V 




e 


<4 




77° 


e 


£0 


V 


3 


3 


2' 


i 




3 


3 


2" 


i 


V 


z 3 


1 


u 


1 




i 


1 


u 


1 


CO 


1 


U(1)r 

















2 


2 


2 


2 


2 



Table B.l: The transformation rules of flavons and driving fields under the symmetries 
associated to the groups T' , Z 3 and U(1)r. 

Driving fields have i?-charge 2 and this prevents them to directly couple to Standard 
Model fermions. Moreover all the terms in the driving superpotential Wd can only be 
linear in the driving fields: 

w d = M (ip° T tp T ) + g (</4 Vt <Pt) + 97 f " (v^t <Pt)' + 9s (<Pt w) + 



+ 9i (^s ¥s ¥s) +92^ (<P° S <Ps) + 

+ 93 e (<p s <p s ) + gi e e +g s ?d+ ^ e i 2 + 

+ (77° T]) + g 9 {<?tV°v) + 

+ M^'°C" + 9ioS'°(<Pt<Pt)" ' + ... 
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At this level there is no fundamental distinction between the singlets £ and £. Thus 
we are free to define £ as the combination that couples to (ipgips) in the superpotential 
w d . We notice that at the leading order there are no terms involving the Higgs fields 
H Ut d- We assume that the electroweak symmetry is broken by some mechanism, such as 
radiative effects when Supersymmetry is broken. It is interesting that at the leading order 
the electroweak scale does not mix with the potentially large scales of the VEVs. The 
scalar potential is given by: 

2 



dw 



d<pi 



+ mi\ ( j) i \ 2 + ... (B. 2) 



where (pi denote collectively all the scalar fields of the theory, mf are soft masses and dots 
stand for Z)-terms for the fields charged under the gauge group and possible additional 
soft breaking terms. Since to; are expected to be much smaller than the mass scales 
involved in it makes sense to minimise V in the supersymmetric limit and to account 
for soft breaking effects subsequently. Calculating the F-terms for the driving fields leads 
to two sets of equations 

dw . , 2 9l ,._ 2 



92&si + ~ir(Vsi - Vs 2 Vsz) = 



d<ffl 8l 3 
t^t = 02IW3 + ^(V?S2 - VSlVSz) = 

(B. 3) 

dw _ , 2 9i,.. 2 



92&S2 + -r(<PS 3 - VS1VS2) = 



V53 3 

g^ 2 + g^i + gd 2 + 9z(vs\ + 2 Vs2Vsz) = 



dw 



and 



9w 2 g , 

M <Pn + -it {<Pti - Vt 2 Vt 3 > + 97 £ <Pt 2 + 1 9s Vi = 



d<p° Tl 



2 



9%° 

dw 



M <PT 3 + - g- (<?T2 - V?Tl ¥>T 3 ) + #7 £" ¥>Ti + (1 - i) #8 ^1 ^2 = 
M <^T 2 + -y (v4 3 ^ VTl VT 2 ) + #7 C V?T 3 + #8 = 

- M T; ?7 2 + #9 ((1 - i) Vi Vt?, - V2 <Pti) = 
M v rji - g% ((1 + i) V2 Vt 2 + Vi Vti) = 
Mzt" + g w ( V 2 T2 + 2 VTlVT3 ) = 



d<fP Ts ~™ ' 3 

dw 
drfl 

dw 



(B.4) 
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Concerning the first set of equations, (B. 3), there are flat directions in the supersym- 
metric limit. We can enforce (£) 



by adding to the scalar potential a soft Supersym- 
scalar field £, wi1 

portion of the parameter space, we find the solution 



metry breaking mass term for the scalar field £, with m| > 0. In this case, in a finite 



(0 
(0 

(<Ps) 





(v s , v s , v s ) , 



(B- 5) 



9i 2 

— - — v 



3#3 



with £ undetermined. By choosing m^, s ,m| < 0, then £ slides to a large scale, which we 
assume to be eventually stabilised by one-loop radiative corrections in the Supersymmetry 



broken phase. The VEVs in (B. 5) break T' down to the subgroup G$- It is remarkable 



that other two equivalent VEV configurations are allowed: 



(<Ps) = vs(l, w, u 2 ) . 



(B. 6) 



These configurations break T' down to different directions of Z±, but they are equivalent to 



eq. (B. 5), indeed they are obtained by acting on eq. (B. 5) with the elements of T' . Any of 
these solutions produces the same neutrino mass matrix: for example (ips) — ^s(l> 
and (<ps) = ug(l, 1, 1) are equivalent, being related by the local fields transformation 
u e — > u e , — > uj 2 v^ and v T — > uu T . 



Concerning the last six equations, (B. 4), by excluding the trivial solutions where all 



VEVs vanish, in the supersymmetric limit we find three classes of solutions. One class 
preserves the subgroup Gs, as for the set of VEVs given in (B. 5). It is characterised by 



(O 7^ an d (tj) = (0, 0). A representative VEV configuration in this class is: 



M 

97 



(*l> = (0, 0) 



(<pr) = Ot, v t , v t ) 



MMt: 

3 97 gw 



(B. 7) 



The second class preserves a subgroup Zq generated by the elements T and R. It is 
characterised by (£") = and (rj) = (0, 0): 



(O = o 



(^ = (0,0) 



(<pr) = (vr,0,0) 



vt 



3M 
^9 



(B. 8) 



The third class preserves the subgroup Gt- It is characterised by (£") = and (rj) ^ 0: 



(7?> = ±(Vl,0) 



(^ T ) = K,0,0) 



with 



^9 a/3~^ 



i(2M%g + 3MMr,g 9 ) , v T 



Mr, 
99 



(B. 9) 



The three sets of minima in eqs. (B. 7), (B. 8) and (B. 9) are all degenerate in the 



supersymmetric limit and we will simply choose the one in eq. (B. 9). We have checked 



that, by adding soft masses m^„ > 0, m 2 < 0, the desired vacuum is selected as the 
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absolute minimum, thus reproducing the results in eqs. (3.51 3.52). In summary, we 



have shown that the VEVs in eqs. (3.51 3.52) represent a local minimum of the scalar 



potential of the theory in a finite portion of the parameter space, without any ad hoc 
relation among the parameters of the theory. As we will see below, these VEVs will be 
slightly perturbed by higher-order corrections induced by higher dimensional operators 
contributing to the driving potential Wd- Such corrections will be important to achieve a 
realistic mass spectrum in the quark sector. Finally, concerning the numerical values of 
the VEVs, radiative corrections typically stabilise and vs well below the cutoff scale 
A/. Similarly, mass parameters in the superpotential Wd can be chosen in such a way that 
v\ and vt are below A/. It is not unreasonable to assume that all the VEVs are of the 
same order of magnitude: 

VEV « A 2 A 7 . (B. 10) 

For the Froggatt-Nielsen (FN) field 9 to acquire a VEV, we assume that the symmetry 
U(1)fn is gauged such that 6 gets its VEV through a D-term. The corresponding potential 
is of the form: 

V D , FN = -(M 2 FI - g FN \6\ 2 + ...f (B. 11) 

where g F N is the gauge coupling constant of U{1)fn and M FI denotes the contribution 



of the Fayet-Iliopoulos (FI) term. Dots in eq. (B. 11) represent e.g. terms involving the 
right-handed charged leptons e c and /i c which are charged under U(1)fn- These terms 
are however not relevant to calculate the VEV of the Froggatt-Nielsen field and we omit 
them in the present discussion. Vd,fn leads in the supersymmetric limit to: 

- M " (B.12) 



9fn 

which we parametrise as: 

f = t (B. 13) 

with t being the second small symmetry breaking parameter in our model. 

Before moving to discuss the higher-order terms in the superpotential, we comment 
on the F-terms of the flavons, since they determine the VEVs of the driving fields. In the 
unbroken Supersymmetry limit, we have 

d iv 2 

= M v?ti + -5- ( 2 <Pti Vti - { Pt2 Vtz - y?T3 Vn) + 9i W%2 f " 

O (fTl <J 

- 99 (Vi V2 + rf 2 vi) + 2 g w Ots = 
d hj 2 

— — = Mifrs + ^-(2^T2^T2 - <f T1 (fiT3- frsfTi) + grfTit" m ..v 
O (fT2 <J (15. 14J 

-(l + t)g 9 4 V2 + 2g 10 ^ ,0 ! f T2 = 
d iv 2 

= M tp% 2 + — (2 ^3 ip T3 - (fi T1 ip T2 - lp% 2 (fTl) + 97 <Pt3 

0(fT3 o 

+(l-i)g 9V lVl + 2g 10 ^°ip T1 = 
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dwd 

drji 
dw d 



M v 7]2 + 9s (2 i (Pti Vi + (1 - i) ( PT2V2) + 99 ((1 - i)Vi <^T3 - 7?2V 5 Tl) = 



dip si 3 

9(^52 3 

dw d 2g 1 



-M n rfl + 5- 8 ((1 - i) <p° T2 rji + 2 cp^ 3 r? 2 ) - g 9 (77? (p T i + (1 + i) V% VT2) = 

(B. 15) 



d<P S3 

dw d 
dw d 

di 

dw d 



(2 <P°si <PS1 - <P S 2 VS3 ~ <P°S3 <PS2) + 92 <P° S l I + 2 #3 £° V?S1 = 

(2 <^S2 VS2 ~ <P°S1 <PS3 ~ <P°S3 <PSl) + 92 <P° S 3 £ + 2 #3 £° <^S3 = (B. 16) 

(2 V°3 ^S3 - <^51 VS2 ~ <P°S2 <PSl) + 92 V S 2 I + 2 #3 f ° ¥?S2 = 



2^e°e + ^e°e = o 

<?2 <^51 + <P° SB VS2 + P>% 2 ¥>Ss) + 95 £° £ + 2 <? 6 £° I = (B. 17) 

^5 £'° + #7 (¥?T2 ¥Tl + <PT1 VT2 + VT3 VTs) = . 



Notice that we did not consider the F-terms involving squarks and sleptons, since they 
do not develop VEV in order to preserve S(3) c and U(l) em . It is easy to see from the 
equations above that each expression contain a driving field and as a result the minimum 
consists in the trivial solution in which all the VEV of the driving fields are vanishing. 
This result strictly holds in the exact supersymmetric limit. In section [6] we comment 
on the fact that, when supersymmetric soft terms are considered, also the driving fields 
develop a VEV of the order of the soft breaking mass scale. 

We now move to discuss the subleading contributions to the superpotential w d , that 
is modified into 

w d + 6w d , (B. 18) 

where w d is the leading order contribution already introduced above, in which, for conve- 
nience, we have redefined 



93 = 3g 3 , g 4 = -g 4 and g 8 = i g s . (B. 19) 

The remaining term, 5w d is the most general quartic, T'-invariant polynomial linear in 
the driving fields and it is responsible for the corrections to the VEV alignment. We can 



parametrise the new VEVs of the flavons introducing shifts from the values in eqs. (B. 5 



B. 9): 



(<p T ) = (vt + Svti, Sv T 2, 8vt3) , (vs) = (vs + Sv S i, v s + 6v S 2, v s + Sv S 3) 

(B. 20) 

(0 = ^ > (i) = Sv i > (v) = («i + Svi, 5v 2 ) , (£") = Sv e > , 
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where the corrections 5vti, Svsi, 5vi, 5v^ and 8vgi are independent of each other. Note 
that there also might be a correction to the VEV v%, but we do not have to indicate this 
explicitly by the addition of a term Sv^, since v% is undetermined at tree-level anyway. 
The shifts can be determined studying in detail the term 5wd- 

1 / 18 15 4 4 4 \ 

5w d = i £ ^ + £ + £ a* J* + £ n k I» + Ifrtf (B. 21) 

\fe=3 k=l k=l k=l k=l J 

where t k , Sk, Xk, n k and are coefficients and {1% , I k , I x , Ij? , represent a basis of 
independent quartic invariants: 
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(B. 26) 



We only take into account terms which are at most linear in 5v and no terms of the order 
0(5v/Af). If we plug in the VEVs vt and v±, the equations for the shifts of the VEVs 
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take the following form: 
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(B. 28) 



(B. 29) 
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S6 - ~ S 8 



+ 3 g 2 Sv^ + 2gi(2 5v S i - 5v S2 - 5v S3 ) = (B. 30) 



3#4S5 3 

93 2 
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/ 



+ 3 # 2 <fy? + 2 #i (2 5w S2 - Sv S i - Sv S3 ) = 
+ 3 g 2 5v? + 2g 1 (2 5v S3 - 5v S i - Sv S2 ) = 



gj_j_J _|_ ^5 , +25(3 (5^51 + 5v S 2 + Sv S3 ) = 

3 5-3 A/ 5-4 ? 



v T 5v 2 - -{l — i)vi 5v T 3 = 

- 7 r\- (1 + i)n±v{ + + 9 <fyri = 

2 A/ A/ 



3<?i A/ 



(B. 31) 

(B. 32) 
(B. 33) 

(B. 34) 
(B. 35) 

(B. 36) 



The typical order of all the shifts is VEV 2 /Af ~ A 4 Ay, considering that VEV/Af ~ A 2 . 
As a result the relative size of a shift compared to a non- vanishing VEV is A 2 . Thereby, 
it is reasonable that all masses, M, Mg and M v , are of the order of the VEVs, since they 
are (at least partly) correlated to the VEVs, as one can read off eqs. (B. 5, B. 9). 
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B.2 The Group S 4 - I Version 

In the following we present the mechanism to get the particular VEV alignment used in 



the previous sections. In table [BT2] we illustrate all the flavon and the driving fields of the 
model. In order to distinguish between the matter fields, the flavons and the driving fields 
we use the U(1)r, under which the fields have quantum number 1, and 2 respectively. 





T 










V 








s 4 


3 


2 


3' 


2 


3 


2 


3 


V 


V 


z 5 


to 3 






CO 4 


CO 2 


CO 2 


00 


i 


1 


U{1)r 








2 


2 








2 





2 



Table B.2: Transformation properties of the flavons and the driving fields. 

The driving superpotential is given by 

w d = ^(T T^)+^(^TT)+^^V)+ 

+/i(#V^ + / 2 (^>?) + (B. 37) 

The equations for the minimum of the scalar potential are obtained deriving Wd by the 
driving fields: 



dm 

dwd 
<9T° 

dwd 
dT° 3 



gi(tpiT 2 - <p 2 Y 3 ) 
gi{(fiT 3 - (f 2 Ti) 



(B. 38) 



|| =g 2 (Tl + 2T 1 T 2 )+g^ 2 l =Q 
^ = fli (Tg + 2T 1 Ta)+^ = 

0(f 2 



(B. 39) 
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dm 

dwd 
dip! 

dwd 



2/l(^3 - VlV^) + /2 (^1^3 + 772^1 



(B. 40) 



dwg 



^' + %ft-Wi)=0. 



(B. 41) 



The equations can be divided into almost separated groups. The first five equations 

(B. 42) 



in (B. 38, B. 39) are satisfied by the alignment 

(T) = (v r , Vy, Vy) , 



(tp) = (v v , v v ) , 
which is a stable solution of the scalar potential, with 



93 2 

3^2 v 



v, a undetermined . 



(B. 43) 



The three equations in (|B. 40|), almost separated from the others, are satisfied by two 

(V) = (0, v v ) 



different patterns: the first is 

(V>) = (0, ity, 0) 



with 



and the second is 



h 



2/: 



'/ ■ 



v„ undetermined 



(V>) = (ty,> ^, ^) 



(77} 



(B. 44) 

(B. 45) 
(B. 46) 



with v v and ty, undetermined. Only the first solution provides the results presented in the 
previous sections and we need of some soft masses in order to discriminate it as the lowest 
minimum of the scalar potential. We manage in doing it, considering some Z 5 -breaking 
soft terms involving ip and rj, which in the most general form can be written as 



m^\ip\ +m v \ri\ + m^ipip + m^rjrj . 



(B. 47) 



Assuming that rn\ < the first two terms stabilise the potential for both the vacuum 
configurations. On the other hand the last two terms vanish for the first vacuum configu- 
ration and get a value different from zero in the second one. With a suitable choice of the 
soft parameters, these contributions can be positive, distinguishing the two configurations 
of VEVs and assuring that one in eq. (B. 44) as the setting with the corresponding lowest 
minimum. 



Acting on the configurations of eq. (B. 42) or eq. (B. 44) with elements of the flavour 
symmetry group S4, we can generate other minima of the scalar potential. These new 
minima are physically equivalent to those of the original sets, but it is not restrictive to 
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analyse the model by choosing as local minimum exactly those ones in eqs. (B. 42) and 
( B. 44[ ) (it is possible to show that the different scenarios are related by field redefinitions 
in a similar way as in the Altarelli-Feruglio model of section 3.1 and in the T' based- model 
of section 3.2). 



The last equation (B. 41) connects all the sectors and fixes the VEV of £' 



(B. 48) 



For the flavon field 9, related to the Froggatt-Nielsen symmetry, the non vanishing 
VEV is determined by the D-term associated with the U(1)fn symmetry: the mechanism 
works exactly in the same way as in the T' model and we referee to section B.l for the 
details. 

When we consider the higher dimensional operators some corrections are introduced 
in the VEV alignment. The part of the superpotential depending on the driving fields 
T°, (p°, ip° and £'° is modified into 

w d + 5w d , (B. 49) 

where Wd is the leading order contribution studied above. The remaining part, 5wd, is the 
most general quartic, ^-invariant polynomial linear in the driving fields: 



5w„ 



I (£ xjr + £ «jf + £ «rt + £ vjf 

f \i=l i=l i=l i=l 



(B. 50) 



where Xi, Wi, Sj and Vi are coefficients and |/j T °, If , if , if j represents a basis of 
independent quartic invariants, 
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(B. 51) 



If 



re 



The new minimum for T, ip, ip, r\ and £' is obtained by searching for the zeros of the 
F-terms, the first derivative of Wd + Swd, associated to the driving fields T°, ip°, ip° and 
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We look for a solution that perturbs eq. (B. 42, B. 44) to first order in the 1/A/ 
expansion: denoting the general flavon field with $, we can write the new VEVs as 



(LO) 



5$i 



(B. 52) 



The minimum conditions become equations in the unknown v v and v v . By keeping 
only the first order in the expansion, we see that the equations can be separated into 
different groups: the first five concern only the neutrino sector, the second three only the 
charged lepton one and the last one connects the two sectors. Finally all the perturbations 
are non vanishing, apart 8r]i and Sr) 2 and one of the perturbations in the neutrino sector, 
which remain undetermined. On the other hand the NLO terms fixes the relation between 



v<n and v„. We can conclude that the VEV alignment in eq. (B. 42, B. 44) is stable under 



the NLO corrections and the deviations are of relative order u with respect to the leading 
order results. 



B.3 The Group S 4 - II Version 

In this section we show that the superpotential Wd given by 

w d = M v A f ((pl<p v ) + gi (vKvvVvh) + 92 {<pl<Pv) &/+ 

+ ft ($(<p e <pth) + h Wixtxth) + h W&txth) + 

+ fa (xt&eXeh') +■■■ 



(B. 53) 



has an isolated minimum that corresponds to the VEVs in eqs. (4.6) and (4.7). At the 
leading order, the equations for the minimum of the potential can be divided into two 
decoupled parts: one for the neutrino sector and one for the charged lepton sector. Given 
this separation, for shorthand we can omit the indexes I and v for flavons and driving 
fields. It is easy to see by explicit computation that the driving fields have vanishing 
VEVs in the limit of exact Supersymmetry. In the neutrino sector, the equations for the 
vanishing of the derivatives of Wd with respect to each component of the driving fields 
are: 

M^Aj^x + g^ipl - <pl) + g 2 £ Vl = 
M^A/^3 - 2g 1 Lp 1 Lp 2 + g 2 £<f3 = 

(B. 54) 

M^A f (p 2 + 2g 1 (p 1 cp 3 + g 2 £(p 2 = 
Ml A} + M\A& + g 3 e + g^\ + 2<^ 3 ) = . 
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A solution to these equations is given in eqs. (4.7, 4.9). For the charged lepton sector the 
equations are: 

/i(<Pi - Vtya) + f 2 {x\ ~ X2X3) + -7^-/3(^2X2 + y?3X3) = 



^/ 1 (^ + ^) + ^/ 2 (xI + xI) + /3 



-<PiXi + 2 (^2X3 + ^3X2) 



U(v3X3 - ¥2X2) = o 
h(-<PiX2 - ¥2X1) = 
UfaiXa + ^3X1) = • 



(B. 55) 



There are two independent solutions of this set of equations. One is given in eqs. (4.6 

V2 



4.8). A second solution is given by 

-y/2 



(ft) 
A f 



A 



A f 



B 



(B. 56) 



where the factors A and B should obey to the relation 

f x A 2 + f 2 B 2 + V3f 3 AB = . 



(B. 57) 



At this level we assume that some additional input neglected so far in the analysis, such 
as for instance some choice of the soft Supersymmetry breaking parameters, selects the 
first solution as the the lowest minimum of the scalar potential. 

Notice the existence of a flat direction related to an arbitrary, common rescaling of A 

and xii we 



and B: if we indicate with m 2 „ and m 2 the soft masses of the two flavons 

Xi 



can assume m,, 



m 



Xt 



< and then (cpg) and (xe) slide to a large scale, which we assume 



to be possibly stabilised by one-loop radiative corrections, fixing in this way A and B. 



It is important to note that the stability of the alignment in eqs. (4.6) and (4.7), under 



small perturbations can be proven. If one introduces small parameters in the VEVs of 
the fields as follows 



i<Pt) 
A/ 




(Xi) 



A 



/ 




A/ 



C , (B. 5£ 



1 



it is only a matter of a simple algebra to show that, for small (z, xi, 22, Vi, 2/2), the only 
solution minimising the scalar potential in the supersymmetric limit is indeed that one 
with (z, xi, x 2 , yi, y 2 ) = (0, 0, 0, 0, 0). 

Given the symmetry of the superpotential Wd, starting from the field configurations of 



eqs. (4.7, 4.9), (or (4.6, 4.8[)) and acting on them with elements of the flavour symmetry 
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group S4 x Z4, we can generate other minima of the scalar potential. Some of them are 

M oc f 1 I . (B. 59) 





The new minima are however physically equivalent to those of the original set and it 
is not restrictive to analyse the model by choosing as local minimum the specific field 
configuration discussed so far. 

We can now consider the higher-order terms and their effects io the flavon VEV align- 
ments. The superpotential term w d , linear in the driving fields ip®, Xe, £° an d y?°, is 
modified into: 

w d + Aw d , (B. 60) 

where Aw d is the NLO contribution, suppressed by one power of 1/Aj with respect to w d . 
The corrective term Aw d is given by the most general quartic, S4 x Z4 x £7(1) ^-invariant 
polynomial linear in the driving fields, and can be obtained by inserting an additional 
flavon field in all the leading order terms. The ^-charges prevent any addition of the 
flavons ipi and xe at the NLO, while a factor of or ip u can be added to all the leading 
order terms. The full expression of Aw d is the following: 

A Wd = y(zZ *rf + E ^f + E + E ^f] ( B - 61 ) 

f \i=i i=i i=\ i=i y 

where Xi, Wi, Sj and Vi are coefficients and I[" , I^, I i e , I i l > represent a basis of 
independent quartic invariants: 

if = cu^ if = eu^v) , B 62) 

4 l = C(M^uh) 



if = WI<PMW»)*) if = (rf<Pu)Uu (B- 63) 

if = {{vlvMwv)*) 

if = (fflvMvtxth) if = fflfrmh) & 

if = (ffl<Pv)A<PtXt)v) if = M(xiXih) & (B- 64) 

if = MfrvhiXiXih) if = WfriXth) & 

if = (x>»y&iXi)' if = (btivMvaeh) 

if = ((x^MwXeh) if = (x°Mxeh) & ■ ( B - 65) 

if = (h$<PuM<ptxth) 

The new VEV configuration is obtained by imposing the vanishing of the first deriva- 
tive of w d + Aw d with respect to the driving fields y?°, and Xe- We look for a 
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solution that perturbs eqs. (4.6) and (4.7) to first order in the 1/A/ expansion: for all 
components of the flavons $ = (p u , <pt, xe), we denote the shifted VEVs by 



($> = ($> LO + 5$ 



(B. 66) 



where ($)lo are given by eqs. (4.6) and (4.7). 

After some straightforward algebra the results can be described as follows. In the 
neutrino sector the shifts 8£ v , 8ip u turn out to be proportional to the leading order VEVs 
($)lo and can be absorbed in a redefinition of the parameters C and D. Instead, in the 
charged lepton sector, the shifts 6<pe, 5xt have a non trivial structure, so that the leading 
order texture is modified: 



{<Pt) 




(Xi) 




(B. 67) 



where A' and B' satisfy a relation similar to that in eq. (4.8) and the shifts and 5xei 
are proportional to v'vAf, that are, in other words, suppressed by a factor v' with respect 
to the leading order entries AAf and BAf, respectively. 
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In order to calculate the evolution of the fermion mass matrix from the cutoff of 
the low-energy theory down to the electroweak energy scale, the renormalisation group 
equations for all the parameters have to be solved simultaneously. We use the notation 
defined in section |5j where a superscript (n) denotes a quantity between the nth and the 
(n + l)th mass threshold. When all the right-handed neutrinos are integrated out, the 
renormalisation group equations can be recovered by setting the neutrino Yukawa coupling 
Y v to zero, while in the full theory above the highest See-Saw scale, the superscript {n) 
has to be omitted. 

In the following, t : = ln(/^//^ ) and Y u ^) is the Yukawa coupling for the up- (down-) 
quarks, in the GUT normalisation, such that #2 = 9 and g\ = ^/5/3g'. 

In the MSSM context the 1-loop renormalisation group equations for the renormali- 

(n) O) (n) , . (re) (re) 

sation group equations for Y e , Y v , M, k, Y d} and Y u are given by 
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(C. 1) 



In the Standard Model extended by singlet neutrinos, the renormalisation group equa- 
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tions for the same quantities are given by 
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We use 



(C. 2) 

the convention that the Higgs self-interaction term in the Lagrangian is —\h(H^H) 2 /A 
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D.l Mass Insertion Formulae 

The ratios can be expressed as: 



% = (K f + 1^) • (D.1) 



G F m SUSY 

At the leading order, the amplitudes A l [ and A 1 ^ are given by: 

A % [ = a LL (Sij) LL + a RL msusY {5ij) RL 

rrii 

A\ = a RR,{dij) RR + ClLR mSUS¥ LR (D. 2) 

TTT-j 

where ace (C, C = L, R) are dimensionless functions of the ratios Mi^/msusY, n/msusY 
and of t&si6w- Their typical size is one tenth of g 2 /(167r 2 ), g being the SU(2)l gauge 
coupling constant. In our conventions their explicit expression is given by: 
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ttLL ~ 16^ 
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(D. 3) 



o-lr = —^t&n 2 9 w 2/ 2n (ai) , 
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where a± t 2 = Mf 2 /m^ USY , b 
functions fi n (x) and fi c (x) are given by: 



^ 2 / m luSY and fi(c,n)( X ^y) = fi(c,n)( X ) ~ fi{c,n){v)- The 



fln{x) 
hn{x) 
hn{x) 
flc(x) 
f2c(x) 



[-17x 3 + 9x 2 + 9x - 1 + 6x 2 {x + 3) logx)/(24(l - x) 5 ) 
{-5x 2 + Ax + 1 + 2x(x + 2) logx)/(4(l - x) 4 ) 
;i + 9x - 9x 2 - x 3 + 6x{x + 1) logx)/(2(l - x) 5 ) 
'-x 3 - 9x 2 + 9x + 1 + 6x(x + 1) logx)/(6(l - xf) 



Ax + 5 + 2(2x + 1) logx)/(2(l - x) 



(D. 4) 



D.2 Notations and 1-Loop Formulae for Rij and 5a 

In this part we fix the notations and we report the formulae for and for 8a 



SUSY 



which we have used in section |6j The main references are 124 134 136 . The mass matrix 
of the charginos is given by: 



- JS? m D f W£ H~ R ) M r 



w; 



H 



+ h.c. 



(D. 5) 



with 



M r 



(D. 6) 



M 2 x/^mvK cos (5 
\f2m w sin /3 // 

This matrix is diagonalised by 2 x 2 rotation matrices Ol and 0# as: 

R M c O T L = diag (m~-, M~-) , (D. 7) 

where the diagonalising matrices connect mass and interaction eigenstates in the following 
way: 



Or 



Wr 



h: 



XlR 
X2R 



o f 



w; 



H, 



2R 



XlL 

X2L / \ "1L 

and the mass eigenstates are written as Xa = Xal + Xar (A — 1)2) with masses M~- 
The neutralino mass matrix is given by: 



(D. 8) 



9? -) 



B L Wl H 



o 

1L 



n 2L 



M, 



N 



( B L \ 
V H° 2L J 



+ h.c. 



(D. 9) 



with 



M: 



N 



M 1 






M 2 



—m z sin 9w cos /3 cos 9w cos /3 
^ m z sin sin /3 — m z cos #w sm P 



—mz sin 6*iy cos /3 mz sin sin (3 \ 
mz cos £V cos (3 —mz cos sin (3 
-/i 


(D. 10) 



/ 
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D.2 Notations and 1-Loop Formulae for and 5a^ USY 



We can diagonalise by a rotation matrix On- 

O n M n O t n = diag (A%o, A%o, M^o, il%o) , 
where Oat connects mass and interaction eigenstates in the following way: 



(D. 11) 



X2L 
\ x\l j 



O 



N 



( B L \ 

wl 

\ H° 2L ) 



(D. 12) 



and the mass eigenstates are given by x°a = X°al + X°ar {A — 1, 2, 3, 4) with masses M^o . 
The mass matrices for the charged sleptons and for sneutrinos are given by: 



(D. 13) 



with 



m eLL m eLR 
"2 "2 
m eRL m eRR 



(D. 14) 



where rh 2 eu ^ LL and rh 2 RR are in general hermitian matrices and m 2 LR = {m 2 RL f . We 
diagonalise the mass matrix M. 2 by a 6 x 6 rotation matrix U e as: 

U i MlU iT = m 2 s 



where the mass eigenstates are: 



e x = ut i l + ui " 



(D. 15) 



(D. 16) 



with masses m~ (X = 1, .... 6). 

Analogously, the sneutrino mass matrix is diagonalised by: 



U*ml LL U 0T = m 2 



where the mass eigenstates are: 
with masses m 2 x (X = 1, 2, 3). 

The normalised branching ratios, Ri~, for the LFV transitions £j — > £,7 are: 



(D. 17) 
(D. 18) 



BR(£i ->■ tji) 48tt 



R = 
13 BR(£i ->■ t^Vj 



a 



r<2 



(D. 19) 



and the decay rates are given by: 



G 2 

Tiii^ijViPj) = Y^ m * ' 

„2 



(D. 20) 



r(4->*;7) = ^f(l^| 2 + l^| 2 ) • 
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Each coefficient A\" R can be written as a sum of two terms: 



aL,R a (n)L,R A {c)L,R 

^2 ~ ^2 I ^2 



(D. 21) 



where A 



(n)L,R 



and A 



{c)L,R 



stand for the contributions from the neutralino and from the 



chargino loops, respectively. These coefficients are explicitly given by: 



A. 



(n)L 



32tt 2 m 2 



_ _ 777, ■ _ ~0 

I I Lrj II Lj 



A 



(c)L 



and A^ )R = A { 2 n)L \ L ^ R with x AX = M^Jm 2 ^, and 
1 1 



(D. 22) 



327r 2 m~ 



2 



Cj ax C iAx9\c {xax ) +Cf AX C R AX —fgu {xax ) +Cf AX C* AX — —g 2c (xax) 
J J rrii J rrii 

(D. 23) 



R X A 



and Af R = Af L \ L ^ R with x AX = M 2 j m 2 ~ . 

Xa 

The terms N { ax and and the loop functions g in and g ic read as follows: 



N R 
ly iAX 

u iAX 



92 

V2 

92 f 



[-(Ojv)a2 - (CV)a,i tan^] E/j^ + 
mi 



iAX 



92 



\/2 \mw cos /3 



cos /3 

(On)a,3UL + 2(0 N )A,ittm9 w ui w 



{O n )a,*U x , 



i+3 



-92(0 R ) At iU 

m, 



V 

XA 



\/2m w cos (3 



(D. 24) 



and 



9ln{x AX ) 
92n{ x Ax) 

9ic(x AX ) 

92c(x AX ) 



1 



6(i -x AX y 

1 ( 

1 

6(1 -x AX ) 4 
1 



'1 - 6%ax + 3x 2 AX + 2x\ x - Qx 2 AX \nx AX ) 



1 - x 2 AX + 2x AX lnx AX ) 



(2 + 3x AX - 6x 2 AX + x\ x + 6xax lnxAx) 



(D. 25) 



1 - x AX ) 



(-3 + Ax AX - x AX - 2 In x AX ) 



We note that the functions and /j C , displayed in section |6.4.1[ are related to the loop 
functions gi n and gi C) mostly through taking the first derivative. 

The deviation of the muon anomalous magnetic moment, Sa^ USY , due to supersym- 
metric contributions can be written as: 



(n) (c) 

susy _ 9 + 9t t 



with 



8a 



(n,c) (n,c)L , (n,c)R 

9l =9l t +g\ 



(D. 26) 
(D. 27) 
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D.2 Notations and 1-Lqqp Formulae for and Sa^ USY 



These terms are explicitly given by: 

(c)L = 1 

16vr 2 ml 



v x L 



^iAx^iAx9ic(^Ax) + Cax c 'i J 4xfl'ic(^yix) + C iAX C iAX — A g2c(x AX ) 

1 1 hi 



and gf R = gf L \ L « R with x AX = Mj_ /mg and 



(D. 28) 



(n)L 



1 m? 



167r 2 mi 



Ms* 



(D. 29) 

and ol = g; with x^x = M% /m~ . The terms A^^x and C^x and the functions 



gi n and gi c have been already introduced in eqs. (D. 24) and in eqs. (D. 25). 



Bibliography 



[1] A. Strumia and F. Vissani, Neutrino masses and mixings and., arXiv:hep- 
|ph/0606054l 

G. L. Fogli et ai, Neutrino mass and mixing: 2006 status, Nucl. Phys. Proc. Suppl. 
168 (2007) 341; 

M. C. Gonzalez- Garcia and M. Maltoni, Phenomenology with Massive Neutrinos, 
Phys. Rept. 460 (2008) 1 | arXiv:0704.1800| [hep-ph]]; 

T. Schwetz, Neutrino oscillations: present status and outlook, AIP Conf. Proc. 981 
(2008) 8 |arXiv:0710.5027] [hep-ph]]; 

M. C. Gonzalez-Garcia and M. Maltoni, Status of Oscillation plus Decay 
of Atmospheric and Long-Baseline Neutrinos, Phys. Lett. B 663 (2008) 405 
|arXiv:0802.3~699| [hep-ph]]; 

A. Bandyopadhyay, S. Choubey, S. Goswami, S. T. Petcov and D. P. Roy, Neutrino 
Oscillation Parameters After High Statistics KamLAND Results, arXiv:0804.4857 
[hep-ph] . 

[2] G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, What we (would 
like to) know about the neutrino mass, [arXiv :0809.2936 [hep-ph]; 

G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, Hints of 
thetais > from global neutrino data analysis, Phys. Rev. Lett. 101 (2008) 141801 
|arXiv:0806.2649| [hep-ph]]. 

[3] T. Schwetz, M. Tortola and J. W. F. Valle, Three-flavour neutrino oscillation update, 
New J. Phys. 10 (2008) 113011 | arXiv:0808.20l6| [hep-ph]]; 

M. Maltoni and T. Schwetz, Three-flavour neutrino oscillation update and comments 
on possible hints for a non-zero 013, |arXiv:0812.316T1 [hep-ph]; 

M. C. Gonzalez-Garcia, M. Maltoni and J. Salvado, Updated global fit to three neu- 
trino mixing: status of the hints of 613 > 0, arXiv:1001.4524 [Unknown]. 

[4] C. I. Low and R. R. Volkas, Tri-bimaximal mixing, discrete family symmetries, and 
a conjecture connecting the quark and lepton mixing matrices, Phys. Rev. D 68 
(2003) 033007 |arXiv:hep-ph/0305243| . 



169 



[5] F. Feruglio, Models of neutrino masses and mixings, Nucl. Phys. Proc. Suppl. 143 
(2005) 184 [Nucl. Phys. Proc. Suppl. 145 (2005) 225] |arXiv:hep-ph/0410131| . 

[6] P. F. Harrison, D. H. Perkins and W. G. Scott, Tri-bimaximal mixing and the 
neutrino oscillation data, Phys. Lett. B 530 (2002) 167 [ |arXiv:hep-ph/0202074] ; 

P. F. Harrison and W. G. Scott, Symmetries and generalisations of tri-bimaximal 
neutrino mixing, Phys. Lett. B 535 (2002) 163 |arXiv:hep-ph/0203209] ; 

Z. z. Xing, Nearly tri-bimaximal neutrino mixing and CP violation, Phys. Lett. B 
533 (2002) 85 |arXiv:hep-ph/0204049] ; 

P. F. Harrison and W. G. Scott, mu - tau reflection symmetry in lepton mixing and 
neutrino oscillations, Phys. Lett. B 547 (2002) 219 |arXiv:hep-ph/0210197| ; 

P. F. Harrison and W. G. Scott, Permutation symmetry, tri-bimaximal neutrino 
mixing and the S3 group characters, Phys. Lett. B 557 (2003) 76 |arXiv:hep-| 
|ph/Q302025] ; 

P. F. Harrison and W. G. Scott, Status of tri- / bi-maximal neutrino mixing, 



arXiv:hep-ph/0402006; 



P. F. Harrison and W. G. Scott, The simplest neutrino mass matrix, Phys. Lett. B 
594, (2004) 324 |arXiv:hep-ph/0403278| . 

[7] G. Altarelli and F. Feruglio, Tri-bimaximal neutrino mixing from discrete symmetry 
in extra dimensions, Nucl. Phys. B 720 (2005) 64 |arXiv : hep-ph/ 5 04 1 6 5 1 . 

[8] G. Altarelli and F. Feruglio, Tri-Bimaximal Neutrino Mixing, v4 4 and the Modular 
Symmetry, Nucl. Phys. B 741 (2006) 215 |arXiv:hep-ph/0512103] . 

[9] G. Altarelli, F. Feruglio and Y. Lin, Tri-bimaximal neutrino mixing from orbifolding, 
Nucl. Phys. B 775 (2007) 31 |arXiv:hep-ph/0610165] . 

[10] F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Tri-bimaximal neutrino mixing 
and quark masses from a discrete flavour symmetry, F. Feruglio, C. Hagedorn, 
Y. Lin and L. Merlo, Nucl. Phys. B 775 (2007) 120 [Erratum-ibid. 836 (2010) 
127] [arXiv:hep-ph/0702194| . 

[11] R. Gatto, G. Sartori and M. Tonin, Weak Selfmasses, Cabibbo Angle, and Broken 
SU(2) x SU(2), Phys. Lett. B 28 (1968) 128. 

[12] F. Bazzocchi, L. Merlo and S. Morisi, Fermion Masses and Mixings in a SJ^-based 
Model, Nucl. Phys. B 816 (2009) 204 [arXiv:0901.2"086 [hep-ph]]. 

[13] F. Bazzocchi, L. Merlo and S. Morisi, Phenomenological Consequences of See-Saw 
in S 4 Based Models, Phys. Rev. D 80 (2009) 053003 larXiv:0902.2849 [hep-ph]]. 



170 



G. Altarelli, F. Feruglio and L. Merlo, Revisiting Bimaximal Neutrino Mixing in a 
Model with S A Discrete Symmetry, JHEP 0905 (2009) 020 |arXiv:0903.1940| [hep- 
ph]]. 

P. H. Frampton, S. T. Petcov and W. Rodejohann, On deviations from bimaximal 
neutrino mixing, Nucl. Phys. B 687 (2004) 31 jarXiv:hep-ph/0401206| ; 

G. Altarelli, F. Feruglio and I. Masina, Can neutrino mixings arise from the charged 
lepton sector?, Nucl. Phys. B 689 (2004) 157 |arXiv:hep-pn/0402155] ; 

M. Raidal, Relation between the neutrino and quark mixing angles and grand unifi- 
cation, Phys. Rev. Lett. 93 (2004) 161801 |arXiv:hep-ph/0404046| ; 

H. Minakata and A. Y. Smirnov, Neutrino Mixing and Quark-Lepton Complemen- 
tarity, Phys. Rev. D 70 (2004) 073009 |arXiv:hep-ph/0405088| ; 

P. H. Frampton and R. N. Mohapatra, Possible gauge theoretic origin for quark- 
lepton complementarity, JHEP 0501 (2005) 025 |hep-ph/0407139t 

J. Ferrandis and S. Pakvasa, Quark-lepton complementarity relation and neutrino 
mass hierarchy, Phys. Rev. D 71 (2005) 033004 [arXiv:hep-ph/0412038] ; 

S. K. Kang, C. S. Kim and J. Lee, Quark-lepton complementarity with renormaliza- 



tion effects through threshold corrections, Phys. Lett. B 619 (2005) 129 |arXiv:hep- 
|ph/050102 9|; 

N. Li and B. Q. Ma, Unified parametrization of quark and lepton mixing matrices, 
Phys. Rev. D 71 (2005) 097301 larXiv:hep-ph/0501226] ; 

K. Cheung, S. K. Kang, C. S. Kim and J. Lee, Lepton flavor violation as a probe of 
quark-lepton unification, Phys. Rev. D 72 (2005) 036003 |arXiv:hep-ph/0503122| ; 

Z. z. Xing, Nontrivial correlation between the CKM and MNS matrices, Phys. Lett. 
B 618, (2005) 141 larXiv:hep-ph/0503200] ; 

A. Datta, L. Everett and P. Ramond, Cabibbo haze in lepton mixing, Phys. Lett. B 
620, (2005) 42 |arXiv:hep-ph/050322 2|; 

S. Antusch, S. F. King and R. N. Mohapatra, Quark-Lepton Complementarity in 
Unified Theories, Phys. Lett. B 618, (2005) 150 |arXiv:hep-ph/0504007] ; 

M. Lindner, M. A. Schmidt and A. Y. Smirnov, Screening of Dirac flavor structure 
in the seesaw and neutrino mixing, JHEP 0507, (2005) 048 |arXiv:hep-ph/0505067|; 



H. Minakata, Quark-Lepton Complementarity: a Review, arXiv:hep-ph/0505262 



T. Ohlsson, Bimaximal fermion mixing from the quark and leptonic mixing matrices, 



Phys. Lett. B 622, (2005) 159 arXiv:hep-ph/0506094|; 



A. Dighe, S. Goswami and P. Roy, Quark-lepton complementarity with quasidegen- 
erate Majorana neutrinos, Phys. Rev. D 73 (2006) 071301 |arXiv:hep-ph /0602062 1 ; 



171 



B. C. Chauhan, M. Picariello, J. Pulido and E. Torrente-Lujan, Quark-lepton com- 
plementarity, neutrino and standard model data predict (9™ INS = 9~^l)°, Eur. Phys. 
J. C 50 (2007) 573 |arXiv:hep-ph/0605032| ; 

K. A. Hochmuth and W. Rodejohann, Low and High Energy Phenomenology 
of Quark-Lepton Complementarity Scenarios, Phys. Rev. D 75 (2007) 073001 
|arXiv:hep-ph/0607103| ; 

M. A. Schmidt and A. Y. Smirnov, Quark lepton complementarity and renormal- 
ization group effects, Phys. Rev. D 74 (2006) 113003 |arXiv:hep-ph/0607232] ; 

F. Plentinger, G. Seidl and W. Winter, Systematic parameter space search of ex- 



tended quark-lepton complementarity, Nucl. Phys. B 791 (2008) 60 |arXiv:hep- 
|ph/0612169] ; 

F. Plentinger, G. Seidl and W. Winter, The Seesaw Mechanism in Quark-Lepton 
Complementarity, Phys. Rev. D 76 (2007) 113003 |arXiv: 0707.2379] [hep-ph]]. 

[16] V. D. Barger, S. Pakvasa, T. J. Weiler and K. Whisnant, Bi-maximal mixing of 



three neutrinos, Phys. Lett. B 437 (1998) 107 arXiv:hep-ph/9806387|; 



Y. Nomura and T. Yanagida, Bi-maximal neutrino mixing in SO(10) (GUT), Phys. 
Rev. D 59 (1999) 017303 [arXiv:hep-ph/9807325] ; 

G. Altarelli and F. Feruglio, Neutrino mass textures from oscillations with maximal 
mixing, Phys. Lett. B 439 (1998) 112 |arXiv:hep-ph/9807353| ; 

for a recent review see: 

S. F. Ge, H. J. He and F. R. Yin, Common Origin of Soft mu-tau and CP Breaking 
in Neutrino Seesaw and the Origin of Matter, |arXiv: 1001 . 0940 [Unknown] . 

[17] R. de Adelhart Toorop, F. Bazzocchi and L. Merlo, The Interplay Between GUT 
and Flavour Symmetries in a Pati-Salam x S4 Model, JHEP 1008 (2010) 001 
|arXiv: 1003.45021 [hep-ph]]. 

[18] Y. Lin, L. Merlo and A. Paris, Running Effects on Lepton Mixing Angles in Flavour 
Models with Type I Seesaw, Nucl. Phys. B 835 (2010) 238 [arXiv:0911.3"037l [hep- 
ph]]. 

[19] F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Lepton Flavour Violation in Models 
with A4 Flavour Symmetry, Nucl. Phys. B 809 (2009) 218 |arXiv:0807.3T6~0| [hep- 

ph]]; 

F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Theory of the Neutrino Mass, 
Proceedings of NO-VE 2008, IV International Workshop on Neutrino Oscillations 
in Venice (Venice, Italy, April 15-18, 2008), edited by M. Baldo Ceolin (University 



of Padova, Papergraf Edition, Padova, Italy, 2008), p. 29 |arXiv:0808.0812 [hep-ph]]. 



172 



[20] F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Lepton Flavour Violation in a 
Supersymmetric Model with A4 Flavour Symmetry, Nucl. Phys. B 832 (2009) 251 
|arXiv:0911.3874| [Unknown]]. 

[21] F. Feruglio, C. Hagedorn and L. Merlo, Vacuum Alignment in SUSY A4 Models, 
JHEP 1003 (2010) 084 [arXiv:0910.4058| [Unknown]]. 

[22] D. Aristizabal Sierra, F. Bazzocchi, I. de Medeiros Varzielas, L. Merlo and S. Morisi, 
Tri-Bimaximal Lepton Mixing and Leptogenesis, Nucl. Phys. B 827 (2010) 34 
|arXiv:0908.0907| [hep-ph]]. 

[23] S. L. Glashow, Partial Symmetries Of Weak Interactions, Nucl. Phys. 22 (1961) 
579; 

S. Weinberg, A Model Of Leptons, Phys. Rev. Lett. 19 (1967) 1264; 

A. Salam, Weak And Electromagnetic Interactions, Originally printed in 
"Svartholm: Elementary Particle Theory, Proceedings Of The Nobel Symposium 
Held 1968 At Lerum, Sweden", Stockholm 1968, 367-377; 

S. L. Glashow, J. Iliopoulos and L. Maiani, Weak Interactions with Lepton-Hadron 
Symmetry, Phys. Rev. D 2 (1970) 1285. 

[24] S. Weinberg, Baryon And Lepton Nonconserving Processes, Phys. Rev. Lett. 43 
(1979) 1566. 

[25] The See-Saw mechanism does not have a clear father. The original reference has 
been quoted to be: 

P. Minkowski, Mu — > E Gamma At A Rate Of One Out Of 1-Billion Muon Decays?, 
Phys. Lett. B 67 (1977) 421; 

but usually also other references are reported: 

T. Yanagida, Horizontal gauge symmetry and masses of neutrinos in Proceedings 
of the Workshop on the Baryon Number of the Universe, eds. O. Sawada and A. 
Sugamoto, KEK, Tsukuba, (1979) p. 95; 

M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, eds P. van Niewenhuizen 
and D. Z. Freedman (North Holland, Amsterdam 1980) p. 315; 



P. Ramond, The Family Group in Grand Unified Theories, arXiv:hep-ph/9809459; 

S.vL. Glashow, in Quarks and Leptons, Cargese lectures, eds M. Levy, (Plenum, 
1980, New York) p. 707; 

R. N. Mohapatra and G. Senjanovic, Neutrino Masses And Mixings In Gauge Models 
With Spontaneous Parity Violation, Phys. Rev. D 23 (1981) 165; 

J. Schechter and J. W. F. Valle, Neutrino Masses In SU(2) X U(l) Theories, Phys. 
Rev. D 22 (1980) 2227; 



173 



J. Schechter and J. W. F. Valle, Neutrino Decay And Spontaneous Violation Of 
Lepton Number, Phys. Rev. D 25 (1982) 774. 

[26] G. B. Gelmini, A. A. Masiero and M. Roncadelli, Diagrammatics In The Rishon 
Model, Nuovo Cim. A 68 (1982) 279. 

[27] I. Gogoladze, N. Okada and Q. Shan, Higgs boson mass bounds in a type II seesaw 



model with triplet scalars, Phys. Rev. D 78 (2008) 085005 [arXiv:0 802.3257 [hep- 
ph]]. 

[28] R. Foot, H. Lew, X. G. He and G. C. Joshi, Seesaw Neutrino masses induced by a 
triplet of leptons, Z. Phys. C 44 (1989) 441. 

[29] A. Abada, C. Biggio, F. Bonnet, M. B. Gavela and T. Hambye, // — > and 
r — > l-f decays in the fermion triplet seesaw model, Phys. Rev. D 78 (2008) 033007 
larXiv:0803.0~481~1 [hep-ph]]. 

[30] C. Amsler et al. [Particle Data Group], Review of particle physics, Phys. Lett. B 
667 (2008) 1. 

[31] C. Athanassopoulos et al. [LSND Collaboration], Evidence for nu/mu -<j nu/e 



neutrino oscillations from LSND, Phys. Rev. Lett. 81 (1998) 1774 arXiv:nucl- 
|ex/9709006| ; 

A. Aguilar et al. [LSND Collaboration], Evidence for neutrino oscillations from the 
observation of anti-nu/e appearance in a anti-nu/mu beam, Phys. Rev. D 64 (2001) 
112007 |arXiv:hep-ex/0104049|. 



[32] The MiniBooNE experiment is described at www-boone.fnal.gov 



[33] K. Hirata et al. [KAMIOKANDE-II Collaboration], Observation Of A Neutrino 
Burst From The Supernova Sn 1987a, Phys. Rev. Lett. 58 (1987) 1490. 

[34] C. Kraus et al., Final Results From Phase Ii Of The Mainz Neutrino Mass Search 
In Tritium Beta Decay, Eur. Phys. J. C 40 (2005) 447 |arXiv:hep-ex/0412056| . 

[35] A. Osipowicz et al. [KATRIN Collaboration], KATRIN: A next generation tri- 
tium beta decay experiment with sub-eV sensitivity for the electron neutrino mass, 
|arXiv:hep-ex /0109033 ; see also: |http : //www-ik . f zk . de/~katrin/ indexTh tml . 

[36] L. Baudis et al., Limits on the Majorana neutrino mass in the 0.1 eV range, Phys. 
Rev. Lett. 83 (1999) 41 |arXiv:hep-ex/9902014] . 

[37] A. A. Smolnikov and f. t. G. Collaboration, Status of the GERDA experiment aimed 
to search for neutrinoless double beta decay of 76Ge, [arXiv:0812.4194| [nucl-ex]. 

[38] Majorana Collaboration, The Majorana Neutrinoless Double-Beta Decay Experi- 
ment, arXiv:0811.2446 [nucl-ex]. 



174 



[39] H. Ohsumi [NEMO and SuperNEMO Collaborations], SuperNEMO project, J. Phys. 
Conf. Ser. 120 (2008) 052054. 

[40] A. Giuliani [CUORE Collaboration], From Cuoricino to CUORE: Investigating the 
inverted hierarchy region of neutrino mass, J. Phys. Conf. Ser. 120 (2008) 052051. 

[41] M. Danilov et ai, Detection of very small neutrino masses in double-beta decay 
using laser tagging, Phys. Lett. B 480 (2000) 12 |arXiv:hep-ex/0002003| . 

[42] O. Host, O. Lahav, F. B. Abdalla and K. Eitel, Forecasting neutrino masses from 
combining KATRIN and the CMB: Frequentist and Bayesian analyses, Phys. Rev. 
D 76 (2007) 113005 |arXiv:0709.13T7| [hep-ph]]. 

G. L. Fogli et ai, Observables sensitive to absolute neutrino masses (Addendum), 
Phys. Rev. D 78 (2008) 033010 larXiv:0805.2oTf [hep-ph]]. 

[43] B. Pontecorvo, Neutrino experiments and the question of leptonic- charge conserva- 
tion, Sov. Phys. JETP 26 (1968) 984 [Zh. Eksp. Teor. Fiz. 53 (1967) 1717]; 

Z. Maki, M. Nakagawa and S. Sakata, Remarks On The Unified Model Of Elemen- 
tary Particles, Prog. Theor. Phys. 28 (1962) 870. 

[44] N. Cabibbo, Unitary Symmetry And Leptonic Decays, Phys. Rev. Lett. 10 (1963) 
531. 

[45] M. Kobayashi and T. Maskawa, CP Violation In The Renormalizable Theory Of 
Weak Interaction, Prog. Theor. Phys. 49 (1973) 652. 

[46] C. Jarlskog, Commutator Of The Quark Mass Matrices In The Standard Electroweak 
Model And A Measure Of Maximal CP Violation, Phys. Rev. Lett. 55 (1985) 1039. 

[47] L. Wolfenstein, parameterization Of The Kobayashi- Maskawa Matrix, Phys. Rev. 
Lett. 51 (1983) 1945. 

[48] M. Mezzetto and T. Schwetz, 9 13 : phenomenology, present status and prospect, 
arXiv:1003.5~8~0~0| [Unknown]. 

[49] F. Ardellier et al. [Double Chooz Collaboration], Double Chooz: A search for the 
neutrino mixing angle thetaiz, |arXiv:hep-ex/0 606025. 

[50] Y. f. Wang, Measuring sin 2 (2theta(13)) with the Daya Bay nuclear reactors, 
arXiv:hep-ex/06100'24"l 

[51] A. B. Pereira e Sousa, Studies of — > v e oscillation appearance in the MINOS 
experiment, FERMILAB-THESIS-2005-67. 

[52] S. B. Kim [RENO Collaboration], RENO: Reactor experiment for neutrino oscil- 
lation at Yonggwang, AIP Conf. Proc. 981, 205 (2008) [J. Phys. Conf. Ser. 120, 
052025 (2008)]. 



175 



[53] Y. Itow et al. [The T2K Collaboration], The JHF-Kamioka neutrino project, 
|arXiv:hep-ex/01060i9l 

[54] D. S. Ayres et al. [NOvA Collaboration], NOvA proposal to build a 30-kiloton off-axis 



detector to study neutrino oscillations in the Fermilab NuMI beamline, |arXiv:hep^ 
|ex/0503053"l 

[55] M. C. Gonzalez-Garcia, Global analysis of neutrino data, Phys. Scripta T121 (2005) 
72 |arXiv:hep-ph/0410030| . 

[56] S. P. Martin, A Supersymmetry Primer, arXiv:hep-ph/9709356, 

[57] H. Georgi and S. L. Glashow, Unity Of All Elementary Particle Forces, Phys. Rev. 
Lett. 32 (1974) 438. 

[58] H. Fritzsch and P. Minkowski, Unified Interactions Of Leptons And Hadrons, Annals 
Phys. 93 (1975) 193; 

H. Georgi and D. V. Nanopoulos, Ordinary Predictions From Grand Principles: T 
Quark Mass In O(10), Nucl. Phys. B 155 (1979) 52. 

[59] J. C. Pati and A. Salam, Lepton Number As The Fourth Color, Phys. Rev. D 10 
(1974) 275 [Erratum-ibid. D 11 (1975) 703]. 

[60] S. Dimopoulos and H. Georgi, Softly Broken Supersymmetry And SU(5), Nucl. 
Phys. B 193 (1981) 150; 

N. Sakai, Naturalness In Supersymmetric Guts, Z. Phys. C 11 (1981) 153. 

[61] R. S. Chivukula and H. Georgi, Composite Technicolor Standard Model, Phys. Lett. 
B 188 (1987) 99; 

L. J. Hall and L. Randall, Weak scale effective Supersymmetry, Phys. Rev. Lett. 65 
(1990) 2939; 

M. Ciuchini, G. Degrassi, P. Gambino and G. F. Giudice, Next-to-leading {QCD} 
corrections to B to X/s gamma in Supersymmetry, Nucl. Phys. B 534 (1998) 3 
|arXiv:hep-ph/98063'0~8l ; 

A. J. Buras, P. Gambino, M. Gorbahn, S. Jager and L. Silvestrini, Universal uni- 
tarity triangle and physics beyond the standard model, Phys. Lett. B 500 (2001) 161 
|arXiv:hep-ph/00070'85] ; 

G. D'Ambrosio, G. F. Giudice, G. Isidori and A. Strumia, Minimal flavour viola- 



tion: An effective field theory approach, Nucl. Phys. B 645 (2002) 155 |arXiv:hep- 
|ph/020703 6|. 

[62] R. D. Peccei and H. R. Quinn, Constraints Imposed By CP Conservation In The 
Presence Of Instantons, Phys. Rev. D 16 (1977) 1791. 



176 



[63] V. Cirigliano, B. Grinstein, G. Isidori and M. B. Wise, Minimal flavor violation in 
the lepton sector, Nucl. Phys. B 728 (2005) 121 |arXiv:hep-ph/0507001| . 

[64] V. Cirigliano, B. Grinstein, G. Isidori and M. B. Wise, Grand unification and the 



principle of minimal flavor violation, Nucl. Phys. B 763 (2007) 35 |arXiv:hep- 
|ph/0608123] ; 

V. Cirigliano and B. Grinstein, Phenomenology of minimal lepton flavor violation, 



Nucl. Phys. B 752 (2006) 18 |arXiv:hep-ph/0601111 



S. Davidson and F. Palorini, Various definitions of minimal flavour violation for 
leptons, Phys. Lett. B 642 (2006) 72 |arXiv:hep-ph/0607329| . 

[65] H. Fritzsch, Weak Interaction Mixing In The Six - Quark Theory, Phys. Lett. B 73 
(1978) 317; 

P. Ramond, R. G. Roberts and G. G. Ross, Stitching the Yukawa quilt, Nucl. Phys. 
B 406 (1993) 19 [arXiv:hep-ph/9303320]; 



I. Masina and C. A. Savoy, Nucl. Phys. B 755 (2006) 1 |arXiv:hep-ph/0603101|; 

G. C. Branco, M. N. Rebelo and J. I. Silva-Marcos, Phys. Rev. D 76 (2007) 033008 
|arXiv:hep-ph/06122"52] . 

[66] Y. F. Zhou, Textures and hierarchies in quark mass matrices with four texture-zeros, 
|arXiv:hep-ph/0309076l 

Z. z. Xing and H. Zhang, Complete parameter space of quark mass matrices with 
four texture zeros, J. Phys. G 30, 129 (2004) [arXiv:hep-ph/0309112| ; 

H. D. Kim, S. Raby and L. Schradin, Quark mass textures and sin(2beta), Phys. 
Rev. D 69 (2004) 092002 [arXiv:hep-ph/0401169| . 

[67] R. J. Oakes, SU{2) x SU{2) breaking and the Gabibbo angle, Phys. Lett. B 29 (1969) 
683; 

H. Fritzsch, Quark Masses And Flavor Mixing, Nucl. Phys. B 155 (1979) 189; 

L. J. Hall and A. Rasin, On The Generality Of Certain Predictions For Quark 
Mixing, Phys. Lett. B 315 (1993) 164 |arXiv:hep-ph/9303303| ; 

R. Barbieri, L. J. Hall and A. Romanino, Precise tests of a quark mass texture, 
Nucl. Phys. B 551 (1999) 93 |arXiv:hep-ph/98 12384]; 

R. G. Roberts, A. Romanino, G. G. Ross and L. Velasco-Sevilla, Precision test of a 
Fermion mass texture, Nucl. Phys. B 615 (2001) 358 |arXiv:hep-ph/0104088|. 

[68] A. Zee, A Theory Of Lepton Number Violation, Neutrino Majorana Mass, And 
Oscillation, Phys. Lett. B 93 (1980) 389 [Erratum-ibid. B 95 (1980) 461]; 

L. Wolfenstein, A Theoretical Pattern For Neutrino Oscillations, Nucl. Phys. B 175 
(1980) 93; 



177 



for recent discussions: 

Y. Koide, Can the Zee model explain the observed neutrino data?, Phys. Rev. D 64 
(2001) 077301 |arXiv:hep-ph/0104226] ; 

P. H. Frampton, S. L. Glashow and D. Marfatia, Zeroes of the neutrino mass matrix, 
Phys. Lett. B 536, 79 (2002) |arXiv:hep-ph/0201008] ; 

A. Kageyama, S. Kaneko, N. Shimoyama and M. Tanimoto, See-saw realization 
of the texture zeros in the neutrino mass matrix, Phys. Lett. B 538 (2002) 96 
|arXiv:hep-ph/020429l] ; 

B. R. Desai, D. P. Roy and A. R. Vaucher, Three-neutrino mass matrices with two 
texture zeros, Mod. Phys. Lett. A 18 (2003) 1355 | arXiv:hep-ph/0 209035|. 

[69] V. D. Barger, S. Pakvasa, T. J. Weiler and K. Whisnant, Bi-maximal mixing of 
three neutrinos, Phys. Lett. B 437 (1998) 107 |arXiv:hep-ph/9806387] ; 

G. Altarelli and F. Feruglio, Models of neutrino masses from oscillations with max- 
imal mixing, JHEP 9811 (1998) 021 [arXiv:hep-ph/9809596] ; 

R. N. Mohapatra and S. Nussinov, Bimaximal neutrino mixing and neutrino mass 
matrix, Phys. Rev. D 60 (1999) 013002 |arXiv:hep-ph/9809415| ; 

W. Grimus and L. Lavoura, A model for trimaximal lepton mixing, JHEP 0809 
(2008) 106 [arXiv: 0809. 0226] [hep-ph]]. 

[70] C. D. Froggatt and H. B. Nielsen, Hierarchy Of Quark Masses, Cabibbo Angles And 
CP Violation, Nucl. Phys. B 147 (1979) 277. 

[71] Y. B. Zeldovich, I. Y. Kobzarev and L. B. Okun, Zh. Eksp. Teor. Fiz. 67 (1974) 3 
[Sov. Phys. JETP 40 (1974) 1]; 

E. W. Kolb and M. S. Turner, Grand Unified Theories And The Origin Of The 
Baryon Asymmetry, Ann. Rev. Nucl. Part. Sci. 33 (1983) 645; 

for a recent discussion, see: 

F. Riva, Low-Scale Leptogenesis and the Domain Wall Problem in Models with Dis- 
crete Flavor Symmetries, |arXiv:1004.1177| [Unknown] . 

[72] A. Pomarol and D. Tommasini, Horizontal symmetries for the super symmetric flavor 
problem, Nucl. Phys. B 466 (1996) 3 [arXiv:hep-ph /9507462| ; 

R. Barbieri, G. R. Dvali and L. J. Hall, Predictions From A U(2) Flavour Symmetry 
In Supersymmetric Theories, Phys. Lett. B 377 (1996) 76 |arXiv:hep-ph/9512388|; 

R. Barbieri, L. J. Hall, S. Raby and A. Romanino, Unified Theories With U(2) 
Flavor Symmetry, Nucl. Phys. B 493 (1997) 3 |arXiv:hep-ph /9610449| ; 

R. Barbieri, L. J. Hall and A. Romanino, Consequences Of A U(2) Flavour Sym- 
metry, Phys. Lett. B 401 (1997) 47 |arXiv:hep-ph/9702315| . 



178 



[73] S. Antusch and S. F. King, From hierarchical to partially degenerate neutrinos via 
type II upgrade of type I see-saw models, Nucl. Phys. B 705 (2005) 239 |ar Xiv:hep^| 
|ph/0402T2 1|; 

S. F. King and M. Malinsky, Towards a complete theory of fermion masses and 
mixings with SO (3) family symmetry and 5d SO (10) unification, JHEP 0611 (2006) 
071 |arXiv:hep-ph/0608021| . 

[74] S. F. King, Predicting neutrino parameters from 50(3) family symmetry and quark- 
lepton unification, JHEP 0508 (2005) 105 |arXiv:hep-ph/0506297| . 

[75] S. F. King and G. G. Ross, Fermion masses and mixing angles from SU(3) family 
symmetry, Phys. Lett. B 520 (2001) 243 |arXiv:hep-ph/0108112] ; 

J. L. Chkareuli, C. D. Froggatt and H. B. Nielsen, Minimal mixing of quarks and 



leptons in the SU(3) theory of flavour, Nucl. Phys. B 626 (2002) 307 |arXiv:he;r> 



ph/0109156 ; 



G. G. Ross and L. Velasco-Sevilla, Symmetries and fermion masses, Nucl. Phys. B 
653 (2003) 3 |arXiv:hep-ph/0208218] ; 



S. F. King and G. G. Ross, Fermion masses and mixing angles from SU (3) family 



symmetry and unification, Phys. Lett. B 574 (2003) 239 arXiv:hep-ph/0307190 



G. G. Ross, L. Velasco-Sevilla and O. Vives, Spontaneous CP violation and non- 



Abelian family symmetry in SUSY, Nucl. Phys. B 692 (2004) 50 |arXiv:hep- 
|ph/0401064l ; 

I. de Medeiros Varzielas and G. G. Ross, SU(3) family symmetry and neutrino 
bi-tri-maximal mixing, Nucl. Phys. B 733 (2006) 31 |arXiv:hep-ph/0507176] ; 

T. Appelquist, Y. Bai and M. Piai, Neutrinos and SU(3) Family Gauge Symmetry, 



Phys. Rev. D 74 (2006) 076001 larXiv:hep-p h/0607174|; 



T. Appelquist, Y. Bai and M. Piai, SU(3) family gauge symmetry and the axion, 
Phys. Rev. D 75 (2007) 073005 |arXiv:hep-ph/0612361] ; 



T. Appelquist, Y. Bai and M. Piai, Quark mass ratios and mixing angles from SU(3) 
family gauge symmetry, Phys. Lett. B 637 (2006) 245 |arXiv:hep-ph/0603104] ; 



L. Calibbi, J. Jones-Perez, A. Masiero, J. h. Park, W. Porod and O. Vives, FCNC 
and CP Violation Observables in a SU (3) -flavoured MSSM, arXiv: 0907.4069 [hep- 
ph]. 

[76] M. Hamermesh, Group Theory and Its Application to Physical Problems, Reading, 
Mass.: Addison- Wesley (1962) 509 p; 

J. F. Cornwell, Group Theory in Physics: An Introduction, San Diego, USA: Aca- 
demic (1997) 349 p; 

D. E. Littlewood, The Theory of Group Characters (and Matrix Representations of 
Groups), Oxford University Press (1958) 310 p; 



179 



A. D. Thomas and G. V. Wood, Group Tables, Shiva Publishing Limited. 



[77] E. Ma, Quark mass matrices in the A(4) model, Mod. Phys. Lett. A 17 (2002) 627 
[arXiv:hep-ph/02032"38| ; 

M. Hirsch, J. C. Romao, S. Skadhauge, J. W. F. Valle and A. Villanova del Moral, 
Degenerate neutrinos from a supersymmetric A(4) model, arXiv:hep-ph/03 12244 



M. Hirsch, J. C. Romao, S. Skadhauge, J. W. F. Valle and A. Villanova del Moral, 
Phenomenological tests of supersymmetric A(4) family symmetry model of neutrino 
mass, Phys. Rev. D 69 (2004) 093006 [arXiv:hep-ph/0312265] ; 

E. Ma, A(4) origin of the neutrino mass matrix, Phys. Rev. D 70 (2004) 031901 
|arXiv:hep-ph/0404199| ; 

E. Ma, Non-Abelian discrete symmetries and neutrino masses: Two examples, New 
J. Phys. 6 (2004) 104 |arXiv:hep-ph/0405152| ; 

E. Ma, Non-Abelian discrete family symmetries of leptons and quarks, arXiv:hep- 
|ph/0409075[ 

S. L. Chen, M. Frigerio and E. Ma, Hybrid seesaw neutrino masses with A(4) family 
symmetry, Nucl. Phys. B 724 (2005) 423 |arXiv:hep-ph/0504181| ; 

E. Ma, Aspects of the tetrahedral neutrino mass matrix, Phys. Rev. D 72 (2005) 
037301 [arXiv:hep-ph/0505209] ; 

M. Hirsch, A. Villanova del Moral, J. W. F. Valle and E. Ma, Predicting neutrino- 
less double beta decay, Phys. Rev. D 72 (2005) 091301 [Erratum-ibid. D 72 (2005) 
119904] |arXiv:hep-ph/050714 8|; 

E. Ma, Tetrahedral family symmetry and the neutrino mixing matrix, Mod. Phys. 



Lett. A 20 (2005) 2601 |ar Xiv:hep-ph/ 0508099|; 

A. Zee, Obtaining the neutrino mixing matrix with the tetrahedral group, Phys. Lett. 
B 630 (2005) 58 |arXiv:hep-ph/0508278| ; 

B. Adhikary, B. Brahmachari, A. Ghosal, E. Ma and M. K. Parida, A(4) symmetry 
and prediction of U e3 in a modified Altarelli-Feruglio model, Phys. Lett. B 638 
(2006) 345 larXiv:hep-ph/0603059] ; 

E. Ma, Suitability of A{4) as a family symmetry in grand unification, Mod. Phys. 
Lett. A 21 (2006) 2931 |arXiv:hep-ph/0607190] ; 

E. Ma, Supersymmetric A(4) x Z(3) and A(4) realizations of neutrino tribimaximal 



mixing without and with corrections, Mod. Phys. Lett. A 22 (2007) 101 arXiv:hep- 
|ph/061034 2|; 

L. Lavoura and H. Kuhbock, Predictions of an A(4) model with a five-parameter 
neutrino mass matrix, Mod. Phys. Lett. A 22 (2007) 181 |arXiv:hep-ph/0610050|; 

Y. Koide, A(4) symmetry and lepton masses and mixing, Eur. Phys. J. C 52 (2007) 
617 [arXiv:hep-ph/070101 8|; 



180 



M. Hirsch, A. S. Joshipura, S. Kaneko and J. W. F. Valle, Predictive flavour sym- 



metries of the neutrino mass matrix, Phys. Rev. Lett. 99 (2007) 151802 |arXiv:hep- 
|ph/070304 6|; 

F. Bazzocchi, S. Morisi and M. Picariello, Embedding A(A) into left-right flavor 
symmetry: Tribimaximal neutrino mixing and fermion hierarchy, Phys. Lett. B 
659 (2008) 628 |arXiv:0710.2928| [hep-ph]]; 

A. C. B. Machado and V. Pleitez, The flavor problem and discrete symmetries, 
Phys. Lett. B 674 (2009) 223 | arXiv:0712.0781| [hep-ph]]; 

M. Honda and M. Tanimoto, Deviation from tri-bimaximal neutrino mixing in A(A) 
flavor symmetry, Prog. Theor. Phys. 119 (2008) 583 |arXiv:0801.0181 [hep-ph]]; 

B. Brahmachari, S. Choubey and M. Mitra, The A(A) flavor symmetry and neutrino 
phenomenology, Phys. Rev. D 77 (2008) 073008 [Erratum-ibid. D 77 (2008) 119901] 
|arXiv:0801.3554| [hep-ph]]; 

P. H. Frampton and S. Matsuzaki, Renormalizable Model for Lepton Sector, 



arXiv:0806.4592 [hep-ph]; 

W. Grimus and L. Lavoura, Tri-bimaximal lepton mixing from symmetry only, JHEP 
0904 (2009) 013 larXiv:0811.4766 [hep-ph]]; 

S. Morisi, Tri-Bimaximal lepton mixing with A4 semidirect product Z 2 x Z 2 X Z 2 , 
Phys. Rev. D 79 (2009) 033008 jarXiv: 0901 .1080 [hep-ph]]; 

P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, Neutrino masses and 
tribimaximal mixing in Minimal renormalizable SUSY SU(5) Grand Unified Model 
with A 4 Flavor symmetry, Phys. Rev. D 79 (2009) 116010 [ |arXiv:0901.2236| [hep- 

ph]]; 

S. Morisi and E. Peinado, An A4 model for lepton masses and mixings, Phys. Rev. 
D 80 (2009) 113011 |arXiv:0910.4"389| [Unknown]]. 

[78] E. Ma and G. Rajasekaran, Softly broken A(A) symmetry for nearly degenerate 
neutrino masses, Phys. Rev. D 64 (2001) 113012 |arXiv:hep-ph~701 06291 1 . 

[79] K. S. Babu, E. Ma and J. W. F. Valle, Underlying A{4) symmetry for the neutrino 
mass matrix and the quark mixing matrix, Phys. Lett. B 552 (2003) 207 |arXiv:hep-| 
|ph/020 6292|. 



[80] K. S. Babu and X. G. He, Model of geometric neutrino mixing, |arXiv:hep~^ 



ph/0507217, 



[81] E. Ma, Tribimaximal neutrino mixing from a supersymmetric model with A 4 family 
symmetry, Phys. Rev. D 73 (2006) 057304 larXiv:hep-ph/0511133] . 

[82] X. G. He, Y. Y. Keum and R. R. Volkas, A(4) flavour symmetry breaking scheme for 



understanding quark and neutrino mixing angles, JHEP 0604 (2006) 039 |arXiv:hep- 
|ph/060100 1|. 



181 



[83] X. G. He, A{4) group and tri-bimaximal neutrino mixing: A renormalizable model, 
Nucl. Phys. Proc. Suppl. 168 (2007) 350 |arXiv:hep-ph/0612080| . 

[84] S. Morisi, M. Picariello and E. Torrente-Lujan, A model for fermion masses and 



lepton mixing in SO(10) x A(A), Phys. Rev. D 75 (2007) 075015 |arXiv:hep 
|ph/070203 4|. 

[85] F. Yin, Neutrino mixing matrix in the 3-3-1 model with heavy leptons and A(A) 
symmetry, Phys. Rev. D 75 (2007) 073010 [arXiv:0704.3'827] [hep-ph]]. 

[86] F. Bazzocchi, S. Kaneko and S. Morisi, "A SUSY A 4 model for fermion masses and 
mixings," JHEP 0803 (2008) 063 |arXiv: 0707. 3032] [hep-ph]]. 



[87] G. Altarelli, Lectures on Models of Neutrino Masses and Mixings, arXiv:0711.0161 
[hep-ph] . 

[88] G. Altarelli, F. Feruglio and C. Hagedorn, A SUSY SU(5) Grand Unified Model of 
Tri-Bimaximal Mixing from A A , JHEP 0803 (2008) 052 [arXiv:0802.0~0~9~0] [hep-ph]] . 

[89] F. Bazzocchi, S. Morisi, M. Picariello and E. Torrente-Lujan, Embedding A 4 into 
SU(3) x £7(1) flavor symmetry: Large neutrino mixing and fermion mass hierarchy 
in 5O(10) GUT, J. Phys. G 36 (2009) 015002 |arXiv:0802.1693 | [hep-ph]]. 

[90] B. Adhikary and A. Ghosal, Nonzero U e s, CP violation and leptogenesis in a 
See-Saw type softly broken A 4 symmetric model, Phys. Rev. D 78 (2008) 073007 
|arXiv:0803.3582] [hep-ph]]. 

[91] M. Hirsch, S. Morisi and J. W. F. Valle, Tri-bimaximal neutrino mixing and neutri- 
noless double beta decay, Phys. Rev. D 78 (2008) 093007 [arXiv: 0804 .15211 [hep-ph]] . 

[92] Y. Lin, A predictive A4 model, Charged Lepton Hierarchy and Tri-bimaximal Sum 
Rule, Nucl. Phys. B 813 (2009) 91 |a rXiv: 0804.2867] [hep-ph]]. 

[93] C. Csaki, C. Delaunay, C. Grojean and Y. Grossman, A Model of Lepton Masses 
from a Warped Extra Dimension, JHEP 0810 (2008) 055 [arXiv:0806.0356| [hep-ph]] . 

[94] E. E. Jenkins and A. V. Manohar, Tribimaximal Mixing, Leptogenesis, and theta^, 
Phys. Lett. B 668 (2008) 210 |arXiv:0807.4176 [hep-ph]]. 

[95] F. Bazzocchi, M. Frigerio and S. Morisi, Fermion masses and mixing in models with 
5O(10) x A A symmetry, Phys. Rev. D 78 (2008) 116018 |arXiv:0809.3'573| [hep-ph]] . 

[96] Riazuddin, Tribimaximal mixing and leptogenesis in a seesaw model, 
|arXiv: 0809.3648] [hep-ph]. 



182 



[97] M. C. Chen and S. F. King, A 4 See-Saw Models and Form Dominance, JHEP 0906 
(2009) 072 larXiv:0903.0T25l [hep-ph]]; 

A. Adulpravitchai, M. Lindner and A. Merle, Confronting Flavour Symmetries and 
extended Scalar Sectors with Lepton Flavour Violation Bounds, Phys. Rev. D 80 
(2009) 055031 larXiv:0907.2T47| [hep-ph]]. 

[98] Y. Lin, A dynamical approach to link low energy phases with leptogenesis, Phys. 
Rev. D 80 (2009) 076011 | arXiv:0903.083l1 [hep-ph]]. 

[99] G. C. Branco, R. G. Felipe, M. N. Rebelo and H. Serodio, Resonant leptogenesis 
and tribimaximal leptonic mixing with A4 symmetry, Phys. Rev. D 79 (2009) 093008 



|arXiv:0904.3076 [hep-ph]]. 



[100] G. Altarelli and D. Meloni, A Simplest A 4 Model for Tri-Bimaximal Neutrino Mix- 
ing, J. Phys. G 36 (2009) 085005 |arXiv:0905.0620] [hep-ph]]. 

[101] M. Hirsch, S. Morisi and J. W. F. Valle, A^-based tri-bimaximal mixing within 
inverse and linear seesaw schemes, Phys. Lett. B 679 (2009) 454 |arXiv:0905.3 056 
[hep-ph]]. 

[102] Y. Lin, Tri-bimaximal Neutrino Mixing from A(4) and #13 ~ dc, Nucl. Phys. B 824 
(2010) 95 [arXiv:0905.3534| [hep-ph]]. 

[103] E. Bertuzzo, P. Di Bari, F. Feruglio and E. Nardi, Flavor symmetries, leptogenesis 
and the absolute neutrino mass scale, JHEP 0911 (2009) 036 |arXiv:0908.0161 [hep- 
ph]]. 

[104] C. Hagedorn, E. Molinaro and S. T. Petcov, Majorana Phases and Leptogenesis 
in See-Saw Models with A 4 Symmetry, JHEP 0909 (2009) 115 | arXiv:0908.0"240| 
[hep-ph]]. 

[105] A. Aranda, C. D. Carone and R. F. Lebed, U{2) Flavor Physics Without U{2) 
Symmetry, Phys. Lett. B 474 (2000) 170 |arXiv:hep-ph/9910392| ; 

A. Aranda, C. D. Carone and R. F. Lebed, Maximal Neutrino Mixing From A 
Minimal Flavor Symmetry, Phys. Rev. D 62 (2000) 016009 |arXiv:hep-ph /0002044| ; 

M. C. Chen and K. T. Mahanthappa, CKM and Tri-bimaximal MNS Matrices in a 



SU(5) xW T Model, Phys. Lett. B 652 (2007) 34 |arXiv:0 705.0714 [hep-ph]]; 

P. H. Frampton and T. W. Kephart, Flavor Symmetry for Quarks and Leptons, 



JHEP 0709 (2007) 110 |arXiv: 0706. 11 86 [hep-ph]]; 



A. Aranda, it Neutrino mixing from the double tetrahedral group T' , Phys. Rev. D 
76 (2007) 111301 |arXiv:0707.366T1 [hep-ph]]; 

G. J. Ding, Fermion Mass Hierarchies and Flavor Mixing from T' Symmetry, Phys. 
Rev. D 78 (2008) 036011 larXiv:0803.2278l [hep-ph]]; 



183 



P. H. Frampton and S. Matsuzaki, T" Predictions of PMNS and CKM Angles, Phys. 
Lett. B 679 (2009) 347 |arXiv:0902.lT40 i [hep-ph]]; 

M. C. Chen and K. T. Mahanthappa, Group Theoretical Origin of CP Violation, 
Phys. Lett. B 681 (2009) 444 |arXiv:0904.l"72l| [hep-ph]]. 

[106] P. D. Carr and P. H. Frampton, Group theoretic bases for tribimaximal mixing, 
|arXiv:hep-ph/0701034l 

[107] F. Bazzocchi and S. Morisi, S4 as a natural flavor symmetry for lepton mixing, Phys. 
Rev. D 80 (2009) 096005 | arXiv: 081 1.0345] [hep-ph]]. 

[108] G. J. Ding, Fermion Masses and Flavor Mixings in a Model with Flavor Sym- 
metry, Nucl. Phys. B 827 (2010) 82 |arXiv:0909.22T0~l [hep-ph]]; 

S. Morisi and E. Peinado, An S4 model for quarks and leptons with maximal atmo- 
spheric angle, |arXiv: 1001.2 265 [Unknown] . 

[109] C. S. Lam, Symmetry of Lepton Mixing, Phys. Lett. B 656 (2007) 193 
|arXiv:0708.3"665| [hep-ph]]; 

C. S. Lam, Horizontal Symmetry, Int. J. Mod. Phys. A 23 (2008) 3371 
|arXiv:0711.3795l [hep-ph]]; 

C. S. Lam, Determining Horizontal Symmetry from Neutrino Mixing, Phys. Rev. 
Lett. 101 (2008) 121602 larXiv:0804.2"622l [hep-ph]]; 

C. S. Lam, The Unique Horizontal Symmetry of Leptons, Phys. Rev. D 78 (2008) 
073015 [arXiv:0809.lT85l [hep-ph]]; 

C. S. Lam, A bottom-up analysis of horizontal symmetry, arXiv:0907.2206 [hep-ph]. 

[110] S. Pakvasa and H. Sugawara, Mass Of The T Quark In SU{2) x U(l), Phys. Lett. 
B 82 (1979) 105; 

T. Brown, N. Deshpande, S. Pakvasa and H. Sugawara, CP Nonconservation And 
Rare Processes In 5(4) Model Of Permutation Symmetry, Phys. Lett. B 141 (1984) 
95; 

T. Brown, S. Pakvasa, H. Sugawara and Y. Yamanaka, Neutrino Masses, Mixing 
And Oscillations In 5(4) Model Of Permutation Symmetry, Phys. Rev. D 30 (1984) 
255; 

D. G. Lee and R. N. Mohapatra, An 50(10) x 5(4) scenario for naturally degenerate 
neutrinos, Phys. Lett. B 329 (1994) 463 |arXiv:hep-ph/9403201] ; 

R. N. Mohapatra, M. K. Parida and G. Rajasekaran, High scale mixing unifica- 



tion and large neutrino mixing angles, Phys. Rev. D 69 (2004) 053007 |arXiv:hej> 
|ph/0301234] ; 

E. Ma, Neutrino mass matrix from 5(4) symmetry, Phys. Lett. B 632 (2006) 352 
|arXiv:hep-ph/0508231| ; 



184 



C. Hagedorn, M. Lindner and R. N. Mohapatra, 5(4) flavor symmetry and fermion 
masses: Towards a grand unified theory of flavor, JHEP 0606 (2006) 042 |ar Xiv:hep^| 
|ph/0602244] ; 

Y. Cai and H. B. Yu, An SO (10) GUT Model with 54 Flavor Symmetry, Phys. Rev. 
D 74 (2006) 115005 |arXiv:hep-ph/0608022| ; 

F. Caravaglios and S. Morisi, Gauge boson families in grand unified theories 



of fermion masses: E\ x 5 4 , Int. J. Mod. Phys. A 22 (2007) 2469 |arXiv:hep- 
|ph/0611078] ; 

H. Zhang, Flavor S(A)xZ(2) symmetry and neutrino mixing, Phys. Lett. B 655 
(2007) 132 larXiv:hep-ph/0612214| ; 

Y. Koide, 5 4 Flavor Symmetry Embedded into SU (3) and Lepton Masses and Mix- 
ing, JHEP 0708 (2007) 086 jarXiv: 0705 .2275 [hep-ph]]; 

M. K. Parida, Intermediate left-right gauge symmetry, unification of couplings 
and fermion masses in SUSY 5O(10) x 5 4 , Phys. Rev. D 78 (2008) 053004 
|arXiv:0804.457T1 [hep-ph]]; 

H. Ishimori, Y. Shimizu and M. Tanimoto, 5 4 Flavor Symmetry of Quarks and 
Leptons in SU{5) GUT, Prog. Theor. Phys. 121 (2009) 769 |arXiv:0812.503l1 [hep- 

ph]]; 

C. Hagedorn, S. F. King and C. Luhn, A SUSY GUT of Flavour with S4 x SU(5) 
to NLO, arXiv: 1003.4249] [hep-ph]. 

[Ill] E. Ma, Neutrino mass matrix from A(27) symmetry, Mod. Phys. Lett. A 21 (2006) 
1917 larXiv:hep-ph/0607056] ; 

I. de Medeiros Varzielas, S. F. King and G. G. Ross, Neutrino tri-bi-maximal mix- 
ing from a non-Abelian discrete family symmetry, Phys. Lett. B 648 (2007) 201 
|arXiv:hep-ph/0607"045] ; 

I. de Medeiros Varzielas, S. F. King and G. G. Ross, Tri-bimaximal neutrino mixing 
from discrete subgroups of SU(3) and 50(3) family symmetry, Phys. Lett. B 644 
(2007) 153 |arXiv:hep-ph/0512313| . 

[112] J. R. Espinosa and A. Ibarra, Flavour symmetries and Kaehler operators, JHEP 
0408 (2004) 010 |arXiv:hep-ph70405095|; 



S. F. King, I. N. R. Peddie, G. G. Ross, L. Velasco-Sevilla and O. Vives, Kaehler 



corrections and softly broken family symmetries, JHEP 0507 (2005) 049 |arXiv:hep- 
|ph/040701 2|; 

S. Antusch, S. F. King and M. Malinsky, Third Family Corrections to Quark and 
Lepton Mixing in SUSY Models with non-Abelian Family Symmetry, JHEP 0805 
(2008) 066 larXiv:0712.3759l [hep-ph]]. 



185 



[113] S. Antusch, J. Kersten, M. Lindner and M. Ratz, Running neutrino masses, mixings 
and CP phases: Analytical results and phenomenological consequences, Nucl. Phys. 
B 674 (2003) 401 |arXiv:hep-ph/0305273] . 

[114] A. Dighe, S. Goswami and W. Rodejohann, Corrections to Tri-bimaximal Neutrino 
Mixing: Renormalization and Planck Scale Effects, Phys. Rev. D 75 (2007) 073023 
[arXiv:hep-ph/0612328| ; 

S. Boudjemaa and S. F. King, Deviations from Tri-bimaximal Mixing: Charged 
Lepton Corrections and Renormalization Group Running, Phys. Rev. D 79 (2009) 
033001 |arXiv:0808.2782l [hep-ph]]. 

[115] S. Antusch, J. Kersten, M. Lindner and M. Ratz, The LMA solution from bimaximal 
lepton mixing at the GUT scale by renormalization group running, Phys. Lett. B 



544 (2002) 1 arXiv:hep-ph/0206078|; 



T. Miura, T. Shindou and E. Takasugi, The renormalization group effect to the 
bi-maximal mixing, Phys. Rev. D 68 (2003) 093009 |arXiv:hep-ph/0308109] ; 

S. Antusch, P. Huber, J. Kersten, T. Schwetz and W. Winter, Is there maximal mix- 
ing in the lepton sector?, Phys. Rev. D 70 (2004) 097302 | [arXiv:hep-ph/0404268] ; 

A. Dighe, S. Goswami and P. Roy, Quark-lepton complementarity with quasidegen- 
erate Majorana neutrinos, Phys. Rev. D 73 (2006) 071301 |arXiv:hep-ph/0602062] ; 

A. Dighe, S. Goswami and P. Roy, Radiatively broken symmetries of nonhierarchical 
neutrinos, Phys. Rev. D 76 (2007) 096005 |arXiv: 0704 .3735 [hep-ph]]. 

[116] S. Antusch, J. Kersten, M. Lindner, M. Ratz and M. A. Schmidt, Running neu- 
trino mass parameters in See-Saw scenarios, JHEP 0503 (2005) 024 |arXiv:hep-| 
|ph/050T272] ; 

J. W. Mei, Running neutrino masses, leptonic mixing angles and CP-violating 
phases: From M(Z) to k{GUT), Phys. Rev. D 71 (2005) 073012 |arXiv:hep-| 
|ph/Q502015] ; 

M. Lindner, M. A. Schmidt and A. Y. Smirnov, Screening of Dirac flavor structure 
in the seesaw and neutrino mixing, JHEP 0507 (2005) 048 |arXiv:hep-ph/0505067|; 

J. R. Ellis, A. Hektor, M. Kadastik, K. Kannike and M. Raidal, Running of low- 
energy neutrino masses, mixing angles and CP violation, Phys. Lett. B 631 (2005) 
32 [arXiv:hep-ph/0506122| . 

[117] Y. Kajiyama, M. Raidal and A. Strumia, The golden ratio prediction for the solar 
neutrino mixing, Phys. Rev. D 76 (2007) 117301 |arXiv:0705.4559 [hep-ph]]. 

[118] P. F. Harrison, D. H. Perkins and W. G. Scott, A redetermination of the neutrino 
mass-squared difference in tri-maximal mixing with terrestrial matter effects, Phys. 
Lett. B 458 (1999) 79 |arXiv:hep-ph/9904297| ; 



186 



W. Grimus and L. Lavoura, A model for trimaximal lepton mixing, JHEP 0809 
(2008) 106 |arXiv:0809.0226l [hep-ph]]. 

[119] M. Raidal et al., Flavour physics of leptons and dipole moments, Eur. Phys. J. C 
57 (2008) 13 larXiv: 0801 .1826] [hep-ph]]. 

[120] A. Brignole and A. Rossi, Anatomy and phenomenology of mu tau lepton flavour 
violation in the MSSM, Nucl. Phys. B 701 (2004) 3 [arXiv:hep-ph/0404211] . 

[121] M. Ciuchini, A. Masiero, P. Paradisi, L. Silvestrini, S. K. Vempati and O. Vives, 
Soft SUSY breaking grand unification: Leptons vs quarks on the flavor playground, 
Nucl. Phys. B 783 (2007) 112 |arXiv:hep-ph/070214 4| . 

[122] E. Arganda and M. J. Herrero, Testing Supersymmetry with lepton flavor violating 
tau and mu decays, Phys. Rev. D 73 (2006) 055003 |arXiv:hep-ph/0510405| . 



[123] F. Borzumati and A. Masiero, Large Muon And Electron Number Violations In 
Supergravity Theories, Phys. Rev. Lett. 57 (1986) 961. 

[124] J. Hisano, T. Moroi, K. Tobe and M. Yamaguchi, Lepton-Flavor Violation via Right- 
Handed Neutrino Yukawa Couplings in Supersymmetric Standard Model, Phys. Rev. 
D 53 (1996) 2442 |arXiv:hep-ph/95 10309) ; 

T. Fukuyama, A. Ilakovac and T. Kikuchi, Lepton flavour violating leptonic / 
semileptonic decays of charged leptons in the minimal supersymmetric standard 
model, Eur. Phys. J. C 56 (2008) 125 |arXiv:hep-ph/050629 5|. 

[125] R. McNabb [Muon g-2 Collaboration], An improved limit on the electric dipole mo- 



ment of the muon, arXiv:hep-ex/0407008 



G. W. Bennett et al. [Muon g-2 Collaboration], Final report of the muon E821 
anomalous magnetic moment measurement at BNL, Phys. Rev. D 73 (2006) 072003 
|arXiv:hep-ex/0602035] ; 

K. Hagiwara, A. D. Martin, D. Nomura and T. Teubner, Improved predictions for g-2 
of the muon and a QED {M 2 z ) Phys. Lett. B 649 (2007) 173 |arXiv:hep-ph/0611102| ; 

M. Passera, W. J. Marciano and A. Sirlin, The muon g-2 and the bounds on the 
Higgs boson mass, Phys. Rev. D 78 (2008) 013009 |arXiv:0804.il~42 [hep-ph]]. 

[126] B. C. Regan, E. D. Commins, C. J. Schmidt and D. DeMille, New limit on the 
electron electric dipole moment, Phys. Rev. Lett. 88 (2002) 071805. 

[127] K. Hamaguchi, M. Kakizaki and M. Yamaguchi, Democratic (s)fermions and lepton 
flavor violation, Phys. Rev. D 68 (2003) 056007 |arXiv:hep-ph/0212172] ; 

T. Kobayashi, J. Kubo and H. Terao, Exact S(3) symmetry solving the supersym- 
metric flavor problem, Phys. Lett. B 568 (2003) 83 larXiv:hep-ph/0303084] ; 



187 



W. F. Chang and J. N. Ng, Lepton flavor violation in extra dimension models, Phys. 
Rev. D 71 (2005) 053003 larXiv:hep-ph/0501161| ; 

Y. Kajiyama, E. Itou and J. Kubo, Nonabelian discrete family symmetry to soften 
the SUSY flavor problem and to suppress proton decay, Nucl. Phys. B 743 (2006) 
74 |arXiv:hep-ph/0511268| ; 

Y. Kajiyama, R-parity violation and non-Abelian discrete family symmetry, JHEP 
0704 (2007) 007 [arXiv:hep-ph/0702056] ; 

A. Mondragon, M. Mondragon and E. Peinado, Lepton masses, mixings and FCNC 
in a minimal S (3) -invariant extension of the Standard Model, Phys. Rev. D 76 
(2007) 076003 |arXiv: 0706.0354] [hep-ph]]; 

S. Antusch, S. F. King and M. Malinsky, Solving the SUSY Flavour and CP Prob- 
lems with SU(3) Family Symmetry, JHEP 0806 (2008) 068 |arXiv:0708.1282] [hep- 

ph]]; 

S. Antusch and S. F. King, Lepton Flavour Violation in the Constrained MSSM with 
Constrained Sequential Dominance, Phys. Lett. B 659 (2008) 640 |arXiv:07 09.0666 
[hep-ph]]; 

H. Ishimori, T. Kobayashi, H. Ohki, Y. Omura, R. Takahashi and M. Tanimoto, 
Soft Supersymmetry breaking terms from D4 x Z2 lepton flavor symmetry, Phys. 
Rev. D 77 (2008) 115005 [arXiv: 0803. 0796] [hep-ph]]; 

L. Calibbi, J. Jones-Perez and O. Vives, Electric dipole moments from flavoured CP 
violation in SUSY, Phys. Rev. D 78 (2008) 075007 |arXiv:0804.4 620 [hep-ph]]; 

L. Calibbi, A. Faccia, A. Masiero and S. K. Vempati, Lepton flavour violation from 
SUSY-GUTs: Where do we stand for MEG, PRISM /PRIME and a super flavour 
factory, Phys. Rev. D 74 (2006) 116002 |arXiv:hep-ph/0605139] . 

[128] Y. Kajiyama, J. Kubo and H. Terao, Softening the supersymmetric flavor problem 
m orbifold GUTs, Phys. Rev. D 69 (2004) 116006 [arXiv:hep-ph/0311316| ; 

R. Dermisek, M. Harada and S. Raby, SO(10) SUSY GUT for Fermion Masses 
: Lepton Flavor and CP Violation, Phys. Rev. D 74 (2006) 035011 |arXiv:hep- 
|ph/060 6055|; 

J. K. Parry and H. h. Zhang, B(d,s)-anti-B(d,s) mixing and Lepton Flavour Vio- 
lation in SUSY GUTs: impact of the first measurements of phi (s), Nucl. Phys. B 
802 (2008) 63 [arXiv:0710.5443| [hep-ph]]. 

[129] M. L. Brooks et al. [MEGA Collaboration], New limit for the family-number non- 
conserving decay mu-l — <j e+ gamma, Phys. Rev. Lett. 83 (1999) 1521 |arXiv:hep- 
|ex/99050l3] . 

[130] B. Aubert et al. [BABAR Collaboration], Search for lepton flavor violation in the 
decay r ->- /i 7 , Phys. Rev. Lett. 95 (2005) 041802 |arXiv:hep-ex/0502032| ; 



188 



B. Aubert et al. [BABAR Collaboration], Search for lepton flavor violation in the 
decay t± ->■ e ± 7, Phys. Rev. Lett. 96 (2006) 041801 |arXiv:hep-ex/0508012] . 

[131] A. Maki, Status of the MEG experiment, AIP Conf. Proc. 981 (2008) 363. 

[132] M. A. Luty, 2004 TASI lectures on Supersymmetry breaking, arXiv:hep-th/0509029, 

[133] G. G. Ross and O. Vives, Yukawa structure, flavour and CP violation in supergrav- 
ity, Phys. Rev. D 67 (2003) 095013 larXiv:hep-ph/0211279] ; 

G. G. Ross, L. Velasco-Sevilla and O. Vives, Spontaneous CP violation and non- 



Abelian family symmetry in SUSY, Nucl. Phys. B 692 (2004) 50 |arXiv:hep- 

|ph/040l"064] ; 

S. Antusch, S. F. King, M. Malinsky and G. G. Ross, Solving the SUSY Flavour 
and CP Problems with Non-Abelian Family Symmetry and Supergravity, Phys. Lett. 
B 670 (2009) 383 |arXiv:0807.5047l [hep-ph]]. 

[134] T. Moroi, The Muon Anomalous Magnetic Dipole Moment in the Minimal Super- 
symmetric Standard Model, Phys. Rev. D 53 (1996) 6565 [Erratum-ibid. D 56 (1997) 
4424] |arXiv:hep-ph/9512396| ; 

S. P. Martin and J. D. Wells, Muon anomalous magnetic dipole moment in super- 
symmetric theories, Phys. Rev. D 64 (2001) 035003 |arXiv:hep-ph/0103067|; 

D. Stockinger, The muon magnetic moment and Supersymmetry, J. Phys. G 34 
(2007) R45 |arXiv:hep-ph/060916 8|; 

A. Czarnecki and W. J. Marciano, The muon anomalous magnetic moment: A 
harbinger for 'new physics 7 , Phys. Rev. D 64 (2001) 013014 |arXiv:hep-ph/0102122| ; 

L. L. Everett, G. L. Kane, S. Rigolin and L. T. Wang, Implications of muon g-2 
for supersymmetry and for discovering superpartners directly, Phys. Rev. Lett. 86 
(2001) 3484 [arXiv:hep-ph/0102145] . 

[135] E. Arganda and M. J. Herrero, Testing Supersymmetry with lepton flavor violating 
tau and mu decays, Phys. Rev. D 73 (2006) 055003 |arXiv:hep-ph/0510405] . 

[136] J. Hisano, T. Moroi, K. Tobe, M. Yamaguchi and T. Yanagida, Lepton flavor vio- 
lation in the super symmetric standard model with seesaw induced neutrino masses, 
Phys. Lett. B 357 (1995) 579 |arXiv:hep-ph/9501407] ; 

J. Hisano and K. Tobe, Neutrino masses, muon g-2, and lepton-flavour violation 



in the super symmetric see-saw model, Phys. Lett. B 510 (2001) 197 |arXiv:he]> 
|ph/010231 5|; 

G. Isidori, F. Mescia, P. Paradisi and D. Temes, Flavour physics at large tan(beta) 
with a Bino-like LSP, Phys. Rev. D 75 (2007) 115019 |arXiv:hep-ph/0703035] ; 

M. Endo and T. Shindou, Lepton-flavour violation in the light of leptogenesis and 
muon g-2, arXiv:0805.0996 [hep-ph]. 



189 



[137] R. Barate et al. [LEP Working Group for Higgs boson searches and ALEPH collab- 
oration and DELPHI collaboration and L3 collaboration and OPAL collaboration], 
Search for the standard model Higgs boson at LEP, Phys. Lett. B 565 (2003) 61 
|arXiv:hep-ex/0306033] . 

[138] LEP Higgs Working Group and ALEPH collaboration and DELPHI collaboration 
and L3 collaboration and OPAL collaboration, Searches for the neutral Higgs bosons 
of the MSSM: Preliminary combined results using LEP data collected at energies 
up to 209-GeV, |arXiv:hep-ex/0107030| 

[139] J. Burguet-Castell, D. Casper, E. Couce, J. J. Gomez-Cadenas and P. Hernandez, 
Optimal beta-beam at the CERN-SPS, Nucl. Phys. B 725 (2005) 306 |arXiv:hep-| 
|ph/0503 021|; 

P. Huber, J. Kopp, M. Lindner, M. Rolinec and W. Winter, From Double Chooz to 
Triple Chooz: Neutrino physics at the Chooz reactor complex, JHEP 0605 (2006) 
072 |arXiv:hep-ph/0601266| ; 

J. E. Campagne, M. Maltoni, M. Mezzetto and T. Schwetz, Physics potential of the 
CERN-MEMPHYS neutrino oscillation project, JHEP 0704 (2007) 003 |arXiv:hep-| 
|ph/06031~7 2|; 

P. Huber, M. Lindner, M. Rolinec and W. Winter, Optimization of a neutrino fac- 
tory oscillation experiment, Phys. Rev. D 74 (2006) 073003 | arXiv : hep-ph /0 60 6 1 19] . 

[140] A. G. Akeroyd et al. [SuperKEKB Physics Working Group], Physics at super B 
factory, |arXiv:hep-ex/0406071 

M. Bona et al., SuperB: A High-Luminosity Asymmetric e + e~ Super Flavor Factory. 
Conceptual Design Report, arXiv:0709.0451 [hep-ex]. 

[141] C. Hagedorn, E. Molinaro and S. T. Petcov, Charged Lepton Flavour Violating 
Radiative Decays £i — > in See-Saw Models with A± Symmetry, \&rXiv: 091 1.3 605 

[Unknown] ; 

G. J. Ding and J. F. Liu, Lepton Flavor Violation in Models with A 4 and S 4 Flavor 
Symmetries, arXiv:0911.4799| [Unknown] . 

[142] V. A. Kuzmin, V. A. Rubakov and M. E. Shaposhnikov, On The Anomalous Elec- 
troweak Baryon Number Nonconservation In The Early Universe, Phys. Lett. B 155 
(1985) 36. 

[143] G. Hinshaw et al. [WMAP Collaboration], Five- Year Wilkinson Microwave 
Anisotropy Probe (WMAP) Observations:Data Processing, Sky Maps, & Basic Re- 
sults, Astrophys. J. Suppl. 180 (2009) 225 |arXiv:0803.0~732l [astro-ph]]. 

[144] S. Davidson, E. Nardi and Y. Nir, Leptogenesis, Phys. Rept. 466 (2008) 105 
[arXiv:0802.2962 [hep-ph]]. 



190 



[145] G. C. Branco, T. Morozumi, B. M. Nobre and M. N. Rebelo, A bridge between CP 
violation at low energies and leptogenesis, Nucl. Phys. B 617 (2001) 475 |ar Xiv:hep^| 
lph/0107164] . 

[146] S. Davidson, J. Garayoa, F. Palorini and N. Rius, Insensitivity of flavoured leptogen- 



esis to low energy CP violation, Phys. Rev. Lett. 99 (2007) 161801 |arXiv :0705.1503 
[hep-ph]]. 

[147] E. Nardi, Y. Nir, E. Roulet and J. Racker, The importance of flavor in leptogenesis, 
JHEP 0601 (2006) 164 |arXiv:hep-ph/0601084] . 

[148] A. Abada, S. Davidson, F. X. Josse-Michaux, M. Losada and A. Riotto, Flavour 
Issues in Leptogenesis, JCAP 0604 (2006) 004 |arXiv:hep-ph/0601083| ; 

A. Abada, S. Davidson, A. Ibarra, F. X. Josse-Michaux, M. Losada and A. Riotto, 
Flavour matters in leptogenesis, JHEP 0609 (2006) 010 |arXiv:hep-ph /0605281| . 

[149] L. Covi, E. Roulet and F. Vissani, CP violating decays in leptogenesis scenarios, 
Phys. Lett. B 384 (1996) 169 |arXiv:hep-ph/9605319] . 

[150] J. A. Casas and A. Ibarra, Oscillating neutrinos and /i — > e^, Nucl. Phys. B 618 
(2001) 171 larXiv:hep-ph/0103065| . 

[151] W. Grimus and L. Lavoura, A model realizing the Harrison-Perkins-Scott lepton 
mixing matrix, JHEP 0601 (2006) 018 |arXiv:hep-ph/0509239] ; 

B. Mukhopadhyaya and R. Srikanth, Bilarge neutrino mixing in R-parity violat- 
ing Super symmetry: The role of right-chiral neutrino superfields, Phys. Rev. D 74 
(2006) 075001 |arXiv:hep-ph/0605109| ; 

W. Grimus and L. Lavoura, Tri-bimaximal lepton mixing from symmetry only, JHEP 
0904 (2009) 013 |arXiv:0811.4 766 [hep-ph]]. 

[152] R. G. Felipe and H. Serodio, Constraints on leptogenesis from a symmetry viewpoint, 
|arXiv:0908.2947| [hep-ph] . 



191 



